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PREFACE

The purpose of these lecture notes is to provide some important ideas
of Linear Algebra and Analytic Geometry and the ability to use the
specific language and the related techniques. The book is intended for
students who will apply these theories in engineering.

Traditional notation and terminology are preserved; rigor is used as an
aid rather than as an impediment to understanding. Some key theorems
are explained and used without proof.

Starting with an introductory chapter dedicated to determinants and
matrices, the lecture continues with two chapters related to geometry.
The forth chapter introduces Linear spaces and their applications and
is continued with the fifth chapter related to Inner product spaces and
Linear manifolds. The sixth chapter treats the wide subject of Linear
maps between vector spaces with applications to matrix functions. The
last chapter briefly describe Conics and quadrics with their reduction
to canonical form and other applications. Each chapter is followed by
related exercises and their given solutions. The proposed exercises serve
to develop some mathematical skills and to strengthen understanding.
Few of them, if any, should present difficulties to a student who read the
corresponding parts of the theory. Of course, a mathematical text must
be read slowly and, if possible, with pencil in hand. The reader should
verify the calculations and supply the omitted steps.

As an invitation to Linear Algebra and Analytic Geometry, this book
has an introductory character. It is intended to open the way to advanced

books like some listed in the Bibliography.






CHAPTER 1

Determinants and matrices

1.1 Laplace’s Theorem

We shall use the basic notions of linear algebra and the spe-
cific language of the literature ([1], |2], [7]). Let us consider a
determinant D of order n. Let k£ be an integer, 1 < k < n.
Consider the rows 41,...,4; and the columns j;,...,5:. By

deleting the other rows and columns we obtain a determinant

of order k, called a minor of D and denoted by M ;11;:

Now, let us delete the rows 71, ..., 7, and the columns 51, ..., j;
we obtain a determinant of order n— k. It is called the comple-

mentary minor of M3 and is denoted by M;"*. Finally,

let us denote A% — (—1)i1+"'+i’“+j1+"'+jk]\7’:1""’?’“
j17"'7]k jl?"'h]k;-

A%l s called the cofactor of Mk,
Using this notation we shall state (without proof) Laplace’s

Theorem:
Theorem 1.1 D = ZM;; """ kAL yphere:

,,,,, Jk ™ 1 dk?
1) The indices iy, ..., i are fived

5



2) The indices ji, ..., ji take on all the possible values, such that 1 <
J1<J2 <o <Jp <.

Remark 1.2 a) For k = 1, the above formula is the well-known ex-

pansion of a determinant using a fixed row.

b) In Theorem 1.1 we have used k fixed rows; a similar result obviously
holds by using £ fixed columns.

Theorem 1.3 Let A =

apl - .. App bnl . bnn
a;; and b;; are real or complex numbers. Then det(A- B) = det A - det B.

1.2 Vandermonde’s determinant

The following determinant of order n:

1 1 1

ar a Qanp

_ 2 2 2
Viai,...,ap) = | af a3 a;
n—1 n—1 n—1

a; “ay ... Q,

is called the Vandermonde’s determinant of the (real or com-

plex) numbers ay, .. ., a,.

By induction it can be proved that:

Viay,...,a,) = H (a; — a;)



1.3 Circulants

The following determinant is called a circulant:

apyp a1 ag ... Ap—1
anp—-1 Gy A1 ... Qp—2
Clag, ar,...,a,-1) =
ap ag asz ... Qg
Let €, = COS%T7r —|—z'sin2k7”, kE=20,1,...,n — 1. We have
ef =1, k=0,1,...,n— 1. Let us denote f(z) = ap+ a1z +
P + an_lxn_l‘

Theorem 1.4 C’(a()7 at, ... ,an_l) = f(E())f(El) R f(en—l)'

Proof.

C(a,(), ai,..., Clnfl) . V(E(), €1,..., Enfl) =

fleo)  fle) ... flen1)
Eof(ﬁo) €1f(€1) En—lf(anl)

e fleo) €7 fler) oo enZif(en1)
= f(eo)f(er) ... flen—1)V (€0, €1, .-, €n_1).

Since €, €1, . . . , €,1 are pairwise distinct, we have V(eg, €1, ..., €,-1) #

0 and hence C(ag, a1, ...,a,-1) = f(e0)f(e1) ... flepq). O



1.4 Rank. Elementary transformations.

Let K be the field of real numbers or the field of complex
numbers. By M,, ,,,(K) we shall denote the set of all matrices
with n rows, m columns and having entries from K. The
number r € N is called the rank of the matrix A € M,, ,,(K)
if

1) There exists a square submatrix M of A, with r rows and

columns, such that det M # 0.

2) If p > r, for every submatrix N of A having p rows and

columns we have det N = 0.

We shall denote the rank of A by r4. It can be proved that
if Ae M, »(K) and B € M,,,(K), then

ra+rg—m<rap <min{rs,rg}. (1.1)

Theorem 1.5 Let A,Be M, ,,(K), detA#0. Thenrap =rg.

Proof. Clearly r4 = n. By using (1.1) with m = p = n we
obtain rg < ryug < rg. Hence ryp = rp. U]

Definition 1.6 The following operations are called elementary row trans-

formations on the matrixz A:

1) The interchange of any two rows;
2) The multiplication of a row by any non-zero number;

3) The addition of one row to another.
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Similarly we can define the elementary column transforma-

tions.

Consider an arbitrary determinant. If it is nonzero, it will
be nonzero after performing any elementary transformation; if

it is equal to zero, it will remain equal to zero.

We conclude that the rank of a matriz does not change if
we perform any elementary transformation on the matriz. So
we can use elementary transformations in order to compute
the rank of a matrix. Namely, given a matrix A € M,, ,,(K),
we transform it - by an appropriate succession of elementary

transformations - into a matrix B such that

(i) the diagonal entries of B are either 0 or 1, all the 1s
preceding all the 0’s on the diagonal,

(ii) all the other entries of B are equal to 0.

Since the rank is invariant under elementary transformations,
we have r4 = rp; but rp is obviously equal to the number
of 1’s on the diagonal. The following example illustrates this
method.

[—2-10 —5—1\ (1 —2 0 =5 1Y)

1 2 6 -2-1 -2 1 6 -2-1
A=1]13 1 -1 8 1 ~]-13 —-18 1 ~
-10 2 —4-1 0 -1 2 —4-1

\-1-2-73 2/ \2-1-73 2
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(10000\ (10000\

-2-36 —-12-3 01 =24 1
-11 -1 3 0 |]~]01-13 0 |~
0 -12 —4 -1 0-12 —4-1

\2 3 -713 4/) \03 -713 4/
(10000\ (10000\

01-24 1 010 0 O
001 -1-1]1~1001 —-1-11]~
000 0 O 000 0 O

\oo-11 1/ \oo-11 1)

(100 0 0\ (10000

010 0 O 01000
001 —-1—-1]~100100 | It follows that r4 = 3.
000 0 O 00000

\ooo o o/ \ooooo)

The following theorem offers a procedure to compute the

inverse of a matrix (if this inverse exists).

Theorem 1.7 If a square matriz is reduced to the identity matriz by a
sequence of elementary row operations, the same sequence of elementary
row transformations performed on the identity matriz produces the in-

verse of the given matriz.

111
Example 1.4.1 Find the inverse of the matrix A = 6 76

—-120
We write the given matrix and the identity:



11

111100
6 76010
-120001

Now we perform a succession of elementary row transformations in order
to transform A into the identity; the same transformations are performed
on the identity.

1111
010/-6
0311
111}1
010/-6
00119 -
100-12 2 -1
010/-6 10
001{19 -3 1

_ oo = O
_ o Ol O O

Lo

—-12 2 -1
It follows that A~ '=| -6 1 0
19 -3 1

Exercises

1.1 Evaluate the following n'” order determinants by reduction to tri-

angular form:

1 2 3 ...n ab b
-1 0 3 ...n ba b
a)|—-1-2 0 ... nf; b)|bb a ;

-1-2-3...0 bb b ...a
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0 ...00
géy 00 123 .. . n—2n—1n
vy ) 234...n—1 n n

00 =z ... 00
c) ; d)[345... n no nl.

00 0 ...

vy nnn n n n

y0 0 ... 0=x

1.2 Calculate the determinant C'(1,2,...,n).

1.3 Calculate the determinant C(C°_,,C! | ... C"]).

n—1

1.4 Calculate the n'* order determinant C(a,b,b,...,b), with a,b € R.

1.5 For ay,as,...,a, € C, k=1,...,n, calculate the determinant

1 1 ... 1

ay as ... Qp

_ | k=1 k-1 k—1

Vi(ar,as,...,a,) = |ai™ a5 ' ... al ™t

k41 k41 k+1
ay"as .. ay

n n n

al ay ... a}

called the lacunary Vandermonde.

1.6 Prove the following identities without expanding the determinants:

Oabc 0111

abec a —b ¢
alchb 10 b
a) = ) ok b)lzyz|=|-2 vy —z|;
becOa 1¢ 0 a 3 3
« a —
cbal 12 a0 7 7
a b ¢ 1 1 1
¢c)| p q r|=|bcp acq abr|.

ac bB cy a B v
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1.7 Compute the determinants by using Laplace’s Rule:

32000
43200
54320].
65432
76543

in Z7.

23 001-1
1221 940037
0102 4 51-12 4
a) ; b) ;¢
2011 383769
0201 1-10 0 0 O
370000
1.8 Calculate the determinants:
al0...0%b
Oa... b0
a) Do, = |....... ....|, of order 2n; b) Enie =
0b...a0
b0...0a
of order n + 2.
1.9 Find the inverse of the matrix of order n:
11...11 01...11
01..11 10...11
a) A= ........ib)B=1| ... ..
00...11 11..01
00...01 11..10
1 =50 00 O
0 1 =5. 0
c) B=
0 0 0 ..1-50
0 0 0 ..01 -5
0 0 .00 1
231
1.10 Find the inverse of the matrix A= | 014
562

a 00...
T{ UV ...

ToVU...

Tp VU ...

b 00...

0b
v
U Y2

U Y
0 a
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Solutions

a) nl; b) bi(by —a12)(bs —ags) -+ (by — an—1); ¢) 1+2n;

C(1,2,...,n) = HP(sk), where €} = 1 and P(X) =

k=0

14+2X +3X%+- - -+nX""1 Foregy, # 1, we get P(g) = n ;
é‘k —
n—1
n(n+1) : "(n + 1)
d P(1) = ——=. 1,2 -
The values €, k = 1,...,n — 1 are the roots of the equatlon
2424241 =0, 50 Hz;i(z—sk) =2y
n—1
.-+ 2+ 1. Taking z = 1, we obtain H(sk —1) = (=1)"""n,
k=1
n—1 1
0 C(1,2,....n) = (-1)%1%7”).
P(X)=Cp  +Cp X +Co X2+ + O X! =
n—1
(1 + X)*1. The determinant has then the value H(l +
k=1
er)" = [(=D)"((=1)" = "
X"—-X

P(X)=a+bX+bX*+... £ X" ! = atb—r—, for
X #1,and P(1) =a+b(n—1). C(a,b,...,b) =[a+ (n—
1)b](a — b)"~*. The same result can be obtained also directly,

using the properties of determinants.
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Consider another Vandermonde determinant:

Viay,...,a4n, X) =V (a1, ...,a,) [[1_1(X —ax) =
=Viay,...,a,) (X" =S X" oo b (—=1)"ES, g XF
ot (C18,),

where S} are the Viéte sums corresponding to the polynomial

with the roots aq,...,a,. On the other hand, expanding the

same determinant by the last column we get: V(aq, ..., a,, X) =
(=" Vo(ar, ... an) + - + (=) X (a1, ... a,) +
ook (=) X"V, (ay, .. ., ay). From the two expressions we

obtain Vi(ay,...,a,) = V(ay,...,an)Sn—k-

a) Multiply the second column of the determinant in
the left-hand member of the identity by bc, the third column
by ac and the fourth by ab. b) Multiply the second column
and the second row by (—1). ¢) Multiply the second row of
the determinant by abc then divide the first column by a, the
second by b and the third by c.

a) 9; b) For example, we expand after the last two rows:
1000.

Using Laplace’s formula with rows n and n+1 we get the

n+n+l+n+n+1 l)2

: . ab
recurrence relationship Da, = ‘ ; ’(—1) g =
a

(a® — b*) Dy, _s, and by induction Dy, = (a® — b*)".
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a) Subtracting each row from the row above it, follows:

11..11(100...00
01..11010..00
00..1100 0 ..10
00..0100 0 ..01
10...00(1-10...00
01..0001-1...00
00..10/00 0 ..1-1
00..0100 0 ..01

b) We can apply the following succession of elementary trans-

formations: add all rows to the first one, multiply row one by

n_

T subtract row one from all he other rows, add again all

the rows to the first one and finally multiply all the rows (ex-

cept the first) by —1. The inverse matrix is

(2—71

1
Bl = !

—

1

\ 1

501

1.10| A= [ 555

464

1

2—n ...

—

2=

1

L

n 1
2—n)



CHAPTER 2

Vectors

2.1 Vectors

A vector ¥ in space is characterized by magnitude (denoted
by ||7||), direction and sense. The vectors are added by either
the triangle law or the parallelogram law.

Vector addition obeys the following postulates:
1. U+ (V+W)= (U +7V)+ 0 (associative law);
2. U+ T =1+ (commutative law);

3. There is a unique vector called the null vector, denoted
by 0, such that 0 + @ = @ for all 7

4. For every vector o there is a unique vector called its

negative and denoted by — ¢, such that o 4+ (—=7) = 0.

Thus, if we denote by V3 the set of all vectors in the space,
then (Vs, +) is a commutative group. The following postulates

hold for the multiplication of vectors by numbers:

17



forall @, b € Vs and all 5,¢ € R.

In talking about vectors, numbers are often called scalars.
The vector t ¥/ is called a scalar multiple of the vector g

Consider now the axes Oz, Oy, Oz, mutually perpendicu-
lar, forming a right-handed rectangular Cartesian co-ordinate
frame. Let ?, 7), ? be the unit vectors for this system. Ev-
ery vector o can be written, uniquely, in the form v =
a?—l—b?—i—c?, where a, b, ¢ are scalars (called the components
of ¥). Other important formulas are ||a || = |a||| 7| and
|7 + V|| < || 4|+ || V|| for all ¥, € Vs and a € R.

2.2 Scalar product and vector product

%
One associates with any two vectors @ and b anumber called
%
their scalar product (or inner product) and denoted by @ - & .
The definition reads:

— — —
@b =] b cosh, 6= angle betweendand b

v,
- —
- b :Oifeitherﬁzﬁor b :ﬁ.
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— —
) (b +7d)=7ab+ad7
— —
3) (sd)b =s(db)
_>
4)d-d>0,d-d=0=d =20
@0
Let us note that @ - @ = |||? and cosﬁ—m In
a b
— —
particular, T b=0<=dadLUb.
R T T T — =
On the otherhand, ¢ -7 = 5 -7 =k -k =1, ©-j =
- = - = = — =
J k:k-i:O.Letﬁ,bEV;;,E):ali—l—@j—l—

- — —
ask, b —blﬁ +b2] + b3 k.

By using the properties of the scalar product, mentioned

— — — — —
above, We deduce @ - b = (a1 i +asj +a3k) (by 1 +
— N —— —— ——
by j +bgkz)—alblz i +a2b1] i +a3b1kz i +arby i j +

—— -
CLQij j +a362k j +CL1Z)32 ]C +a2b3j ]f +a3b3k k .

Thus we have the following important formula:
_>
@b = aiby + ashy + azbs.
Combining the previous results we can write:
@1 = \/ad + a3+ a3
a1b1 + agbg + a3b3
Va2 + a4 a3\/b3 + b3 + b2
%
E) 1L b <= a1by + asbs + asbs = 0.

cosf =

%

%
The vector product of the vectors and b is the vector,

denoted by X b characterized by:

)12 x B[ = [[Z)|D | sin0
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— —
2) @ x b is perpendicular to both @ and b

3) The triad of vectors {@, ?, @ x ?} is oriented like the

%
triad {? 7 k}.

For all @, b,?evg and s € R we have

I)ﬁxﬁ——?xﬁ

) (s@)x b =@ x(s0)=s(d xb)
) @ x (b +@)=ax b+ x¢C
IV)?xﬁ:ﬁ,ﬁx?:ﬁ

) ? [

)

parallelogram constructed on @ and b.

[t is easy to construct the following table:

- = o

xl1 J k
70 K -7
= == =
il=kK 0 i
—|—= — —
Klj —4 0
— — - = — — —
Let @ =a1 i +asj +ask, b =by i +byj +b3k.

Then we can write:
- - == .
A x b =(a17 +ay] +a3k)><(b1
— = = =
—alblz X z —|—a261] X z + asb;
+a3b2k: X ] +a1b32 X ]€ +a2b3

— —
= (a2b3 — &352) 1+ (Cl?,bl - alb?») J +
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Finally we have

This is a remarkable formula! Its simplicity enables us to com-

pute easily the vector product.

2.3 Triple vector product

%
The vector @ x (b x ?) is called the triple vector product of
B . : .
the vectors a’, b, . Tt has no important geometrical meaning
but is expressed by a formula which is of use for applications.
To deduce this formula let us choose the Cartesian axes in such
%
a way that the z-axis is directed along the vector b and the

%
y-axis lies in the plane of vectors b and g Clearly we have

= — - = e - —
b:blz’,7:cli—|—62j,7:a17j+a2j+a3k.
— = =
t 7k
%
AXb=|b,0 0 |=beck
01620
- = —
t gk
— — —
7X(b X?): ai as as :agblcgz—a1b162j:
0 0b1€2
— .

= (a101 —|-_CL>262)b1 Z_)— albl(cl 1 + Co j ) =
(d2)b — (A b)72 (

check up these formulas!).

Thus we have

Tx (B x2)= (@~ (T)7
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This final formula no longer contains any components and

therefore does not depend on the particular choice of the axes.

2.4 'Triple scalar product

1

The triple scalar product of the vectors 7, b ,? is denoted
— — —
by (@, b, ) and is defined by (@, b,7¢)=d(b x ).
Clearly we have
- = =
— s — oo "
(@, 0,7)=(a1i +asj +azk)-|b by bs|=
C1 Cy C3
= a1(bacg — bsca) + az(bscr — bics) + az(bica — bacy).

Finally we have

. ai ag as
(@, b,7) = by by by

C1 Cy C3

Taking into account this formula, it is easy to prove that

) (@, b,2)=(¢,a,b)=(b,7,a)

2) (2,5, 2)=—(2,2, D)

3) (s, b,@) = s(d, b,72)

N (T+7,8,3)=(0,8,2)+(T,0,72)
We have also \(7,7,?)\ = | 7(?> x )| = volume of the
parallelepiped constructed on 7, b ,?).

In particular

%
(E), b ,?}) =0 d, b . @ are parallel to the same plane.
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Exercises

2.1 Consider a triangle ABC' and the heights AA; L BC, A, € (BC),
BB, L AC, By € (AC) with the intersection point H. Prove that

CH 1 AB.

2.2 Consider four points A, B, C' and D in space.
a) Prove that DA - BC + DB -CA + DC - AB = 0.

b) If DA L BC and DB L CA then DC' L AB.

2.3 Let G be the weight center of the triangle ABC.

a) Prove that ﬁ—i—B@—i—C@ = 0.

b) If M is an arbitrary point then 3MG = MA + MB + MC.

2.4 Let ABC and M N P be two triangles (in the same plane or different
— =
planes). Prove that, if AM + BN + C’? = 0, then the weight centers of

the two triangles coincide.

25 Ifd=(3,—-1,a), b=(0,1,—2) and &= (1,0, —1), determine o € R
such that the vector @ x (b x @) is parallel to the plane y0z.

2.6 Find the angle between
3- 1-
a) the vector @ = £2 + 51{ and the axis Oz

b) AB and AC where A(3,1,—2), B(2,1,—1) and C(3,0,—1)

2.7 Let @ = 3i — ]_"4— 2k and b = j’— 2k. Determine the height of the

parallelogram with the edges @ and 5, considering a as the basis.

2.8 Determine the vector « such that ||w||=2, @ is perpendicular on

the axis Oz and makes a 45° angle with the positive direction of Ox.

29 Let@=i+j+ kand b =27 — j, =7+ 3k. Determine the height
of the parallelepiped with the edges @, 5, considering the parallelogram

with edges a, b as basis.

¢
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2.10 Prove the identity of Lagrange ||@ x b||2 + (@ b)2 = ||@||?||b]|?, for
any vectors a, b.

—

2.11 Prove that (@x b) - (¢x d) = (@-&)(b-d) — (@-d)(b- @), for any
vectors @, Z;,E,cf

2.12 Let a, b and & be three non-coplanar vectors, making two by two,

angles of measures «, 3, 7. Prove that, if

ax(&xg)+5x(5x5)+5><(8x6)20

then cosa cos fcosy = 1.

Solutions

Use, for instance the fact that ﬁB? =0, El}@ =
0, AH = AC+ CH, BH = BC + CH.

a) Usmg the tr1ang1e rule we get that BC’ BDJrDC' =
DC’ DB CA DA DC’ AB DB DA and the equality
follows. b) Follows directly from a).

a) Let A; be the middle of (BC) Use the relations
Bé BA; + 4G, CG = CA, + A,C, AG = 2GA;.

GiGy = G A+ AM 4 MGy, G1Gy = G B+ BN + NG,
G1G2 G1C' + CP + PG2 Add the three relations and use

the previous exercise.

bxé=—i—2]—k=(-1,-2-1),@ax (bx¢ =

(1+2a,3 — a, —7). If the vector is parallel to the plane 30z,

then it is perpendicular on the axis Oz, that is the dot product

is zero. This gives 1 + 2a =0, so a = —%.



= - 3 . . .
a)cosazﬁzg,soa:%. b) AB = —i + k,
a
AC —F+k a= g
The area of the parallelogram is ||@xb|| = 6]+3k = 3v/5.
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On the other hand, area = h||d||, so we get h = irt

If & = ai+bj + clg, from w L IZ, we get ¢ = 0. We have
W -1 = ||| cosm/4 = /2. On the other hand, @ - i = a, so
a = /2. Finally, since ||@|| = Va2 + b2 + 2 = /2, it follows
that b = v2 or b = —/2.

The volume of the parallelepiped is given by the mixed

product volume = |(@,b,&)| = 7. The area of the basis is

- 7
area = ||a@ x b|| = v/14. The height is h = ——.
| B = V/I4. The heig i
Denoting by « the angle formed by the two vectors,
we have ||@ x b|| = ||@]|||b]| sincv, @ - b = ||@]|||b]| cos @ and the

identity follows immediately.

We use the properties of the triple product:

We get (@-b—c-&)a+ (b-é—a-a)b+ (E-a—b-b)c = 0.
Since the three vectors are non-coplanar, this means @ b= c-C,
b-C=a-a é-a=>b-b. It follows that ||@]||b]| cosa = ||&?,
1B]1117| cos 8 = ||| and ||| ||a]| cos v = [[b]|*. Multiplying the

last three relationships we get now the desired equality.






CHAPTER 3

Lines and planes in space

3.1 Planes in space

We shall use the language of the vectors to introduce the ba-
sic concepts of solid analytic geometry ([8], [10], [11]). We
assume that a fixed Cartesian coordinate system in space de-
fined by the origin O and the triad { ¢, 7, k } has been cho-
sen. Every point M has a position vector 7); the components
of 7 are the coordinates of M, that is, we have M(x,y, z) and
-
T =xi + yj +z2k.

1) Plane determined by a point and a normal vector
Let Moy(xo, Yo, z0) be a point in space and let W= a?+b7}+
c?, K =# 0. Let P be the plane that passes through M, and
is perpendicular to g

Let M(x,y, z) be an arbitrary point of P. Then -7 s
perpendicular to 77, that is 7 (7 — 74) = 0.

27
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Since 7 — 74 = (x—xo)?—k (y—yo)7—|— (Z—Zo)?, we obtain
a(r — x0) + by — yo) + c(z — 29) = 0.

This is the equation of the plane P. If we denote d = —axy —

byg — czp, then it reads:
axr + by +cz+d=0.

This is the general form of the equation of a plane. The vector
W= a? + b? + c? is called normal to the plane.

In particular, the plane Oy passes through the origin and
? is normal to it. Hence we can take xo = yg = 29, a = b =
0, c=1.

Therefore the equation of the plane Oy is simply z = 0.

2) Plane determined by three non-collinear points.
Let M;(z;,v:, %), @ = 1,2,3 be three non-collinear points and
let P be the plane determined by them. Let M (z,y, z) be an
arbitrary point of P. Then M, My, M5, M3 are coplanar and
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hence

lxy 2
Lzyyr =
L 29 y2 29

1 23 y3 23

This is the equation of the plane P.

3) Plane determined by a point and two non-collinear
vectors.
Let P be the plane that passes through a given point My(xo, Yo, 20)
and is parallel to two non-collinear given vectors UZ =x; 1 +

— - .

YiJ +sz7 L= 172

Let M(x,y, z) be an arbitrary point of P. Then the vectors
T — T4, i, 03 are coplanar, that is (7—7“_8, o1, v_%) = 0. Thus

the equation of the plane P can be written in the form:

T—=ZoY— Yo <= — <0
I U1 21 :0

T2 Y2 z9

4) An important result is the following:
The equation of a plane passing through the line of intersection

of the planes

(1) iz +by+c1z+dp =0

(2) agx + boy + oz +dy =0

is of the form
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(3) a1r + bly + 1z + dl + )\(CLQ.I + b2y + oz + dg) =
0, A e R.

Indeed, (3) is the equation of a plane P. The coordinates of
any point of the line verify (1) and (2) - and hence also (3).

Thus the line is contained in the plane P.

3.2 Straight lines in space

Consider a direction in space, determined by the vector
T
T =1i+mj +nk # 0.

The numbers (I, m,n) are called the direction ratios of this
direction. Clearly any other numbers proportional to them are
also direction ratios for the same direction.

Now suppose that ¥ is a unit vector, that is, ||7]] = 1.
Then 12+ m2 + n? = 1. On the other hand, [ = ¥ - 7 —
cosa, m = o 7 =cosf, n= o ? = cosy where a, 3,y
are the angles between 7 and the axes. Hence the direction
ratios are now (cosa, cos f3,cosy). They are called direction-
COSINES.

Since I2+m?+n? = 1, we have cos? a+cos? B+ cos? v = 1.

1) Line determined by a point and a vector.
Consider the line d determined by the point My(zg, yo, 20) and
e e A
the vector ¥ =147 +mj +nk # 0. Let M(z,y, z) be an
arbitrary point of d.
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The vectors 7 — 7’_0> and U are collinear, hence - r_o> = t?,
with ¢ € R. Thus we obtain the parametric equations of the

line d:
r=x0+I1t, y=yo+mt, z=z2y+nt, t € R.

By eliminating the parameter ¢ between these equations, we

deduce the canonical equations of d:

L—2yp Y—Y 22— %0

[ m n

Since U # 0, at least one denominator is nonnull. If a de-
nominator equals 0, the corresponding numerator must also
equal 0.

_>
Example 3.2.1 For the z-axis we can take My = 0 and o = 7. Hence

To=Y=2=0,1=1 m=n=0.

I‘ Z p—
The canonical equations are 1= % =35 They are equivalent to {y
z=0

2) Equations of the line joining the points My(z, yo, 20)
and M (x1,y1,21)
Let 7§ and 71 be the position vectors of these points. Then the
line is determined by the point M, and the vector ﬁ—ﬁ). Con-
sequently, we can take (z1 — o, y1 — Yo, 21 — 20) as direction-
ratios.

The canonical equations of the line will be

r—% _Y~¥Y% _ =~
Lr—To Yr—Yo 21— %20
3) Line determined by the intersection of two planes

Let d be the intersection of the planes P; and P,. Then the
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equations of d are

mr+by+cz+d =0
asT + boy + coz + do = 0

. —
The normal vectors to P;, respectively P, are n=aj i +

— — — — —
bij +ca k andnb =asi +byj +eok.

They are both perpendicular to d, so d is parallel to =

ﬁ{ X 775 This enables us to take as direction-ratios of d the

components of ﬁ), that is

(

b1 c1 c1 a4y ay by

) ) M
by co Co A2 ay by )

3.3 Distance from a point to a line. Distance

from a point to a plane

1) Consider a line d determined by a point M, and a vector
. The distance from the point A to the line d equals
the length of the height of the parallelogram MyABC'
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_ "7 x MyAl|

Hence dist(A,d) = Kl

Consider the plane P : ax + by + cz +d = 0 and the
point My(xo, Yo, 20)- Let My be the projection of My on
the plane P.

The vector 70 = a? + b? + c? is normal to P.

Let (x1,y1,21) be the coordinates of M;. Then axy +
7 —
by1 + cz1 +d = 0. We have also M1 My = (xg — x1) @ +

%
(Yo — %)7 + (20 — #1) k. Therefore

- ]\m =a(xg —x1) +b(yo — 1) + c(z0 — 21) =
= axg+ byo+ czo+d — (axy + by + ¢z + d) =

= axg + byy + czp + d.

On the other hand,

7 MMy| = || ||| M My|| = Va2 + 0 + Edist(Mo, P
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It follows that
axg 4 by + czo + d

dist(Mp, P) = ——

Exercises

3.1 Write the equation of the plane (P) such that:
a) M(—1,2—3) € (P) and 0zL(P)
b) M(—1,2—3) € (P) and 0z || (P), Ox || (P).

3.2 Write the equation of the plane (@) knowing that it is symmetrical
to the plane (P) : x—3y+2z—1 = 0 with respect to the point M (0, —1,1).

3.3 Write the equations of the straight line d that passes through the
r—2y+7=0

point M (3, —1,0) and is parallel to the line [ : )
r+y+2—-6=0

3.4 Let A(2,2,2), B(0,1,1), C(1,1,0) and D(1,0,1). Find the equa-
tions and the length of the height of the tetrahedron ABC'D with the
basis BC'D.

3.5 Let A(3,—1,3), B(5,1,—1), C(0,4,—3). Find the parametric and
canonical equations of the lines Dy and D, if:

a) Dy = AB and D, = BC

b)D; is parallel to AC and passes through B and D is perpendicular to
D, and passes through C.

3.6 Considering A, B and C from the exercise 3.5, calculate the dis-
tances between these three points and find the angles formed by AB,
AC and BC.

3.7 Considering A and B from the exercise 3.5, find the equation of a

plane with respect to which A and B are symmetrical.



35

3.8 Find the equation of a plane which passes through the point M and
is parallel to the plane (P) if:

a)M(2,—1,3) and (P):2x—3y+5z+2=0

b)M(0,—2,4) and (P) : Te +4y —32—1=0

c)M(1,0,—1) and (P) : 2y — 5z — 11z = 0.

3.9 Find the equation of a plane (P) if:

a) M(2,3,-5) € (P) and OM_L(P);

b) A(2,1,—6) and B(6,—1, —2) are symmetrical about the plane (P);
c) Mi(3,2,1) € (P), M5(6,6,8) € (P) and (P) cuts equal segments on
Oz and Oz.

3.10 Write the equations of three planes that contain M (3,2, —1) and

each contains a different coordinate axis.

3.11 Find the equation of a plane which passes through A and is per-
pendicular to the planes (P;) and (P) if:

a)A(—1,1,0), (P):z—2y+z—5=0and (P):y—52+2=0
b)A(1,0,1), (P):3z+y—1=0and (P):z4+y—2—1=0

3.12 Write the equations of three planes that contain A(2,—1,—1) and

B(3,1,2) and each, is parallel to a different coordinate axis.

3.13 Find the equation of a plane which contains the point A and is
perpendicular to AB, if:

a) A(1,2,-1), B(2,3,5)

b) A(1,3,2), B(—3,—1,0)

c) A(2,0,1), B(1,1,-1).

3.14 A plane cuts, on the coordinate axes, segments equal to 3,10 and
5. Find the equation of the plane and the angles formed by the plane

and the axes.

3.15 Find the equation of a plane determined by the lines
3. — 4> —3 =

D.. r+y—32=0 and Ds: r+5dy+4z—-3 O'
20 +3y—2—1=0 r+2y+22—-1=0
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3.16 Write the equation of a plane which contains M(—1,1,1) and is

perpendicular to the line D, if:
r—2 y z4+1

D : = =
2) 33
r  y-— z—
byD:—-=>— =
) 4 —4 5
=0
c) D: Ty
r+y—2z+1=

3.17 Let Dy, Dy be two lines parallel to the vectors d; = (—1,0,1) and
dy = (1,1,0). Find:

a) the angle between Dy and D,

b) the parametric equations of the line D3 perpendicular to D; and
Dy, which passes through M (3,2, 1).

3.18 Calculate the distance between the point A(3,—1,1) and the line
D1 if:
2x — 2z—3=0
2) Dy: r—y+2z
r—y—32+2=0
r—1 'y z+2
4 =5 3

3.19 Write the equation of a plane which passes through the point

M(1,—1,1) and is perpendicular to the line D if:
r—3 y z+1

b)Dli

D: == =
2) 2 3 1
— 3=0
b) D: Toat
20 —y =0

3.20 A plane contains the point A(1,0,1) and the line D. Find the
equation of the plane if:

r=2-—3t
a) D: y=4+t
z=1-—2¢
T y—1
by)D: —=2——=2-5
) D5 ==

1=
¢) D: T+ z+ 0
r—2y+2—3=0
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3.21 We consider the planes P;, P, and P3 such that A(—1,—-2,2) € P,
and the vector normal to P; is (1,—2,2), the plane P; is perpendicular
. r y+7 z—-1
to the line D: — = =¥—— =
o the line 5 — -
P3: 20+ 2y + 2z = 2.

1) Find the equations of P; and Ps.

and contains the point B(1,1,1) and

2) Show that each of two planes are perpendicular.
3) Find the intersection of the planes.
4) Calculate the distance from A(2,4,7) to P;.

3.22 Find the equation of a plane which contains the symmetric points
of A(2,3,—1), B(1,2,4) and C(0,1,—1) with respect to the plane P :
r—y+2z+2=0.

3.23 Find the projection of M(2,1,1), on the plane P : z+y+32+5 =0
and calculate the distance from M to P.

3.24 Find the equations of two planes P, and P, if both pass through
2r4+y—32+2=0
or+ 5y —424+3=0

the line D: , Py L P, and P; contains M (4, —3,1).

3.25 Find the position of the line D relative to the plane P if:

(c=1t

a)D: Cy=1+2t and P:dx+y+2z=14
[ 2= —06t
(z =13+ 8t

b)D: { y=1+2t and P:x+y+2z=2.
(2 =2+3t

3.26 Find the distance between two lines D; and Dy and the equation
of the common perpendicular if it exists, for:

—1 2z =4
a)Dl:m :y—ZZZDQ:{x+ ‘

5 y=0
=143t
r y—1
b)Dlzng:z—5andD2: y =2t

z=1-+t
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1 42 r=14t
¢) Di: xS :yT:z—élandDg: y=2t—2.
=4+ 5t
Solutions

a) 0z has the direction vector k and is normal to the

requested plane (P). The equationis 0- (x +1)+0-(y —2) +

1-(2+43) =0, that is z+ 3 = 0. b) The plane is determined
r+1ly—2z2z+3

by a point and two vectors, 0 0 1 = 0, that is

1 0 0
y — 2 = 0. (In fact, the plane is perpendicular to 0y).

We choose three points that belong to the plane (P), for
instance A(1,0,0), B(0,1,2) and C(—1,0,1). We determine
their symmetrical points A, By, Cy with respect to M, from
the fact that M is the middle of the segments [AA;], [BB],
[CCY], getting Ai(—1,—2,2), B1(0,—3,0), C1(1,—2,1). The
plane (@) is determined by these three points: x—3y+2z—9 =
0.

We find first the direction vector of of [, for instance
[ = it X iy, where i} = (1,—2,0) and @y = (1,1, 1) are the

normals to the planes that determine I. So [ = (—2,-1,3)
r—3 y+1 =z ,
= = — or, in

—2 —1 3

and the equations of the line d are

xr—2y—5=0

another form, d : .
y+z2z+3=0
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The plane BC'D has the equation x +y+ 2z — 2 =0, so
the normal is 77 = (1,1,1). The equations of the height from

A are x = y and x = z and the intersection point between the
222
height and the plane BC'D is H(=,—,=). The length of the

3733
height is AH = g\/_.

a) D — AB — _ y;q = =3

b) Dy || AC means the direction of Dy is D1 = AC =
(—3,5,—6), then Dy : 222 = 11 = =L,

Let CM 1Dy and M(a,b,c) € Dy, then Dy = CM. We know
Ds is perpendicular to Dy, so (—3,5,—6)-(a,b—4,c+3) = 0.

Also M € Dy & =2 = 21 = & and after finding a, b, and

¢ from this system, we obtain the line Dy = C'M.

d(A,B) = /(6-32+ (1+1)2+(—1-23)2 = 2V,

etc.

Let a = <(AB, AC), then we have cosa = %, if
AB = (2,2,—4) and AC = (—3,5, —6).

Consider M(x,y,z) € P. Then ||[AM]| = ||M BJ||, with
AM 1 P which implies P: 2z +y —2z—2=0.

a) Let P, be the plane parallel to P, then the vector
normal to P; is the vector normal to P, 7 = (1,—3,5). The
equation of the plane is P;: x —2 —3(y + 1) + 5(z — 3) = 0.

¢) Consider A(a,0,0) € Ox and B(0,0,a) € Oz, |OA| =
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|OB]||. We write the plane P in two ways:

ryz1 ryzl

a001 00al
AM M) - —0, (BMM,): —0
(AMM) 3911 (BMM) 3911

6681 6681

and obtain P :2x —by+22+2=0

Ty 2z
(MOz): |10 0 | =0 and obtain (MOz) : y+ 2z =
32—1

0, etc.

a) The normals 771 and 77y of the planes P, and P, are

r+1ly—1 2
parallel to the plane P, so we get P : 1 -2 1| =0,
0 1 =5

9 +dy+2+4=0.

r—3y—12—-2

312 P:| 1 0 0 |=0,etc

1 2 3

a) The normal of the plane is the vector AB = (1,1,6),
so the equation of the plane, which contains A, isx —1+y —
2+6(2+1)=0.

The equation of the plane is P: 10x+3y+6z—30 = 0.
Consider the normal to the plane 77, and for the coordinates

axes we have the unit vectors ;, j’, ; By denoting o = <Z(Z, ),
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. -1 10
we have sina = = etc.

il a) V14s

P:z+2y+22—-1=0
¢) The direction of the line D is

10
1 -2

01
—-21

11

d —
( 11

3 ) ) = (_27270)

and this line is normal to the plane. The equation of the plane
isP:x—y+2=0

a) o =2m/3

b)
1 gk
dyxdy=|—-101|=—i+j—k.
110
r=3—1
Then the equation of the line is D: =2+t
z=1—1
a) d; = (—5,-8,1), 80 HdEH = 3410, then the distance
_ || MAxd, ||

is calculated from d(A, D) T

319 b) P:x+2y+2=0
¢) The pencil of planes which pass through D is x—2y+

z2—34+Ax+2z+1) =0 and we need the plane which contains
A, s0, A = 1/3 then the plane is P : 4z — 6y + 42 — 8 = 0.
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)P ix—2y+22—7=0,P:2r—y—22+1=0.
2) We verify that the scalar product between the normals of
two planes is zero.

3) ANP,NPy=M(1,-1,2).

4) d(A, P) =1/3.

Consider A", B, C' the symmetrical points of A, B, and
C with respect to the plane P. We take Cy = CC' NP, C, €

P and obtain Cy(1/6,5/6,—2/3) after we solve the system

obtained from the equations of the line CC" : T = yf_f =

ZTH and the plane P. Then we find the coordinates of C" by

knowing ||CCol| = ||CoC’
find A" and B'.

. By using the same procedure we

Consider M’ € P the projection of M on P, MM : z—
2 =y—1=%2 then M'(1,0,—2) and d(M', P) = 11/v/11.

The pencil of planes passing through D is
P,:2v4+y—324+2+pubx+5y—42+3)=0. M € P,
and P, C P, = M € P, which gives us p = —1, so P :
3r+4y—2+1=0.

Let P :ax+by+cz+d=0, from P, 1 P, we have 3a+ 4b—
¢ = 0 and considering also P, C P, we obtain the relations
a=24+5u,b=1+5u,c=—3—4u. Then, for p=—1/3, we
obtain P :x —2y — 52+ 3 =0.

20 =y —1

a) Consider the system ¢ —6x = z

dr+y+z=4
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which have the determinant zero and the rank of the corre-
sponding matrix 2 and observe the system is inconsistent, so
D || P. This could be, also, observed if we check that the
normal to the plane is perpendicular to the line D.

b) The system is consistent and determined and we obtain

t = —1, then we find z,y, z the coordinates of the point
M(z,y, z), where M = DN P.

a) The direction of the common perpendicular of D
and Dy is

i ok
d=(=5,1,1)x(2,0,=1) = | =51 1 | = —i=3j=2k = (~1,—3,-2)
2 0-1

The equation of the plane which contains D and D is

r—1ly—2 z
P:| =5 1 1|=0&2—-1ly+162+21=0.
-1 -3 -2

Similarly, the equation of the plane which contains Dy and D
is P : =3z + 5y — 6z 4+ 12 = 0. The common perpendicular
Py

is D : )
Py
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The distance is d(D1, Do) = || M Ms||, where {M1} = DN D
and {Ms} = DynN D.

b) D1 || Dy, let Ay € Dy and Ay € Dy, then

Hd; X A;AQH

d(Dl, DQ) = d(Al, DQ) =

—

da

c) D1N Dy = M(1,-2,4), so the distance is zero.



CHAPTER 4

Linear spaces

4.1 The definition of a linear space

Let K be the field of real numbers or the field of complex
numbers.

Definition 4.1 A set V' is called a linear space (or a vector space) over
the field K if it satisfies the following conditions:

I) There exists an internal binary operation on V| called addition and

denoted by +, such that (V,+) is a commutative group.

IT) There exists an external binary operation called scalar multiplica-
tion, in which each element £ € K can be combined with each
element v € V to give an element kv € V, and such that, for all
k,l € K and z,y € V,

1) k(x+vy) =kx+ky
2) (k+Dx=ke+lx
3) (kl)x = k(lz)

4) 1z =

45
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We must be careful to distinguish between the two types of elements:
those belonging to V called wvectors, and those belonging to K called
scalars.

Example 4.1.1 1) The set V5 of the vectors in space with the usual
definitions of addition and multiplication by a real number, forms

a linear space over the field R.

2) Let x = (x1,...,2n), Y= (Y1,---,Yn) (z5,y; € K) be two elements
of K™ (the set of n-tuples of elements of K). The addition = + y
and scalar multiplication Az (A € K) may be defined by

rH+y=(T1+ Yy, Tn+Yn)

Ax = (Azq, ..., Axy,)

With these operations it is easily verified that K™ is a linear space
over the field K.

3) An obvious generalization of the previous example is the set M,, ,,,(K)
with the usual definitions of addition of matrices and multiplication

of a matrix by an element of K.

4) Let S be any set and F' = {f|f:S — K}.
With the usual definitions of addition of functions and multiplica-

tion of a function by a number, F' is a linear space over K.

We see that the structure of linear space appears in various

and quite natural situations ([4],[5], [6], [7]).

The first theorem gives a number of elementary deductions
from the definition of a linear space. We must be careful to
distinguish between 0, the zero of K, and 0, the zero vector of

V.

Theorem 4.2 In any linear space V' over K we have

(i) Ov = 0;
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(i) k0 = 0;
(i1i) (—1)v = —v,

forallv eV and k € K. (—v is the negative of v in the group (V,+)).

Proof.
(i) Since Ov = (0 + 0)v = 0v 4 Ov, we infer that Ov = 0.
(ii) k0 = k(0 4+ 0) = k0 + kO, hence k0 = 0.
(iii) v+ (=)o = v+ (=1)v = [1 + (=1)]v = Ov = 0,

therefore (—1)v = —v.

Theorem 4.3 (a) If k € K,v € V and kv = 0, then either k = 0 or
v =0.

(b) If lv =kv and v # 0, then | = k.
(c) If kv =kw and k # 0, then v = w.

Proof.

(a) Suppose that k # 0. Then there exists k=1 € K. We
have k~1(kv) = k=1 -0, hence (k'k)v = 0. It follows that
1lv = 0 and finally v = 0, g.e.d.

(b) lv = kv implies (I —k)v = 0. Since v # 0 we may apply
(a) and deduce | — k = 0, that is, [ = k.

(c) is left to the reader. O

4.2 Linear subspaces

Let V' be a linear space over K. A non-empty subset W of

V is called a linear subspace (or a wvector subspace) of V if
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kx +1ly e W tor all k,l € K and x,y € W.

Let us remark that this condition is equivalent to the fol-

lowing two conditions:

(1) c+yeWioralxz,yeW

(2) ke e Wiorall k€ K and z € W.

Any linear subspace W contains the vector 0; indeed, for any
v € W we have Ov € W and hence 0 € W.

Example 4.2.1 (1) {0} and V are linear subspaces of V. These two
subspaces are called improper subspaces of V; all other subspaces
are proper subspaces.

(2) {617> | a € R} and {a7> + b? | a,b € R} are linear subspaces of
Vs.

(3) {(0,z9,...,2,) | x2,...,2, € K} is a linear subspace of K".
Let SCV,S #0. A vector v € V of the form v = kjv; + - - + k,vp,
where n € N*, k;, € K and v; € S is called a linear combination of
elements of S. It is easy to verify that the set of all linear combinations

of elements of S is a linear subspace of V, called the subspace generated
by S.

Theorem 4.4 Let U and W be linear subspaces of the space V.

a) UNW is a linear subspace of V.

b) The set U+W ={u+w |ueUwe W} is a linear subspace of
V', called the sum of U and W.

The (easy) proof is left to the reader.
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4.3 Linear dependence, bases, dimension

A subset X of a linear space V' is called a linearly dependent
set if it contains a finite subset {x1, ...,z }(r > 1} for which
there exist scalars kq, ..., k. € K, not all zero, such that kjz+
-+++ k,.x, = 0. Such a linear relation, where not all the k; are

zero, will be called non-trivial.

A subset of a linear space is linearly independent if it is not
linearly dependent. An alternative definition, equivalent to
this is: A set X is linearly independent if every linear relation
kix1+---+kx, =0 (k; € K) between the vectors x; of X has
zero coefficients. In other words, every linear relation between
the vectors of X is trivial.

Example 4.3.1 1) Every subset X C V which contains 0 is linearly
dependent.

2) If ve V,u#0, then {v} is linearly independent.

3) Let V = {f ’ f : R—)R} Let fl c V, fz(t) :ti, 1= 0,1,...,71.
Then {fo, f1,--., fnu} is linearly independent.

4) 7, 7, W e Vs are linearly dependent if and only if they are copla-

nar.

Definition 4.5 Any linearly independent subset of a vector space V/,
which has the property that it generates V/, is called a basis of V.

[t can be shown that every vector space V' # {0} possesses a
basis. Also, if V' has a finite basis with r elements, then every
basis of V' has r elements. We say that the dimension of V is

r and write dimV = r.
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If V has no finite bases, it is called infinite-dimensional.
In this case we can find arbitrarily large linearly independent
finite subsets of V. On the other hand, we write dim{0} = 0.

Example 4.3.2 1) {7}, 7, ?} is a basis of Vs.

2) The vectorse; = (1,0,0,...,0),es = (0,1,0,...,0),...,e, = (0,...,0,1)
form a basis of K™, called the canonical basis of K™. Thus, dimK" =

n.

3) Let K,[X]| be the linear space of all polynomials of degree < n,
with coefficients in K. A basis of this space is {1, X, X?,..., X"}.

4) Let K[X] be the space of all polynomials with coefficients in K.
A basis of it is {1, X, X? ..., X" ...}. Hence K[X] is infinite-
dimensional.

Let V be finite-dimensional. It can be shown that if U and W are

linear subspaces of V', then

dim(U + W) + dim(U NW) = dimU + dimW.

Theorem 4.6 Let T = {vy,...,v,} C V be a linearly independent set
which is not a basis. Then there exists v € V' such that {vy, ..., vy, v} is

linearly independent.

Theorem 4.7  a) Every linearly independent subset of V,, with n ele-

ments is a basis of V,,.

b) Every linearly independent subset of V,, is a part of a basis.

4.4 Coordinates. Change of bases

Let B = {b1,...,b,} be a basis of the n-dimensional linear
space V,, over K.
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Theorem 4.8 Each v € V,, can be written uniquely in the form
v=ux1by +---+x,b,

with xq,...,x, € K. (The scalars x1,...,x, are called the coordinates

of the vector v relative to the basis B.)

Proof. Let v € V,,. Since B generates V,,, there exist scalars
x1,...,T, such that v = 161 + ... 2,b,. We have to prove
that they are uniquely determined.

Suppose that z,..., 2 € K and v = x(by + -+ + 2, b,.
Then it follows (z1 — 24)by + -+ + (2, — 2},)b, = 0. Since

/

bi, ..., by, are linearly independent, it follows that 2} = x, ... 2 =

x, and the theorem is proved. [l

Consider now the above basis B and let B’ = {b/,...,b0.} C
V. Then we have b = Zlcijbi’ j=1,...,n, with ¢;; € K.
1=
Theorem 4.9 B’ is a basis of V,, if and only if det(c;;) # 0.

Proof. Since B’ has n elements, the following two statements

are equivalent:
(1) B’ is a basis

(2) B’ is linearly independent
Clearly (2) is equivalent to

(3) kb 4 by = 0 = ky =+ = hy = 0.
We have z ]{ b/ Z k Z ng E Z Cijkjb,’ = Z Z Cz’jkjbi =
j=1 j=1li=1 1=1j=1

Z(ch ;)b

=1
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Thus the first equality in (3) is equivalent to Z ( Z ciik >
=1
0, which is equivalent (due to the linear independence of
n

B) to > cijkj =0, i=1,...,n. Hence (3) is equivalent
j=1
to
n
(4) The linear homogeneous system »  ¢;jk; =0, i =1,...,n,

j=1
has only the trivial solution.Finally, (4) is equivalent to

(5) det(cij 7£ 0
We conclude that (1) and (5) are equivalent and the the-

orem is proved.

Let us remark that the columns of the matrix C' = (¢;5), 4,j =
1,...,n are formed with the coordinates of b; relative to
the basis B. Suppose that C' is nonsingular; this means
that B’ is also a basis of V,,. C is called the transition

matriz from B to B'.

Let z € V.. Wehavex—Z:UZb and x = Zx v, with

375
1=1 ] 1
zi, 25 € K. Then z = E%x 231%6 = Z:lz:lcwx b =
=1 "= j=11

i)(i) Cij )

Hence Z z;ib; = Z ( Z Cijx )bZ It follows that

i=1 i=1
n .

(6) wi= > cyx), i=1,...,n
j=1

We have here the relationship between the coordinates of x rel-

ative to the basis B and the coordinates of the same z relative



53

to the basis B’. Let us denote

X = X =
Ty, ),
Then (6) is equivalent to X = C X", O

Finally, let us mention-without proof - the following impor-
tant result.
Let B = {by,...,b,} beabasisof V, and let vy,...,v, € V.
n

Write v; = > a;;b;, j =1,...,p, with a;; € K. Consider the
i=1

matrix

A=

Theorem 4.10 The dimension of the linear subspace of V,, generated by

{vi, ..., vy} equals r4.

Exercises

4.1 Let V = {x € R | 2 > 0} be endowed with the internal operation
x @&y = xy. Prove that (V,®) is a linear space over R with the external

operation a x x = %, for each z € V, a € R.

4.2 Prove that all square matrices of order n with real elements, form
a vector space over the field of real numbers, if the operations involved
are addition of matrices and multiplication of a matrix by a scalar. Find

a basis and dimension of this space.
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4.3 Prove that all polynomials of degree < n with real coefficients form
a vector space if the operations involved are ordinary addition of poly-
nomials and multiplication of a polynomial by a scalar. Find a basis and

dimension of this space.

4.4 Determine which of the following sets are linear subspaces of the
corresponding linear spaces.

a) Wi ={(z1,...,2,) | 21+ -+ 2, =0}, in R” over R

b) Wo ={(z1,...,2,) | 21+ -+, = 1}, in R" over R

) Wy ={(x1,...,2,) | z; € Z,i=1,...,n}, in R" over R

d) Wy ={(z,y,2) | 2z — 3y + 2 = 0}, in R? over R

e) Ws ={(x,y,2) | 2¢ — 3y + 2+ 6 =0}, in R3 over R
Wo={(r,y.2) | 5 =5 =2} mR over R

—1
g) Wr = {(z,y,2) | 373 :%:g}’ in R3 over R

h) Wy = {f : I — R | f differentiable on I}, in C(I) over R, the space
of continuous functions on the interval I € R
i) Wy = {P| P is a polynomial of odd degree}, in R,[X] over R, the

space of polynomials of degree at most n with real coefficients.

4.5 Prove that the following sets of vectors are subspaces in R" over R
and find a basis and dimension of each:

a) All n-dimensional vectors with the first and last coordinates equal.
b) All n-dimensional vectors of the form («, 3, «, 3, ...), where a and

are any numbers.

4.6 Find out if the following matrices are linearly independent in the
space My (R), for a € R:

) ) G

4.7 Determine a basis in the linear subspace generated by the set of

functions {1,sin?z, cos® x, cos 2z} .
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4.8 Determine the dimension and a basis for the linear subspace V
generated:
a) in R* by the vectors: v; = (0,2,—-1,3), vy = (1,1,2,—1), v =
(2,5,—2,3) and vy = (—1,0,2,2),
b) in R* by the vectors: v; =
(—1,2,4,2) and vy = (—1,0,2,-2),
¢) in R3 by the vectors: v; = (—1,3,2), v = (1,4,1), v3 = (0,1,2).

(2,1,3,0), vo = (—3,1,1,2), v3 =

4.9 Find the dimensions and bases of the linear subspaces spanned (gen-
erated) by the following sets of vectors:

a) a; = (1,0,0,—1), ap = (1,1,1,1), a3 = (2,1,1,0), ay = (1,2,3,4) and
as = (0,1,2,3).

b) a; = (1,1,1,1,0), ay = (1,1,—-1,—1,-1), a3 = (2,2,0,0,—1), ay =
(1,1,5,5,2) and a5 = (1,—1,—1,0,0)

4.10 Find the dimensions of the union and intersection of the linear
subspaces S, = span{ay, as, ..., a} and Sy = span{by, by, ..., b, }, if:

a) a; = (1,2,0,1), az = (1,1,1,0) and b, = (1,0,1,0), by = (1,3,0, 1)
b)a; = (1,1,1,1), a2 = (1,—1,1,—-1), a3 = (1,3,1,3) and by = (1,2,0,2),
by =(1,2,1,2), b3 = (3,1,3,1).

4.11 Find bases of the unions and intersections of the linear subspaces
S1 = span{ay, as, ..., a;} and Sy = span{by, bs, ..., by, }:

a) ap = (1,2,1), aa = (1,1,-1), a3 = (1,3,3) and b = (2,3,-1),
by = (1,2,2), b3 = (1,1, -3).

b)a; = (1,2,1,-2),a2 = (2,3,1,0), a3 = (1,2,2,—-3) and by = (1,1, 1,1),
by = (1,0,1,—-1), bg = (1,3,0,—4).

4.12 Consider in R? the linear subspaces P and ) given by P : bz —
204+ 2=0, Q : r+y — 32 = 0. Determine bases in P, @), PN @ and in
sp(PU Q).

4.13 Find the coordinates of the vector v = (—3,1,2) in the basis
B = {(17 -1, 0)7 (17 0, _1)a (07 L, 1)}
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4.14 Show that the vectors e; = (1,1,1), e; = (1,1,2), e3 = (1,2,3)
form a basis in R? and find the coordinates of the vector a = (6,2, —7)

in this basis.

4.15 Show that the vectors e; = (1,2, —1,—2), e5 = (2,3,0,—1), e3 =
(1,2,1,4) and ey = (1,3,—1,0) form a basis in R* and find the coordi-
nates of the vector b = (7,14, —1,2) in this basis.

4.16 Prove that each of the two sets of vectors is a basis in R? and find
the relationship between the coordinates of one and the same vector in
the two bases:

a; = (1,2,1), aa = (2,3,3), a3 = (3,7,1) and b; = (3,1,4), by = (5,2, 1),
bs = (1,1, —6).

417 Let P = (X =b)(X—¢), o= (X—a)(X—¢), Py = (X—a)(X—-0)
be polynomials from Ry[X], a,b, c € R.

a) Determine the condition under which Py, P,, P3 are linearly inde-
pendent.

b) Considering the condition of (a) satisfied, write the polynomial
P =1+ X + X? as a linear combination of P, P, and P;.

4.18 In the space of polynomials of degree at most two over R, consider
the canonical basis B = {1, X, X?} and another basis B’ = {1, X —
a,(X —a)?}, where a € R.

a) Determine the transition matrix from B to B,
b) Determine the coordinates of the polynomial f = a + X + vX?
in the new basis B’.

4.19 Find the coordinates of the polynomial f(x) = ag + a1x + axx® +
...+ a,z" in the following bases:

a) 1,m, 2%, ... 2"

b) L,z —a,(r—a)? ..., (z —a)

4.20 Prove that each of the two sets of vectors is a basis in the space of

polynomials of degree < 3 with real coefficients and find the transition
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matrix between the two bases:

2

/ /
ep =1, ea=um,e3=2a>and ey = 2> and e, = 1 — 1, e, = 1 + 2%

/ /
e; =x° —z and e, = 23 + 22

4.21 Find a basis in the real space of the solutions of the following

systems:
+y—z+t=0
r+y—2z+2t=0 Ty
) b)dz—y+22—t=0
r—2y+t=20
2r+y—2z2—1t=0
r4+2y+42—-3t=0 r—=2y+z—t=0
3r+0y+62—4t=0 d 20 —y+3z2—-3t=0
3r+8y+24z—-19t =0 r+y+z+t=0
dr 4+ 5y — 22+ 3t =0 20 —y+22=0

4.22 In R? consider the subspaces

D = {(z,y,2) |

o=

=2 a8y eR}
Y

™=

and
P={(z,y,2) | ax + by +cz =0, a,b,c € R}.

Find the condition wherefore R3 = D & P.

Solutions

(V,®) is a commutative group. We check also the other
axioms, for x,y € V and a, 8 € R.

ax(zx@y) = (zy)" = 2%y = (axz) ® (a*y),
(a4 pB)xzx=a"" =2 =axaz®f*u,
ax (Brr)=(Brw)" = ()" = = (ap) x z,

lxx =2 =1
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The basis is formed, for example, by the matrices £j;
(1,7 = 1,2,...,n) whose elements in the ith row and the jth
column is equal to unity and all other elements are zero. The

dimension is n?.

The basis is formed, for example, by the polynomials

2

1,z,2%, ...,2". The dimension is n + 1.

a) Yes, b) No, ¢) No, d) Yes, e) No, f) Yes, g) No, h)
Yes, i) No.

a) The basis is formed, for example, by the vectors (1, 0,0, ..., 0, 1),
(0,1,0,...,0,0), (0,0,1,...,0,0), ..., (0,0,0, ..., 1,0) and the di-
mension is n — 1.

b) The basis is formed, for example, by the two vectors (1,0, 1,0, ...),
(0,1,0,1,...) and the dimension is 2.

Let «, 8,7 € R such that

(A1) o)+ GA) -G

(0428 =0
. JaB+~v=0 . : :
that is < B+7 . We can notice that if «, 3,y satisfy
—a+2y=0
la+f—7=0
the first and third equation they also satisfy the last one, so we

a+28=0
have the linear homogeneous system ¢ a8+~ =0 . If the
—a+2y=0
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120

determinant of the system | 0 a 1| = 2a — 2 is not zero, then

—102
the only solution is the trivial one a« = =~y =0. For a # 1

the three matrices are linearly independent, and for a = 1 they

are linearly dependent, for instance B = 2A + C.

Since sin’z = %'1—%°COSQ$, cos’y = %-1—1—%-
cos 2z it means that only two of the elements can be linearly
independent. From «.- 1+ (- cos 2z = 0 follows aa = 8 = 0 so

a basis for the subspace is {1, cos 2x}.

a) The 4" order determinant having the four vectors as
columns has the value 0, so dim(V') < 4. We can find 3" order
minors that are different from 0, so dim(V') = 3. A basis can
be, for instance {vy, v, v3}, or {v1, v9,v4}; b) The rank of the
matrix is 3, dim(V') = 3, a basis is for instance {vq, v3,v4}; )
dim (V) = 3, so the subspace coincides with the whole space
R3,

a) The basis is formed, for example, by the vectors ay, ag
and a4, so the dimension is 3.
b) The basis is formed, for example, by the vectors aq, ay and

as and the dimension is 3.

a) The dimensions of the union is 3 and of the inter-
section is 1. b) The dimensions of the union is 3 and of the

intersection 1s 2.

a) The basis of the union (sum) is formed, for example,
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by the vectors aq,as and b; and the basis of the intersection
consist of the single vector x = 2a; + as = by + by = (3,5, 1).
b) The basis of the union (sum) is formed, for example, by
the vectors aq, as, az and by and the basis of the intersection

consist of by = —2a; + as + a3 and bs = ba; — as — 2as.

P={(z,y,2) e R | bx—2y+2 =0} = {(z,y, —Hz+

2y) | z,y € R} = {x(1,0,-5) +y(0,1,2) | z,y € R}, so

{(1,0,=5),(0,1,2)} is a basis for P. Similarly, @ = sp{(1,—1,0), (0,3,1)}
br —2y+2=20

To find PN we solve the system and get
r+y—32=0
7 16
¥= o, Y = T, 80
7 16

PN Q - Sp{(l, 57 3)} - Sp{(5, 77 16)}'
sp(PUQ@) =sp{(1,0,-5),(0,1,2),(1,-1,0),(0,3,1)} =
= sp{(1,0,-5),(0,1,2), (1, —1,0)} = R3.

The transition matrix from the canonical basis to the

1 10
basis B'is | —1 0 1 |. Denoting by a,b, ¢ the coordinates
0 —11
-3 1 10 a
in the new basis we have 1 =1 -101 b | and
2 0 —11 c

we get a = —1, b = =2, ¢ = 0. Indeed, v = —(1,—-1,0) —
2(1,0, —1).

(15, =5, —4).
(0,2,1,2).
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We consider the same vector in the first basis (a1, as, a3)
and in the second basis (1, 52, f3). Then ay = =278, —716,—
4183, ag = 981 + 2082 + 983 and az = 451 + 1235 + 80s.

Let «, 3,7 € R such that aP; + 8P, + vP; = 0. This

a(X=b)(X—c)+[(X—a)(X—c)+7y(X—a)(X—=b) =0, Vz € R.

Assigning to X the values a, b or ¢ it follows that a(a —b)(a —
¢)=0,80b—a)b—c)=0and y(c—a)(c—>b) =0. If a,b,c
are distinct two by two we get a = 8 =v =0, so P, P, Ps
are linearly independent. If, for instance, a = b, for a = 1,
B =—1,~v=0, we have P, — P, =0, so they are not linearly
independent. The same for a = ¢ or b = ¢. In conclusion the
condition of linear independence is (a—b)(a—c)(b—c) # 0. b)
We must determine [, m, n such that 1+ X +X? = [(X —b)(X —
c)+m(X —a)(X —c)+n(X —a)(X —b). Assigning to X the

1 2 1 2
values a, b or c we get [ = tata ,m = +o+b :
(@ —b)(a—c) (b—a)(b—rc)
. 14+ c+c?
~(c—a)(c—10)

1 —a a®
a) The transition matrix is C' = | 0 1 —2a |, b)

00 1
f=a ?,faﬁ va® + (Bft(an)(X —a)+ (X —a)’ or f =

a a

f(a) + T (X —a)+ o (X —a)?

a) ag, a, as, ..., an. b) f(a), f(a), f (a)/2!, ..., f™(a)/n!.
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1100
—-10-10
0111
0001

a) (1,0, —1,—1),(0,1,5,2). b) (2, =7, —4,1). ¢) (8, —6,1,0),
(=7,5,0,1). d) (-10/3,-2/3,3,1).

aa + Bb+ e # 0.

4.20



CHAPTER 5

Inner product spaces

5.1 Inner products

Definition 5.1 An inner product on a real or complex linear space V' is
any scalar-valued function, defined on V? (the set of ordered pairs (z,y)
of elements of V') and denoted by (z|y), which satisfies the following three

axioms: for all z,x1, 29,y € V and kq, ks € K,

(1) (zly) = (ylz)
(2) (k11 + kawoly) = ki(z1]y) + ka(z2ly)
(3) (x|z) >0, and (z|z) =0 if and only if x = 0.

In (1) the bar denotes the complex conjugate, and so may be
omitted if the vector space is real. Because of (1), (x|z) is real
(even if V' is a complex vector space) and so the inequality of

(3) is meaningful. Corresponding to (2) is the relation

(2’) (95|k1y1 + k2y2) = k_l(l"\?h) + k_Z(x‘yZ)a

which can be deduced, using (1), from (2) and is equivalent to
it. Both (2) and (2’) extend, in an obvious manner, to the case

63
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where more than two terms occur in either the first or second
position in the inner product. We have also (z|0) = (0]y) =0
forall z,y € V.

Example 5.1.1 (1) For @, 7 € Vs define (¥ |?) = @ - ¥. In this

way we have an inner product on Vj.

(2) Let © = (x1,...,2,) € R", y = (y1,...,yn) € R". The formula
(x|y) = z1y1 + - - - + Ty, defines an inner product on R™, called the

canonical inner product on R".

(3) Let © = (21,...,2,) € Cy = (y1,..-,yn) € C"Then (z|y) =
11 + - - - + 2,7, defines the canonical inner product on C".

(4) Let Cla,b] = {f : [a,b] — R | fcontinuous on [a,b]}. For f,g €
Cla, b], define

()= [ f@yg(a)is

Then we have an inner product on Cfa, b)].

An inner product space is any linear space on which an in-
ner product is defined. A finite-dimensional real inner product
space 1s known as a Fuclidean space; a finite-dimensional com-
plex inner product space is known as a unitary space.

Theorem 5.2 (Schwarz’ inequality). Let V' be an inner product space
and u,v € V. Then
[(ulv)? < (ulu)(v]v).

Proof. If v = 0, the inequality reduces to 0 < 0. So, let
v # 0; then (v|v) > 0. We have

(i) (u—kv|lu—kv) >0, VkeK.
It follows immediately that

(i) (u — kv|u) — k(u — kv|v) >0, Vk € K



65

For kg = EU: ) the second inner product equals zero and hence
v|v
(ii) implies
(u|u) — ko(v|u) > 0, that is,

(ufu) — {21

(v]u) > 0.

)(u|v) = |[(u]v)|* we deduce the desired
[u) (]

Since (u|v)(v|u) = v
u)(v|v). O

(ufv
inequality |[(u|v)]® < (u

5.2 Norm and distance

Definition 5.3 Let V' be a linear space over K. A norm on V is any
real-valued function defined on V' (its value at x being denoted by ||x||)

which satisfies the following axioms:

(1) ||x|| >0, and [|z|| = 0 if and only if x =0
(2) [[kz]| = [K[||]|

(3) ||zt + z2|| < ||z1]| + ||z2]| for all z, 21,29 € V and all k € K.

Any linear space on which a norm is defined is known as a
normed vector space.

Let V be a normed vector space. Defined : V x V — R,
d(z,y) = llv —yl| Vr,yeV.
It is easy to verify that
(4) d(z,y) >0, and d(z,y) =0 if and only if x =y

(5) d(z,y) = d(y, z)
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(6) d(z,y) < d(z, z) + d(z,y)
for all z,y,z € V.

Thus d is a metric on V, and V is a metric space. The
value d(z,y) is called the distance between z and y. We refer
to ||z|| as the length of the vector z, and call x a unit vector
if ||z|| = 1.

The following result is a very important one.

Theorem 5.4 FEvery inner product space is a normed space with norm
defined by
||| = v/ (]x).
Proof. Since (z|z) > 0 for all z € V, ||z|| > 0. Moreover,
|z|| = 0 <= (z|z) = 0 <= x = 0 and so axiom (1) from the
definition of a norm is satisfied.
Now [lkal] = v/Fialka) = kel = VFPTEIP =
|k|||x]|, which proves (2).
Finally,
|z +yll* = (z +y)lz +y) = (2|) + (zly) + (ylz) + (Yly) =
= (x|2) + (zly) + ((z]y) + (yly) =
= [|2||* + 2Re(z[y) + ||y| |
(where Re signifies the real part)
< [l=[]* + 2|(z|y)| + [ly]]* <
< z[]* + 24/ (@]2) v/ (yly) + [lyI*
by the Schwarz'inequality

= [l2[1* + 2ll=(l [yl + [yl* = (Il + [ly]])*
This implies ||z +y < ||z|| + ||y|| and so axiom (3) is also sat-

isfied. [




o7

5.3 Orthonormal bases

Let V' be an inner product space. Two vectors x,y € V are
orthogonal if (x|y) = 0; this definition extends the well-known
situation that has appeared in the study of Vs.
A set of vectors {x1,...,x,.} CV is called orthonormal if
1ifi=j
(i) =

0 otherwise.

Thus each x; is of unit length, and each pair of vectors is
orthogonal. Finding an orthonomal set in an inner product
space is analogous to choosing a set of mutually perpendicular
unit vectors in elementary vector analysis.

Theorem 5.5 An orthonormal set in an inner product space V' is linearly

independent.

Proof. Suppose that {z1,...,z,} is the given orthonormal
set and
kizy + -+ kyx, = 0.

Then for each i, 0 = (0|x;) = (kyxy + -+ + kxp|x;) =
ka(@i|ws)+- - Aki(wilag)+- - Ak (ar]2) = ki since (x;]2;) = 0
unless j = ¢. Thus each coefficient k; is zero, and so the vec-

tors are linearly independent. 0

Let now V,, be an n-dimensional inner product space and
B C V,, an orthonormal set with n elements. As a consequence
of the above theorem we deduce that B is a basis of V;,, called

an orthonormal basis.
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Theorem 5.6 Let B = {by,...,b,} be an orthonormal basis of V,,. The

coordinates of a vector v € V,, relative to B are the numbers

(v[b1), ..., (v]|by).

Proof. Let k1,...,k, € K be the Coordmates of v, that is

Zkb Then ( Zkb\b :Zk (bilb;)

ki, j = 1 ,n. Thus the theorem is proved and we have a
very simple procedure for calculating the coordinates of any

vector relative to an orthonormal basis. L]

Finally, let B = {v1,...,v,} be any basis of V,,. The fol-
lowing procedure enables us to construct an orthonormal basis
in V.

U1 : :
Let x; = Torll Then {z;} is an orthonormal set with
(1
one element. Take x9 = M; note that vy — cx; =
) [lvg — ca1 ]
vy — | |v17é0forallc€K.
U1
Clearly ||z2|| = 1; we shall determine ¢ € K such that (xe|z1) =

(vaz1)

(21]21)
orthonormal set and ¢ = (vy|x1) (since (x1]|z1) = 1).
Vg — C1T1 — Ca2X9

0. In fact, we find immediately ¢ = . So {x1, 2} is an

. As above, we deduce

Now tak =
ow take w3 o5 — cxy — o)

that the set {xy, 29, x3} is orthonormal if ¢; = (v3|x;) and
co = (v3|x2).

Proceeding in this way, after n steps we arrive at an or-
thonormal set {x1,...,x,} with n elements, that is to say, an

orthonormal basis of V,,.
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The above procedure for constructing an orthonormal basis
of V from an arbitrary basis is known as the Gram-Schmidt

orthogonalisation process.

5.4 Orthogonal complement

Definition 5.7 Let W be a linear subspace of the inner product space
V. The orthogonal complement of W is defined by

WH={veV|@w) =0,YweW}

The following properties could be easily verified:
a) W is a subspace of V;
b) VL = {0} and {0}* = V;
¢) Uy CUy = Uit C UL
d) Uy = (UH)*
Theorem 5.8 If U is a subspace of V', then
V=UsU"

Proof. Suppose that U is a subspace of V. We will show
that
V=U+U"

Let {e1,...,en} be an orthonormal basis of U and v € V.
We have

v=(vler)er+- -+ (vlem)em+ (v—(vler)er — - - — (v|em)em)

Denote the first vector by uw and the second by w. Clearly
u € U. For each j € {1,2,...,m} one has

(wlej) = (v]ej) = (v, ¢))
=0
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Thus w is orthogonal to every vector in the basis of U, that

is w € U*, consequently
V=U+U"

We will show now that U N UL = {0}. Suppose that
v € UNU*. Then v is orthogonal to every vector in U,
hence (v,v) = 0, that is v = 0. The relations V = U + U+
and U N U+ = {0} imply the conclusion of the theorem. [

5.5 Linear manifolds

Let V' be a vector space over the field F.

Definition 5.9 A set L = vy + V, = {vo + v|v € V..} , where vy € V is
a vector and V;, C V' is a subspace of V is called a linear manifold (or
linear variety). The subspace V is called the director subspace of the

linear variety.
Remark 5.10 The following properties are easy to prove.

e A linear manifold is a translated subspace, that is L = f(V}) where
V=V, f(v)=1vy+v.

o if yg € V;, then L = V.

e vy € L because vg = vy + 0 € vy + V.

e for vi,v9 € L we have v; — vy € V.

e for every vy € L we have L = v, + V.

® L1 = L27 where L1 = Vg + VL1 and L2 = U(/) + VL2 iff VL1 = VL2 and

"Uo—’Ué)EVLl .
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Definition 5.11 We would like to emphasize that:

a) The dimension of a linear manifold is the dimension of its director
subspace.

b) Two linear manifolds L; and Ly are called orthogonal if Vi, LVp,.

¢) Two linear manifolds L; and Ly are called parallel if V;,, C Vi, or
Vi, CVi,.

Let L = vy + V7, be a linear manifold in a finitely dimen-
sional vector space V. For dimL = k < n = dimV one can

choose in the director subspace V7, a basis of finite dimension
{v1,...,vx}. We have

L:{U:U0+Oél?)1+"'+0ékvk|oqG]F,izl,k}

We can consider an arbitrary basis (fixed) in V, let’s say

E = {e,...,e,} and if we use the column vectors for the

coordinates in this basis, i.e. v = (21,... Tn) |, Vo =
0 0\T _ T - _ 1T

(235 sn) s Vi = (214, Tny) 5 § = 1,k, one has the

parametric equations of the linear manifold

(
T = 36(1)+Oé1$11 + st Tk

| T = )+ g+ QT

is k because the vectors

The rank of the matrix (l’z‘j)i:m
=1

j
vy, ..., are linearly independent.

o~

It is worthwhile to mention that:
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a linear manifold of dimension one is called line.

a linear manifold of dimension two is called plane.

a linear manifold of dimension £ is called k& plane.

a linear manifold of dimension n — 1 in an n dimensional

vector space is called hyperplane.

5.6 The Gram determinant. Distances.

In this section we will explain how we can measure the distance
between some linear structures.
Let (V,(:]-)) be an inner product space and consider the

vectors v; € V., 1 =1,k.

The determinant

(vi]v1) (vi]v2) ... (vi|vg)
G, ... ) = (va|v1) (v2lvz) ... (va|ug)
(vk|vr) (vlv2) - (vk[vk)

is called the Gram determinant of the vectors vy ... v;.

Proposition 5.12 In an inner product space, the vectors vy,...,v; are
linearly independent iff G(vy, ..., vx) # 0.

Proof. Let us consider the homogenous system
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This system can be written as

;

(viv) =0
Qi where v = z1v] + ... TRV
(o) =0
The following statements are equivalent.
The vectors vy, ..., v; are linearly dependent. <= There
exist x1, ...,z € IF, not all zero such that v = 0. <= The ho-

mogenous system has a nontrivial solution. <= det G = 0. [

Proposition 5.13 If {ey,...,e,} are linearly independent vectors and
{f1,- -, fa} are vectors obtained by Gram Schmidt orthogonalization pro-

cess, one has:

G(€1,...,€n) = G(flavfn) = ||f1||2 et ||fn||2

Proof. In G(fi,..., f,) replace f, by e, —a1fy — -+ —
Gn—1fn_1 and we obtain

G(fl, ceey fn) = G(fl, ceey fn_l,en).

By an inductive process the relation in the theorem follows.
Obviously G(f1,..., fu) = || f1ll*-- .|| fo|* because in the de-
terminant we have only on the diagonal (f1|f1),..., (fulfn). O

Remark 5.14 Observe that:

B G(ey,...ex)
o [Ifell = \/G(el, )
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o fo=erL—ayfi —...ap_1fr_1 = ep — v one obtains e = fi + v,
v € span{e,...,ex_1} and fi € spanfey,...,ex 11T, so fi is the
orthogonal complement of e, with respect to the space generated
by {e1...,ex_1}.

The distance between a vector and a subspace
Let U be a subspace of the inner product space V. The

distance between a vector v and the subspace U is

d(v,U) = inf d(v,w) = infU |lv —w||.
we

wel

Remark 5.15 The linear structure implies a very simple but useful fact:
d(v,U) =d(v+w,w+U)

for every v,w € V and U C V, that is the linear structure implies that
the distance is invariant by translations.

We are interested in the special case when U is a subspace.

Proposition 5.16 The distance between a vector v € V and a subspace
U s given by

Gley,...,epv
d(v,U) = [|v*| :\/ é(; ’;k)),

where v =v; +vt, vy €U, vt € Ut and ey, ..., ey is a basis in U.
Proof. First we prove that [[vt] =
ul|, Vu € U. We have

lo =l < flo -

< v = ul &
(v < (vh + v —ufvt Fu —u) &

(v o) < (vt ot) + (v — ulvy — u).
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3 3 1 G 19 Cks
The second part of the equality, i.e. ||[v~|| = Cgf;l—e’;:))), fol-
lows from the previous remark. Il
Definition 5.17 If e,..., e are vectors in V' the volume of the k- paral-
lelepiped constructed on the vectors ey, . . ., ey is defined by Vi (eq, ..., ex) =
G(er,. .., ex).
We have the following inductive relation
Viri(er, ... ep eri1) = Vi(er, ... ep)d(ers1,spanfeq, ... ex}).

The distance between a vector and a linear manifold
Let L = vy + Vi, be a linear manifold, and let v be a vector
in a finitely dimensional inner product space V. The distance
induced by the norm is invariant by translations, that is, for

all v1,v9 € V one has
d(vy,v9) = d(vi+vo, v1+v0) < ||v1—va| = [Jv+vo—(v2+v0)]]
That means that we have

d(v, L) = inf d(v,w) = inf d(v,vy+ vpr)

wel ’ULEVL
= inf d(v—

w0 o)
= d(v — v, V).

Finally,

G(elw")ekav _UO)

d(v, L) =d(v—1y, V) = \/ G(et,...,ex)
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where eq, ..., e; 1s a basis in V.

Let us consider now the hyperplane H of equation
(v—1v9ln) =0.
The director subspace is Vi = (v|n) = 0 and the distance
d(v, H) = d(v — vy, V).

One can decompose v — vy = an + vy, where vy is the
orthogonal projection of v — vy on Vg and an is the normal

component of v — vy with respect to V. It means that
d(v, H) = |lan]|

Then, by taking into account the previous observations about

the tangential and normal part, we compute:

(v —vgn) = (an +vg|n)

= a(n|n) + (va|n)

= a|[n||* +0
So, we obtained
(v —vo|n)
——— = |a|[|n]| = [Jan]]
[
that is
d(U,H) _ |(U - UO|n)‘
]

In the case that we have an orthonormal basis at hand, the

equation of the hyperplane H is

amzr1+ - F+agrp+0=0,
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so the relation is now

. |a1f01+---+akvk+b]
Va+-+a

d(v, H)

The distance between two linear manifolds
For A and B sets in a metric space, the distance between

them is defined as
d(A, B) = inf{d(a,b)la € A, b € B}.

For two linear manifolds L1 = v + V] and Ly = vy + V5 it

easily follows:
d(L1, Ly) = d(v1 + V1,02 + Va) = d(v1 — va, V1 — V2)
= d(v1 — v, V1 + V2).
This gives us the next proposition.

Proposition 5.18 The distance between the linear manifolds Ly = vi+V;
and Lo = vy + V5 is equal to the distance between the vector v — vy and

the sum space Vi + V.

If we choose a basis in V) + V5, let’s say eq, ..., ek, then this

formula follows:

G(ey,...,ep, v —v

Some analytic geometry
In this section we are going to apply distance problems

in Fuclidean spaces. Consider the vector space R" with the
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canonical inner product, that is: for T = (xy,...,2,), 7 =

(Y1, - - -, Yn) € R™ the inner product is given by
n
(zy) = Zm%
i=1

Consider Dy , Ds two lines (one dimensional linear mani-
folds), M a point (zero dimensional linear manifold, we assim-
ilate with the vector Zy; = 0M), P a two dimensional linear
manifold (a plane), and H an n—1 dimensional linear manifold

(hyperplane). The equations of these linear manifolds are:

D1 . f:fl—l—Sal,
D2 . f:fg-l-tag,
M T =Ty,

Pif:fp-FOé@l-FﬁUQ,

respectively

H : (zn)+b=0,

where s,t,a,3,b € R. Recall that two linear manifolds are
parallel if the director space of one of them is included in the

director space of the other.

Now we can write down several formulas for distances be-

tween linear manifolds.
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d(M, D) = \/G(Eﬂééil’&);
= \/G(EMG(_@?;D -
d(Dy, Dy) = \/ G(@G?g?;_g)l’@ if Dy} Dy
d(Dy, Dy) = G(Z(—{é’ 4 i p, | Dy
d(M. H) ’<EM‘7’Z‘>| +b|
d(Dy, P) = \/ G(@G_(gpfl{m’@) it Dy jP
1,7)1,’02)
Exercises

5.1 Let S be the set of solutions of the following systems and find bases
in S and in the orthogonal complement S*:

(x1+:t2—|—2x320

a) ¢ 2x1 + 219+ 13 =0.

(71t 22 —23=0

'2x1+x2—x3+x4:0

b) { 1+ 29 +3x3—14=0.

\x2+7x3—3x4:0

5.2 Let S be the set of solutions of the system
r+y+t=0
2r4+y+2—-3v=0
rT—y+22—-3t—6v=0
Find an orthonormal basis in S.
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5.3 Verify that the following sets of vectors {v1, v} are orthogonal and
complete them to form orthogonal bases of R*:

a) v; = (1,0,—2,1) and vy = (1,1,1,1).

b) v; = (1,0,2,—1) and vy = (1,2,0,1).

) v = (1,-2,2,-3) and v = (2, —3,2,4).

d) vy =(

1,1,1,2) and vy = (1,2,3, —3).

5.4 If V and W are linear subspaces of the inner product space U then:
a) (V+W)t=vinwt
b) (VNnW)t=v+t+wt

5.5 Let R* be the inner product space with the canonical inner prod-
uct. Apply the Gram-Schmidt orthogonalization to construct orthogonal
bases for the subspaces spanned by the following sets of vectors:

a) (1,2,2,—1), (1,1,-5,3), (3,2,8,—7).
b) (1,1,-1,-2), (5,8, —-2,-3), (3,9,3,8).

5.6 Find an orthonormal basis for the subspace spanned by the vectors
vy =(1,-1,1,-1), v = (5,1,1,1), v3 = (=3, —-3,1, =3).

5.7 Show that the vectors (1,0,1), (1,1,0) and (0,1,1) form a basis
of R® and find an orthonormal basis of this space, by using the Gram-

Schmidt process.

5.8 For f,g € C[1, e denote

(flg) = /16 f(z)g(z)(Inx) de.

a) Prove that this defines an inner product in C[1,€].
b) Find the norm of f(z) = x.
¢) Find the polynomials of degree 1 which are orthogonal on the

constant functions.
5.9 Let p,qg € Ro[X], p= a1 X2+ b, X +c¢1, ¢ = aaX?+byX +¢y. Define

(p|Q) = a0z + ble + c109.
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a) Prove that this defines an inner product in Ry[X].
b) Let py =3X2+2X + 1, pp= —X?+2X + 1, p3 = 3X? +2X +5,
ps = 3X?+5X +2. Find p € Ry[X] which is equidistant with respect to

p1, P2, p3 and py. Find also the common distance.

5.10 Prove Pythagoras’” Theorem: If V' is an inner product space and
x,y € V are orthogonal, then

Iz +ylI* = ll* + Iy

5.11 Let a subspace L = span {(2,1,0,1),(0,2,1,-1),(2,—1,—-1,2)} C
R* and a linear manifold K = {(z,y,2,t) E Rz —y+z+t=1 2+t =
4z +y—2z=0} If K =uy+ Vg, find: a) bases and dimensions for
the subspaces L, Vx and L+ Vi; b) d(L, K); ¢) (L + Vi)™*.

5.12 Let a linear manifold L = {(x,y,2,t) € R}3x—y+z+t =5, —y+
t =1} and U = span{(2,1,1,0),(1,0,0,-1),(1,2,1,0),(1,1,1,1)} C
R*. Tf L = v+ Vi, where V7, is the director subspace of L, find: a) bases
and dimensions for the subspaces U, V;,, U+ V, and UNVy; b) d(L,U);

c) (V)"

5.13 Let the sests S; = {(z,y,2,t) € R* | 3x +y — 2 + t = 2} and
Sy = span{(1,0,1,0),(0,—-1,0,—-1),(1,-2,1,-2),(1,1,—1,0)}.
Find bases and dimensions for the subspaces related to the given sets of

vectors and for the union and intersection of these subspaces.
5.14 Let V = span{(1,0,0,—1),(2,1,1,0),(1,2,1,0),(0,2,1,1)} and

L={(z,y,2,t) eR |z +y—224+t=2,—y+3t=0,z—t=1}.
If L =ug+ Vg, find: a) d(V, L); b) Vi-.

Solutions
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12

a) The system has the determinant zero, and since 51 +

0, we choose x9, xr3 the primary unknowns and ;1 = « the

secondary unknown. We get o = —a, x3 = 0so § =
{(a, —,0) | @ € R} with {(1,—1,0)} a basis. The orthogo-
nal complement is S+ = {(a,b,c) | (a,b,¢)L(1,—1,0)}. We
obtain a —b =0, s0 S ={(a,a,c) | a,c € R} ={a(1,1,0) +
c(0,0,1) | a,c € R}. A basis in S+ is {(1,1,0), (0,0,1)}.

b) A basis in S is, for example {(4, —7,1,0), (—2,3,0,1)} and
a basis in S* is {(1,0,—4,2),(0,1,7,-3)}.

The solution set of the system is S = {(—a+F+3y,a—
20 —3v,a,8,7) | o, 8 € R}, with a basis {vq, v, v3}, where
v1 = (—1,1,1,0,0), v, = (1,-2,0,1,0), v3 = (3,—3,0,0,1).
To get an orthonormal basis we use the Gram-Schmidt proce-
dure. First, x1 = v1. Then 29 = vy — c;x1 = (0,—1,1,1,0)
(o = t2m) _ )

(w1]a1)
(1,0,1,—1,1). This basis is orthogonal, in order to get an or-

Finally, z3 = v3 — cix1 — cow9 =

. . . /
thonormal one, we divide each vector to its own norm: 2] =

1 1 1
—(—1,1,1 L=—(0,-1,1,1 L ==(1,0,1,—1,1).
\/g( ) 7070)7332 \/5(07 ) 70) andx3 2( 707 ) ) )

a) Is clear that (v1]vy) = 0. We need two more vec-
tors to form a basis. Let v = (a,b,¢,d). From (v1]v) = 0
a—2c+d=0

and (ve|v) = 0 we have so a = 2¢c —d,
a+b+c+d=0

b = —3c. Choosing ¢ =0, d =1 we get v3 = (—1,0,0,1).

Now vy has to be orthogonal also on wvs, that gives ¢ = d.
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Choosing ¢ = d = 1 we have vy = (1, -3, 1,1). Obviously, the
solution is not unique.

b) For example, they may be completed by adjoining the vec-
tors v3 = (1,—1,0,1) and vy = (—1,0,1,1).

c) vs =(2,2,1,0) and vy = (5, -2, -6, —1).

d) v3 = (1,-2,1,0) and vy = (25,4, —17, —6).

a) Let x € (V+W)L. Then, for any v € V and w € W,
(x|v +w) = 0. Taking w = 0 follows that (z|v) = 0, for any
v € V, that is x € V*. Taking v = 0 follows x € W+. So
(V 4+ W)t c VEn W Conversely, let 2 € VN W, Let
y=v+w €V +W. Then (z|ly) = (z|v) + (z|w) = 0 so
z € (V+ W)L b) In the relation (a) we replace V by V+ and
W by W, We get (V++ W)t = (VEHEn (W)L that is
(VE4+WhHt =V N W and further V+ + W = (VN W)L,

a) (1,2,2,-1),(2,3,-3,2),(2, -1, -1, -2).

b) (1,1,-1,-2), (2,5,1, 3).

A basis of the generated subspace is vy,vs. Applying
the orthogonalisation, we obtain the orthogonal basis u; =
(1,—1,1,—1) and us = (4,2,0,2). An orthonormal basis is
wy, we, where wy = uy/ ||ui|| = 1/2(1,—1,1,—1) and wy =
us/ [Jual] = 1/v/6(2,1,0,1).

An orthonormal basis is formed by the three vectors
1/v/2(1,0,1), 1/4/6(1,2, —1) and 1/4/3(—1,1,1).

1

b) Il = 128 4 1. ¢ pla) =a(x—62“), 0 c

3 4
R.
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b) p = X? + 3X + 3. The common distance is 3.

a) A basis of Lis {(2,1,0,1),(0,2,1,—1)}, then dimL =
2. K =wuy+ Vg, a basis of Vg is {(1,1,1,-1)}, dimVk =1
and ug = (4,10,7,0) € K. Also, dim(L + Vi) = 3.

a) A basis of U is {(2,1,1,0),(1,0,0,—1),(1,2,1,0)}
and a basis for the director subspace of L is, for example,
{(1,0,-3,0),(0,1,0,1)}, with vg = (0,0,4,1). Also, dim(U+
Vi) =4and dim(UNVy) =1.b)d(L,U) =0.

A basis for the director subspace of Sy is, for example,
{(1,0,3,0),(0,1,1,0),(0,0,1,1)} and a basis of Sy is
{(1,0,1,0),(0,—-1,0,-1),(1,1,—1,0)}. The dimension of the

union is 4 and the dimension of the intersection is 2.

a) If L = ug+ Vi, a basis of V is, for example,
{(-2,3,1,1)} and up = (4,0,0,0). A basis of V is given
by {(1,0,0,—1),(2,1,1,0),(1,2,1,0)}. Then, d(V, L) = 0.



CHAPTER 6

Linear transformations

6.1 Linear transformations

Mappings between two vector spaces are, in many respects,
more interesting than vector spaces themselves. This applies
especially to linear transformations ( [3], [4], [5], [9], [10]).

Let V, W be two vector spaces over the same field K. Then
amapping 7 : V — W is called a linear transformation from
V to W if it satisfies the following conditions:

1) T4y =T@)+T(y), Ve,y e V
(2) T(kx) =kT(z), Vk e K,x € V.

An immediate consequence of (2) is that the zero vector of V

is mapped by every linear transformation into the zero vector

of W, that is 7(0) = 0.
Sometimes we shall write Tz instead of T ().

Example 6.1.1 1) 7 : R? — R? T(x1,29) = (221, =0, 11 + T2)
defines a linear transformation from R? to R3.

85
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2) D: K[X| — K[X], D(p) =p' Vp € K[X] is a linear transforma-
tion, the well-known derivation of polynomials.
It is not difficult to verify that 7 : V' — W is linear if and only if

for any given integer r > 2 we have
T(kxy+ -+ k) =k T () +- - + kT (x,) Vo, € V.VE; € K

An important consequence of this property is expressed in the
following theorem:

Theorem 6.1 A linear transformation T : V, — W is uniquely deter-
mined by the images T (b1), ..., T (bn) of a basis {b1,...,b,} of V.

Proof. Each vector x € V,, can be expressed uniquely in the
form z = kiby +- - —|—knbn, k; € K. Then Tx = T(k’lb1+ O
knby) = k1 Tbi+- - -+ EkTb,, hence Tz is uniquely determined.
O]

For a linear transformation 7 : V — W denote
Ker(T)={x eV |Te=0}, Im(T)={Tz|zeV}

Ker(T) is called the kernel of T and Im(T) the range of
T.

Theorem 6.2 Ker(T) is a linear subspace of V.. Im(T) is a linear
subspace of W.

The (easy) proof is left to the reader.
Suppose that dimV = n; it can be shown that

dimKer(T) + dimIm(T) = n.
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Definition 6.3 A linear transformation 7 : V — W is called an iso-
morphism if it is both one-to-one and onto W. V and W are called

1somorphic.

The concept of isomorphism is of importance since any two
isomorphic vector spaces have identical structure in the sense
that any algebraic statement that is true for one space will

necessarily be true for the other.
The next theorem is fundamental:

Theorem 6.4 Two finite dimensional vector spaces over the same field

are isomorphic if and only if they have the same dimension.

We omit the proof but we mention the following obvious

Corollary 6.5 Any vector space V over K and of dimension n is isomor-
phic to K.

The reader may question why, in view of this result, we do not
restrict our attention to the vector spaces K" since these ex-
hibit all the algebraic properties of abstract finite-dimensional
vector spaces. The answer is that to do so would lead to unnec-
essary complications, in exactly the same way as in elementary
vector analysis it is simpler to work with vectors as such, rather
than to reduce every vector to a set of components.

Finally, denote by L£(V, W) the set of all linear transforma-

tions from V to W. In L(V, W) we define addition and scalar
multiplication by

(T+S8)(x) =Tz + Sz

VeeV, ke kK.
(kT)(x) = kTx
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It is very easy to verify that, with these operations, £(V, W)
forms a vector space over K.

Moreover, let V, W, U be three linear spaces over the same
field K and let T € L(V,W), § € L(W,U). Consider the
composition S o T : V. — U (called also the product and
denoted simply by ST). Then ST € L(V,U); we leave the
proof to the reader.

The elements of L(V, V) are called the endomorphisms of
the linear space V. Instead of L(V, V) we shall write simply
L(V).

Denote by I the identity transformation of V', that is [z =
z, Vx € V. For T € LV)let T =1, T' = T,T% =
TT,....

6.2 The matrix of a linear transformation

Let U, V be vector spaces over the same field K and let {uq, ..., u;},
{v1,...,v,} be bases of U, V respectively. If T € L(U, V') then

Tv; € U and so we may write

TUj = Ztijui, tij e K (61)
i=1
The scalars (¢, ..., t,;) are, for each j, the coordinates of Tv;
relative to the given basis of U, and so are uniquely determined
by T.
Conversely, if we are given any set {t;;|i = 1,...,m;j =

1,...,n} of scalars, and bases {u1,...,un}, {vi,...,v,} of U
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and V, then equation (6.1) determines a unique linear trans-
formation 7 € L(V,U) (see Th.6.1, Section 5.1).

Write 7" for the matrix (¢;;)i=1._mj=1..n. ThenT € M, ,(K)
will be called the matriz of T, or the matriz representing T,
relative to the given bases of U and V. The columns of T" are
formed with the coordinates of Twvy,...,Twv, relative to the
basis {u1, ..., un}.

Since the definition of the scalars t;; by (5.1) depends upon
the arbitrarily chosen bases of U and V', many different matri-
ces represent the same linear transformation.

Let (x1,...,x,) be the coordinates of z € V relative to
the basis {vy,...,v,}. Let (y1,...,ym) be the coordinates of
Tx € U relative to the basis {ui, ..., u;}. Denote

Theorem 6.6 The coordinates of x and the coordinates of Tx are con-
nected by the equation
Y =TX. (6.2)

Proof. We have x = ) z;v; and Tx = ) yu;. On the
j=1 i=1
other hand, Tx =T (> xju;) = Y a;Tv; = > x; > tiju; =
i=1 j=1 =1 izl

X

Since the representation of the vector 7 x as a linear combi-

n
tijﬂfj)ui.
1

nation of the elements of the basis {uq, ..., u,} is unique, we
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may equate the coefficients of u;, ¢ = 1,...,m and so obtain
n
Y; = Ztijajj ,i = 1,...,m.
j=1
This system is equivalent to (6.2). O]

When U = V, to obtain a matrix representation of 7 &€
L(V,V) it is only necessary to choose one basis {vy,...,v,}
of V. In this case the theorem must be modified by writing v;
for u; throughout the statement and proof.

We now interpret, in the language of matrices, the opera-
tions on linear transformations defined in Section 5.1.

Theorem 6.7 Let U, V,W be three vector spaces over the same field
K, of dimensions m,n, p respectively, and let {uy, ..., un}, {v1,..., 00},
{wi,...,w,} be bases of U, V,W. Then, relative to these bases:

1) The zero linear transformation 0 € L(V,U) is represented by the
zero matriz 0 € M., ,,(K).

2) The identity transformation I € L(V, V) is represented by the unit
matriz I € M, ,(K).
3) If T € L(V,U) is represented by the matric T € M, ,(K), then

for all k € K the transformation kT is represented by the matriz
ET.

4) If T,S € L(V,U) are represented by the matrices T, S € My, n(K)
respectively, then T + S is represented by the matrix T + S.

5) If T € L(V,U) and S € L(U, W) are represented by T' € M, ,,(K)
and S € M, ,,, respectively, then ST is represented by ST.

6) If T € L(V,V) is non-singular and is represented by the matrix
T € Mpn(K), then the inverse transformation T ' is represented

by the inverse matriz T—".
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Proof. All the statements follow immediately from the defi-
nitions, and we omit the details. We need also the following
result:

Let 7 € L(V) be represented by the matrix T relative to
the basis B = {b1,...,b,} of V, and by a matrix T" relative
to the basis B' = {b},...,b,} of V. Let C' be the transition
matrix from B to B’. Then T" = C~'TC. O]

6.3 Invariant subspaces. Eigenvalues and eigen-

vectors

We now begin a more detailed study of linear transformations.
Throughout the remainder of this chapter we shall be con-
cerned only with linear transformations of a vector space V
into itself, that is, with endomorphisms of V.

Definition 6.8 Let 7 € £(V) and W be a subspace of V' with the prop-
erty that 7 (W) C W. Then T is called an invariant subspace of V under

the endomorphism 7, or - more briefly - W is said to be T-invariant.

Example 6.3.1 1) The improper subspaces V and {0} are invariant
under every endomorphism of V. Every subspace of V' is invariant

under both the identity and zero transformations.

2) K,[X] is an invariant subspace of K[X] under the endomorphism
D described in Example 5.1.1.

3) Ti = 7,Tj = —i define an endomorphism of the space V = {aﬂ—
bj | a,b € R}. It can be shown that V has no proper invariant

subspaces under 7. (Exercise!)
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Definition 6.9 Let 7 € L£(V). A scalar A € K is called an eigenvalue
(or proper value) of T if there exists a non-zero vector x € V such that

Tx = Ax. The vector x is called an eigenvector (or proper vector) of T.

Let A be an eigenvalue of 7. Denote E(A\) ={z € V | Tx =
Az}. Clearly E()) consists of all the eigenvectors of T corre-
sponding to A, together with the vector zero.

It is easy to verify that F/(\) is a linear subspace of V' and,
moreover, it is T-invariant. (Exercise!) It will be called the
proper subspace of T corresponding to the eigenvalue .

Let now V,, be an n-dimensional linear space over K and
let B = {b1,...,b,} be a basis of V,,. Let A € K be an
eigenvalue and let x = x1b1 + - - - + x,b,, be an eigenvector of
T corresponding to A\. Hence we have 7o = Ax and x # 0.

Denote
1

X —
Ln
Then (7 — A )(x) = 0, which is equivalent to (T'— AI) X = 0,
where T is the matrix of 7 relative to the basis B (see Section
5.2).
The equation (7" — AI)X = 0 may be written in the form

t11 — A t12 cen tln I 0

t too—A... t x 0
21 22 2n -2 _ . (63)

tnl tng ce tnn - A Tn 0

This is a linear homogeneous system. Since x # 0, it has
non-trivial solutions, that is det(7"— A\I) = 0. Let us denote
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P(\) = det(T — AI); remark that P()\) is a polynomial of
degree n.

Theorem 6.10 P(\) does not depend on the choice of the basis B.

Proof. Let B’ be another basis of V,, and let 7" be the matrix
of T relative to B’. Let C be the transition matrix from B
to B’. Then T" = C~'T'C; see Section 5.2. We have to prove
that det(7T" — AI) = det(T — AI) for all A € K. Indeed,

det(T' — M) =det(C'TC — C~HAI)C) = det(C~HT — M)CO) =
—detC' - det(T — M) - det C' =
= (det )t det(T — M) det C = det(T — \),

so the theorem is proved. Il

Since the polynomial P(A) is independent of the choice of
the basis B, it will be called the characteristic polynomial of
T. If a matrix T represents 7 with respect to some basis,
P(\) will be also called the caracteristic polynomial of 7', and
we have simply P(\) = det(T — AI).

Returning to the eigenvalues of 7, we see that they are
exactly the roots in K of the characteristic polynomial of T .
There exist n roots, real or complex. If K = C, all of them
are eigenvalues; if K = R, only the real roots (if there exist
real roots!) are eigenvalues of 7.

Now suppose that A is an eigenvalue of 7. Then (6.3) has
non-trivial solutions. Every such non-trivial solution gives us

an eigenvector x by means of the formula = x161+- - - +x,,0,,.
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6.4 The Cayley-Hamilton Theorem

Let P € K[X] be an arbitrary polynomial, P(X) = a,, X" +
-4+ wmX +ay, a; € K. For a matrix A € M,,,(K) let
us denote P(A) = an,A™ + -+ + a1A + agl. The Cayley-
Hamilton Theorem asserts that if P(\) = det(T — AI) is
the characteristic polynomial of a matriz T € M,, ,,(K), then
P(T) = 0.

We shall use this result in order to prove

Theorem 6.11 Let A € M,,,,(K). Then for each p > n, AP can be

expressed as a linear combination of I, A, A%, ... AL

Proof. Let P(\) = det(A — AI) be the characteristic poly-
nomial of the matrix A. By virtue of the Cayley-Hamilton
Theorem, we have P(A) = 0.

Clearly P(\) = (—=1)"\" + k, 4 A"+« 4+ kg A + ko, with
k; € K. Hence

(—1)”14” + ]{Jn_lAn_l 4+ o+ A+ kol = 0.
It follows that
A" = Cn_lAn_l + -+ ClA + C()I, C; € K. (64)

Thus A" is a linear combination of I, A, A%, ..., A" L.

From (6.4)we deduce
An_H = Cn_lAn + Cn_QAn_l + -+ 01A2 + C()A (65)

If we substitute A" taking into account (6.4), we obtain A™*!

as a linear combination of I, A, ..., A" 1. By repeating this
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argument we finish the proof. 0

6.5 The diagonal form

Let V be a linear space over K.

Theorem 6.12 Let T € L(V) and let xy,...,x, be eigenvectors of T
associated with mutually distinct eigenvalues N\, ..., \,. Then the vectors

x1,..., T, are linearly independent.

Proof. Suppose that

(1) {x1,...,z,} is a linearly dependent set
Then there exist kq, ..., k, € K, not all zero, such that

(2) kixi 4+ -+ kpx, = 0.
Renumbering the variables if necessary, we may suppose
that

(3) k1 # 0.
From (2) we obtain &7z + --- + k, Tz, = 0. Since
T x; = \ix;, it follows that

(4) kyhxy + -+ kp Az, =0
Now (2) and (4) imply

(5) ka( Ao — A)xg + + - + k(A — A1)z, = 0.
We claim that {zs,...,z,} must be linearly dependent.
Indeed, if we suppose that they are linearly independent,
then ko = --- =k, =0since \;, — A\ #£0, 1 =2,...,n.

But (2) implies k21 = 0. Since 7 is an eigenvector, it is
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non-zero. Hence k1 = 0, which contradicts (3).
Thus (1) implies:

(6) {z2,...,2,} is a linearly dependent set.
Now we repeat the same arguments and conclude that (6)

implies:
(7) {x3,...,x,} is a linearly dependent set.

In this manner we deduce finally that {z,} is a linearly depen-
dent set. On the other hand,the same set is linearly indepen-
dent, since x,, # 0 as an eigenvector. This contradiction shows
that (1) is false and the theorem is proved. O

Theorem 6.13 Let T be an endomorphism of a linear space V,, of finite
dimension n > 1 over K. Suppose that the characteristic polynomial
P(X\) of T has n simple roots Ay, ..., N\, in the field K. Then there exists

a basis of V,, relative to which the matriz of T is

A 00... 0
0 X0... 0
0 00... X\,
Proof. Since the roots A\i,..., )\, are in K, they are eigen-

values of 7. For each ¢ choose an eigenvector x; of T corre-
sponding to the eigenvalue \;,. By hypothesis A{,..., A, are
mutually distinct. Theorem 6.12 shows that x1, ..., x, are lin-
early independent. Since dimV,, = n, {z1,...,2,} is a basis.
We have Tx; = \jz;, i = 1,...,n, hence the matrix of 7 with
respect to this basis is the diagonal matrix of the theorem. []
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Corollary 6.14 Let T € M, ,(K). Suppose that the characteristic poly-
nomial of T has n simple roots in K. Then there exists a matrix C €

Mo (K) such that

M 00...0
copo_ | 0 A0 0
0 00...\

A1, ..., A\, being the roots.

Proof. Let B be the canonical basis of K". Let T € L(K")
be the endomorphism which has the matrix 7" relative to the
basis B. Theorem 6.13 shows that there exists a basis B’ of

K™ relative to which the matrix of 7 is

A 00...0
T 0 M0... 0
0 00... M\,
Let C be the transition matrix from B to B’. We know that
T" = C~'TC and the proof is complete. O
We shall denote
A 00...
0 XO0...

diag(M1, ..., \p) =

0 00... )\,
The algebra of matrices applies especially smoothly to diagonal
matrices: to add or multiply any two diagonal matrices, one

simply adds or multiplies corresponding diagonal entries.
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For instance, let T be as in the above corollary. Then
it is easy to compute TP for any p > 1. Indeed, let TV =
diag(\1, ..., A\y). Then C7ITC =T', that is T = CT'C~1.
We have

™ =(cT'cY - (cT'c™Y - (0T’ = o(Tyro !
But (T")? = diag(A\}, ..., 2) and hence

TP = C - diag(N,,..., \0)-C.

6.6 Reduction to diagonal form

We want to characterize the endomorphisms that can be "di-
agonalized", that is, for which there exists a basis relative to
which the matrix is a diagonal one.

Let V,, be a linear space of finite dimension n > 1 over the
field K. Let T € L(V,,) and let A\ be an eigenvalue of 7. We
know that Ay is a root in K of the characteristic polynomial
of 7. Denote by m(Xg) the multiplicity of Ay as a root of this
polynomial.

Consider also the proper subspace corresponding to \y:

Let B = {by,...,b,} be an arbitrary basis of V,, and let T be
the matrix of T relative to this basis.

Theorem 6.15 dimFE()\g) = n — rank(T — \ol) < m(Xg)
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Proof. Let x € V,,, x = x1by + - - - + x,b,,. As usual, denote

I
X =

Tn
Then the following statements are equivalent:
(1) z € E()\)
(2) (T = XoI)(z) =0
(3) (T —Xl)- X =0

We conclude that E(\g) can be identified with the set of the

solutions of the linear homogeneous system

tni—2 tiz ... ti T
tog  taa—Ag... ta, Ty |
tnl tng ce tnn - )\0 Tn 0

But this set is a linear subspace of K" of dimension n —
rank(T — \gI). Thus dimE(X\y) = n — rank(T — \oI), and
the first statement of the theorem is proved.

Now denote ¢ = dimE(\) and let {v1,...,v,) be a ba-
sis of E(Xg). Let us complete it in order to obtain a basis
{v1,..., 00, Vg11, ..., U} Of V.

We have Tv; = Avj, j=1,...,qand Tvj; =tjju; +- -+
lnjvn, J=q+1,...,n, ;; € K.
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Hence the matrix 7" of T relative to the basis {v, ..., v,}
1s
(Do 0 o 0 tign oot \
0 X ... O toger ..o o
T'=1 0 0 ... N tygr1 --- tm
0 0 ... 0 tysiges-- torin

\ 0 0 .o 0 tuger e tun )
The characteristic polynomial of T is P(\) = det(1" — \I). If

we take account of the form of 7" we conclude that P(\) is of
the form P(A) = (Ag—A)2-Q(N), where Q()\) is a polynomial.
Now it is clear that the multiplicity of A as a root of P()\) is

at least ¢, that is m(\g) > g¢.
Thus n—rank(T —XgI) < m(Ag) and the theorem is proved.
O

Definition 6.16 Let 7 be an endomorphism of a vector space V,, of finite
dimension n over K. The endomorphism 7 is said to be diagonalizable if
there exists a basis of V,, consisting of eigenvectors of T, in other words

a basis relative to which the matrix of 7 is diagonal.

Theorem 6.13, Section 5.5 gives a sufficient condition for this
to be the case: namely that the roots of the characteristic
polynomial of 7 all lie in K and are all distinct. But it is easily
seen that this condition is not necessary: a trivial example is
the identity endomorphism whose matrix with respect to any

basis of V,, is diagonal, but whose characteristic polynomial,
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namely (1 — A)" has no simple roots (assuming that n > 1).

6.7 The Jordan canonical form

Let T € L(V,,); suppose that all the roots of the characteristic
polynomial are in K. Let A be such a root, i.e., an eigenvalue of
T . Let m be the algebraic multiplicity of A\, and ¢ = dimFE(\).
Then m > q > 1.

[t is possible to find ¢ eigenvectors in E(\) and m — ¢ prin-
cipal vectors, all of them linearly independent; an eigenvector
v and the principal vectors uy, . .., u,(r > 0) corresponding to

it satisfy:

Tv=MAv; Tui = dug+v; Tus = Xug+ur;...; T u, = Aup+u,_1.

All these eigenvectors and principal vectors, associated to all
the eigenvalues of 7T, form a basis of V,,, called a Jordan ba-
sis with respect to 7. The matrix of 7 relative to a Jordan

basis is called a Jordan matriz of 7. Such a matrix has the
Ji

J
form 2 . where Ji, ..., J, are called Jordan cells.
Jp
Each cell represents the contribution of an eigenvector v and

the corresponding principal vectors



102

Uty o ooy Up : ] EMT—H(K)-

Y

We see that: the Jordan matrix is a diagonal matrix <=
there are no principal vectors <= m(\) = dimE(\) for each

eigenvalue .

Let T be the matrix of 7 with respect to a given basis B,
and J the Jordan matrix with respect to a Jordan basis B’. Let
C be the transition matrix from B to B’. Then J = C~'TC,
hence T'= CJC L. Tt follows that 7" = CJ"C~!.

The exponential of the matrix 7" is defined by

1 1 1
el =T+ =T+ =T+ +=T"+....
1! 2! n!
Example 6.7.1 1. Let 7 € £(R?) have the matrix

with respect to the canonical basis.
We find )\1 = 2, m(/\l) = ]_,

1
E(\) = {oz 2 ‘ a € R}, hence g(A;) = 1.
4
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1
E(\) = {a 1 ‘ a € R}, hence ¢(\2) = 1.
1
1
Sowv; = | 2|, vo = | 1 |; the principal vector u; associated
4 1
x
with vy satisfies T'u; = u; +vy. Let uy = | y |; then
z
-1 10 x
0 —-11 y | =
2 =53 z

Wegetxr =y—1, 2=y +1, y € R. Choosing y = 1, we obtain

0
Uy = 1
2

The Jordan basis is B = {vy,vs, us }.

Since

Tvr = 2v1 + Ovy + Ouy
Twvy = 0vy + v9 + 0uy
Tur = 0vy + vo + uy,

the Jordan matrix will be

200
J=1011
001
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The transition matrix from the canonical basis to the Jordan basis

18

110
C=1211
412
2700
Wehave J =C~'TC, T=CJC ', T"=CJ"C~', J*=| 0 1n
001
0 0 0
2.T=1-10 0
-2 -3 -1
In this case Ay = —1, m(A1) = q(A1) = 1, Ay = 0, m(A\y) =
2, g(\2) = 1.
0 0 -1
vy=|01|], va= 1 , Uy = 1
1 -3 2
The Jordan matrix is
—-100
J=1 001
0 00
1 1 0
3.T=|-4-21
4 1 =2
We find A\; = —1, m(\1) =3, ¢(A\1) = 1.
1
v1 = | —2 | . The principal vectors u; and us associated with v,
2
satisfy
Tu, = —u; + 11

TUQ = —Uo + Uq.
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0 0
We obtain u; = 1 ,upa =10
-1 1

The Jordan basis is {vy,uy, us} and the Jordan matrix is

6.8 Matrix functions

Let T € L(V,). Consider T the matrix of 7 with respect to
the basis B, and J the Jordan matrix corresponding to the
Jordan basis B’. Let C the transition matrix from the basis
B to the basis B’

Remark: The transition matrix from the canonical basis to a
Jordan considered basis will contain the vectors of the Jordan

basis on the columns in the order given in the basis.
Then we have J = C~'T'C |, which results T = CJC .

Theorem 6.17 In the above hypotheses, we have

™ =CJ"C™.

Proof. 7" = (C.JC-Y)(CJC-Y) - (CJC-1) = CcJC-!. O

Consider now, f : D C R — R an analytical real function

which has the Taylor expansion (Mac-Laurin for zyp = 0):

() (
f) = S

k>0
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We assume as known, the theoretical aspects related to power
series (studied at Calculus). In fact, a Taylor series is an in-
finite polynomial. After the definition of a polynomial related

to a matrix, we will define further, a matriz function like:

) (2,
fay =30 L gy

k>0
where f is an analytical function, A € M,(R) and [ is the
unit matrix of order n.

Example 6.8.1 Mac-Laurin series expansions of some elementary func-

tions, will become for a matrix A € M, (R) as follows:

2 k k
e _I+1'A+2'A + 7 A => _A
k>0
A2 AF A (—1)F (—1)*
R (Sl A A2
cos ST T I YA TR ; 2h)!
B (1)t (— 1
A=A— —+ — T AL A2k+1

s TR CT T =D (2k + 1)!

k>0

Matrix functions for a diagonalizable matrix

Let A be tha matrix of a linear map 7 € L(V,). If A is
diagonalizabe, then exists a basis formed by eigenvectors in
V,,, for which is obtained the diagonal matrix of 7T, denoted
D = diag(Ai, ..., A\n).
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Obvious, we have A = CDC™ 1.

Theorem 6.18 Let T being a matriz of the linear map T € L(V,,) and

J a Jordan matriz corresponding to it. Then:

f(T)=Cf()C

Proof. Consider the general Taylor series expansion of the

form
flx) = Z ajz”
k>0
Then
FT) =) aT" =Y a(CJC)=C (Z aka> c!=
k>0 £>0 k>0
=Cf(n)Cc! O

From Theorem 6.18, for a diagonalizable matrix A, with the

diagonal matrix D, we have

f(A) =Cf(D)C™

where
M 00...0
0 MNeO... 0
f(D)=) D" =% a ’
k>0 k>0
0 00...\F

Then, for the diagonal matrix D, we consider the next result:
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Theorem 6.19

f(A)) 0 0 0
F(D) = 0 f(A)O 0
0 0 0... f(\)
where A\, Ag, ..., A\, are the eigenvalues corresponding to the endomor-

phism T .
Matrix function for Jordan cells

Let 7 € L(V,) having a given Jordan matrix. Consider a
third order Jordan cell (block) of this Jordan matrix, of the

form:

A10
J=10X1
00 A

This matrix could be written in the equivalent form:

J=MN+N
where
010
N=]1001
000

N is a nilpotent matrix.
001 000

N’ =1]o000]|: NfF=]000]|, Vk>3.
000 000
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If for an analytical function f we have the Taylor expansion

in the vicinity of A:

then

k! k!
k>0 £>0
GO ACY O
= I+ T N + 5 N?
Finally,
FO) oy LY
f() =1 0 f() f'(N
0 0 f(\)
Generalization

Consider a Jordan cell of order » 4+ 1 for the eigenvalue A

with m(A) = r + 1 and v the corresponding eigenvector with

uy, Uz, . . ., U, principal vectors (associated to it), such that:
[ A 10... 0\
0 Xx1...0
J)\ — . e E Mr+1(R)
0 00...1

\ 0 00... )
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then
( FICSINACNINALeN TRl CO N AQION
o! 1! 2! (r—=1)! 7!
0 [ O 20 fUD)
0! 1! (r—2)! (r—=1)!
0 0 ) f(rig)()\) f(PQ)()‘)
f(J)\): 0! (r=3)! (r—2)! EMT+1(R)-
0 0 0 L. L s
A
L0 0 0 U

Theorem 6.20 If a Jordan matriz of T € L(V,,) has the form

J 00...0
0 J,0...0
J = 2
0 00....J,

where Ji,...,J, are the corresponding Jordan cells of the eigenvalues

AL,y Ap, D < n, then

FU) 0 0... 0
F) = '0 F(J)0... 0

0 0 0... f(J)

Proof. If f is an analytical function in a sufficiently large
neighborhood of a point zy, we have:

9 (2, )
fy = S T gy =
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k
Jo—xl 0 0 0
¥ 5 (z0) 0 Jo—a0l 0 0 B
— ' —
K
0 0 0...J,—xl
(Jy — wol)* 0 0
o W) 0 (Jo = zoI)" 0
- k!
=
0 0 0... (J,—zol)¥
f(J) 0 0... 0
0 f(J)0... 0

L

The next result is important in obtaining a matrix function.

This is useful in many applications.

Theorem 6.21 If A is a given matriz of T € L(V,,),with the Jordan

matriz of the form
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then
F) 0 0... 0
FA) = C 0 f(Js)0 0 | o
0 0 0...f(J)
Exercises

6.1 Let 7 : R? — R? be the linear transformation defined by:
7(0,1,2) = (1,0), T(-1,1,1) = (—1,1), 7(3,0,—1) = (2,1). Deter-
mine:

a) the matrix of 7 relative to the canonical basis in R® and R?
b) bases in the subspaces Ker7 and Im7T

6.2 Let 7 : R? — R3 be the linear transformation given by:
T(-1,2) =(-7,6,3), T(1,3) =(2,9,7). Determine:

a) the image of an arbitrary vector of R? through 7

b) Ker7T and Im7T

6.3 Let 7 € L(R?) be defined by Tx = (x1 + 2 + X3, 71 + Ty + T3, 71 +
x9 + x3). Determine bases in Ker7 and Im7.

6.4 Consider the basis B’ = {(1,1,0),(1,0,1),(0,1,1)} in R?® and the
linear transformation 7 : R3 — R3, T (21, 22, 23) = (v1+22— 13, 73, 222+

3x3). Determine the matrix of 7 with respect to the basis B’.

6.5 Determine the eigenvalues and the eigenvectors for the matrix of

order n:
0o 1 1 ... 1
1 0 1 ... 1
1 1 0 ... 1
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6.6 Determine the eigenvalues and the eigenvectors for the matrix of

order n:
0 0 0 1
1 0 0 0
0 1 . 0 0 0
0O 0 ... 1 0
0O 0 ... 0 1 0

6.7 Denoting by P; the space of polynomial functions of degree at most
two, let 7 : Py — P, be the linear transformation given by 7 (1 + X) =
1— X2 T(1+ X?) = —4X and T(2X?) = 4X?. Find the eigenvalues

and the eigenvectors of T.

6.8 Let V = (C(0,1), let T : V — V be an endomorphism defined by

T(f)(z) = xf(x). Determine the eigenvalues and eigenvectors of 7.

6.9 Let V = C*(a,b), where 0 ¢ (a,b), let T : V — V be an endo-
morphism defined by T'(f)(z) = Ef'(:c). Determine the eigenvalues and

eigenvectors of T

6.10 Find a Jordan basis and the corresponding Jordan form for:

66 —15 400
A)A=|15 -5 [,b)B=[013],
12 =2 031
011
c)C=1101
110

6.11 Find the Jordan form and the transfer matrix for:

411 —2-11
a)A=|-21-—2|,)B=]| 5 14
11 4 5 12

6.12 Determine A", n € N for:
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~1 6 2 02 —3
a)A=|-261]|,bA 47 —12
9 —41 36 —10
-2l 61 36
JA=| 5 -14[,d) A
—105 62
5 1 2

6.13 Determine e4, for:
—2 —4
a) A= ,
3 5
4 —2
b) A= .
6 —3

12
6.14 For the matrix A = (2 1) determine e and sin A.

6.15 A matrix A € M, (C) is called self-adjoint if A" = A. Prove that if
A is self-adjoint then all the roots of its characteristic polynomial are real,

and the eigenvectors corresponding to distinct values are orthogonal.

6.16 A matrix 7' € M, (C) is called unitary if (Tt)T = I. Prove that if
T is unitary then
a) For each eigenvalue A of T" we have || = 1.

b) The eigenvectors corresponding to distinct values are orthogonal.

Solutions

a) Denoting by ey, e; and e3 the vectors of the canonical

T€2 + 2T63 = (1, 0)
basis in R?, we get the system ¢ —7Te; + Tea + Tes = (—1,1)
3T61 - T@g = (2, 1)

with the solutions Te; = (1,0), Tes = (—1,2) and Tez =
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(1,—1). So the matrix of T relative to the canonical basis is

1-11
T = :
(O 2 1)

b) For (z1, 72, 23) € R we have
T(l’l, xz,xg,) = ZL‘1(1,0)+ZL‘2(—1, 2)+$3(1, —1) = ($1—$2+$3, 25E2—ZL‘3).

The kernel of T is KerT = {(z1,29,23) € R® | (21 — 29 +
r3, 2x9—x3) = (0,0)} = {(—, @, 2a) |« € R}, and {(—1,1,2)}
is a basis of Ker7 .

The image is Im7T = {(x1 — 29 + 23,229 — x3) | 1,29, 23 €
R} = sp{(1,0), (~1,2), (1, ~1)} = sp{(1,0), (~1,2)} = R

We have Te; = (5,0,1), Tes = (—1,3,2) and so T (1, x2) =
(bxy — x9,3w9, 11 + 2x2). KerT = {(0,0)},. The image is
Im7 = {(bx1 — x9, 3w, x1 + 229) | 71,29 € R}, with a ba-

sis {(5,0,1),(—1,3,2)}. Denoting bxy — 9 = x, 319 = ¥,

r1 + 2x9 = z and eliminating the variables x1, 2o we get
Im7 = {(x,y,2) € R®| 3z + 11y — 152 = 0}.

A basis in Ker7 is {(1,0,—1),(0,1,—1)} and in Im7T is
{(1,1, D}

The matrix of T relative to the canonical basis is T' =
11-1
00 1 |. The matrix relative to the new basis B’ is T" =

02 3
C~1TC, where C is the transition matrix from the canonical
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basis to B’. We have

110 . 1 1 —1 0—1 -2
C=1101 ;0—1:5 1 =11 |soT"=121 2
011 11 1 02 3

Another method to find the same matrix is to write the images
of the vectors from the basis B’ through T

T(1,1,0) = (2,0,2) = 2(1,0,1)
7(1,0,1) = (0,1,3) = —(1,1,0) + (1,0,1) + 2(0, 1,1)
T(0,1,1) = —2(1,1,0) +2(1,0,1) + 3(0, 1, 1).

The characteristic polynomial is P(\) = (= A—1)""1(=\+

n — 1), so the eigenvalues are Ay = Ay = -+ = \,_1 = —1 and
A, =n — 1. For A = —1, the eigenvectors are the solutions of
the ""system"

1+ 2o+ -+ 23 =0,
(1Y (o) [0)
0 1 0

that is, . R I : |. For A\ =n —1, we get

) )y

the system

((1—71):1314—3324—"'4—33”:0
1+ (1—n)rg+---+x,=0
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Expressing x, = (n — 1)x; — 29 — - -+ — 5,1 from the first
equation and plugging it into the other equations, we get xo =

x1, £3 = 1, ... T, = x1 and the only linearly independent
1

eigenvector 1s

1

It is easier to calculate the characteristic polynomial by

transposing the determinant, which is a circular determinant:
P()\) =C(=)\,0,...,0,0,1) = C(=\,1,...,0,0,0) =

= (—1)"(\" — 1).

The eigenvalues are Ay = ¢, k =0,...,n — 1 (the n-th roots
of 1). For each eigenvalue gj, we determine the eigenvectors

as the solutions of the system:

(
—epr1 +x, =0
T1—E€rry =0

< X9 — ELT3 = 0

n—1
()
that is v, =

€k

\ 1)
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From the given data we get 7(1) = —4X—2X?% T(X) =

144X + X% T(X?) = 2X?, so the matrix of the transfor-
010

mation, in the canonical basis 1, X, X?2is T = | —440 |. It

—212
has a triple eigenvalue A = 2, and the subspace of eigenvectors

has dimension 2. Two linearly independent eigenvectors are
v; =1+ 2X and vy = X2

If A € R is an eigenvalue, then T'(f)(x) = Af(x), for
any x € (0,1). We get (z — \)f(z) = 0, for any = € (0,1).
We study two situations. If A ¢ (0,1), then x — XA # 0, so
f(x) = 0, for every x € (0,1), which is not convenient for
an eigenvector. If A € (0,1), then f(z) = 0, for x # A,
and f(x) = a, a € R, an arbitrary value. But f has to be
continuous, which yields o = 0, and f = 0, not convenient for

an eigenvector. In conclusion, 7" does not possess eigenvalues.

If A € R is an eigenvalue, then T'(f)(x) = Af(z), for

any © € (a,b). We get éf’(x) = Af(x) or ?((;3)) = Az

A 2
Integrating, follows that In|f(x)| = % +Inc, that is f(x) =

x2 . . . . .
ceAT, c € R. So each A € R is an eigenvalue, with an infinity

r2
of eigenvectors, f(z) =ce? , c € R,

300
. a) Jp = | 031 |, with the basis consisting of the
6.10 J ith the basi st f th
003
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-9 3 1
eigenvectors 1 |, | 1| and the principal vector | 0
0 1 0
—200 0 1 0
b)Jp=1]1 040 |, =] 1 [,ve=10|,m3=1]1
0 04 —1 0 1
-1 00 —1 -1
c)Jo=10-10|, v = L |,ve= 10 [, vs=
0 0 2 0
1
1
1
300 -1 1 —1
6.11] a) Jy = | 031 |, C =0 —-21|. a)Jp=
003 1 1 0
-2 10 -1 10
0 -201],C=11 01
0 03 1 —-11

a) The eigenvalues of A are A\ = 1, Ay = 1 and \3 =

3, the matrix is diagonalizable. The transition matrix from

the canonical basis to the basis consisting of eigenvectors is
2 21 1 —2-1

C = 1 1 1 |, with the inverse C~! = 0 1 1
—10 -1 -1 2 0
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Finally we get

2 _3n _4+2n+1_{_2.3n _2+2n+1

A= 1-3" —242"42.3" 142"
—143" 2—2.3" 1
-11 0 113
b)J=| 0 -1 0 |,C=1]400 | and
0 0 —1 301
(=) Yn—1) 2n(=1)""1 3n(—1)"
A" = n(=1)" 1 (=1)"18n—1) 12n(-1)"
3n(—1)"1 6n(—1)"1  (=1D)"(9n+1)
(=2)" —n(=2)""! n(—2)""!
) A" = | 3" —(=2)" n(=2)""'+(=2)" 3" = (=2)"(n—2)
3 — (=2)" n(—2)""! 3" —n(=2)"!

Q) An = (21(1)n —20-2"  12(2" — (=1)") > |
35((—1)" —27) 21 2" — 20(—1)"

a) The eigenvalues of A are A\; = 2 and Ay = 1, with two

1 4
corresponding eigenvectors vy = ( 1) and vy = ( 3).

The diagonal form of A is Jy = 01 and the transition

1 4
—-1-3
—3-2"+4 —4.2"4+4
<3~2”+3 4.2" -3

matrix is C' = ( ) From A" = CJ3C~! we get A" =

> and finally
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4 —3e? +4e —4e® +4e
[ = .
3e2 4+ 3e  4e? — 3e
b) A1 = 0, Ay = 1. Using the Cayley-Hamilton Theorem

we have that A2 — A = 0, s0 A" = A, forn > 1. e =
de —3 2 —2e
6e—6 4—3e |

(3 (=) 3= (="

w501 )

A [+t f—et
et = = ’
2 3 —el 34l
) 1 1 4 1 -
smA:ﬁA—§A +5A S

o (sin3+sin(1) sin 3 sin(l))
~1 _

sin3 — sin(—1) sin3 + sin(—1)






CHAPTER 7

Quadratic forms

Consider the n-dimensional space R"” and denote by z = (z1, ..., z,)
the coordinates of a vector x € R" with respect to the canon-

ical basis £ = {ey,...,e,}. A quadratic form is a map

Q@ R'"—>R

2 2
Q(x) = anxi+. .. appx; 20120102+ - 420,72 4. . . 20451y Tn—1Tn,

where the coefficients a;; are all real.

Thus, quadratic forms are homogenous polynomials of sec-

ond degree in a number of variables.

Using matrix multiplication, we can write () in a compact

form as

Q(z) = XTAX,

where

123
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X1 ai; a2 ... QAin

) ai2 22 ... QAop
X=1 and A=

T A1p A2y - .. App

The symmetric matrix A (notice that a;; = a;;) is called the
matrix of the quadratic form. Being symmetrical (and real),
A is the matrix of a self-adjoint operator with respect to the
basis E. This operator, denoted by T, is diagonalizable and
there exists a basis B = {b1,...,b,} formed by eigenvectors
with respect to which 7 has a diagonal matrix consisting of

eigenvalues (also denoted by T')
T = diag{\...., \n}.

Let C be the transition matrix from F to B and

)

/
X/ — $2

/

L,

the coordinates of the initial vector written in B. We have
than

X =0CX'

Knowing that T = C~'AC, and that C~! = CT we com-
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pute
Qz) = XTAX
= (X)) A(CX")
=X'TCTACX'
— X/TTX/
= )\1:1:/3 + -+ )xnx'i,
and we say that we have reduced () to its canonical form

Q(z) = Ma's + -+ + Az

This is called the geometric method.

The quadratic form is called

e positive definite if @Q(x) > 0 for every x € R" \ {0}

e negative definite if Q(z) < 0 for every z € R" \ {0}.

We characterize the positively definite quadratic form in

terms of the diagonal minors of its matrix, as follows:

a1y a12

D1:CL11,D2: .,Dn:detA.

9 ..

a12 422

We have the following criteria:

e () is positive definite iff D; > 0 for every i = 1, n

e () is negative definite iff (—1)"D; > 0 for every i = 1, n.
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7.1 Conics and quadrics

7.1.1 Second degree curves

The general form of a second degree curve (a conic) is:

a117? + 2197y + ay? + 2a137 + 2a93y + azz = 0

where (z,7) € R? and not all the coefficients a1, aiz, ass = 0.
We consider the third and the second order determinants

obtained from the coefficients a;;, ¢, 7 = 1,2, 3 as follows:

aip a12 a13
ail a2
A = |ajp ag ags| and § =

aig 422
13 A23 33

Classification of the conics

A) Non degenerate conics (A # 0) and their canonical

form:
2 2
. x Yy
Ell 60>0): —+==1
e Ellipse ( ) PR
\ /

e Parabola (6 =0): y*> — 2ax =0
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2 2
e Hyperbola (6 < 0): % — 'Z—Q

.
/

B) Degenerate conics (A = 0):

AN

e One point, nothing (§ > 0)
e Two parallel lines, one (double) line (6 = 0)

e Two intersected lines (0 < 0)

The reader is assumed to know from the high school, the
graphic representations of the conics, so, we leave this as an

exercise.

7.1.2 Second degree surfaces

The general equation of a second degree surface (a quadric sur-

face) is:
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a11x2 + a22y2 + a3322 + 2a107y + 201322 + 2a23y2

2a147 4 2a904y + 2a342 + agq4 =0

where (z,y,2) € R%.

From a geometric point of view, quadrics, which are also
called quadric surfaces, are two-dimensional surfaces defined
as the locus of zeros of a second degree polynomial in z,y and
z. Maybe the most prominent example of a quadric is the
sphere (the spherical surface).

The type is determined by the quadratic form that contains

all terms of degree two

Q = CL11£L’2 + a22y2 -+ a3322 + 2a102y + 201322 + 2093y 2.

We distinguish, based on the sign of the eigenvalues of
the matrix of (), between: ellipsoids, elliptic or hyperbolic
paraboloids, hyperboloids with one or two sheets, cones and
cylinders.

The canonical form of a quadric

Further, the geometric method to reduce the general equa-
tions of a quadric to canonical form, is presented.

Consider the matrix A associated to (). Being symmetric,
A has real eigenvalues A\, Ao, A\g. If they are distinct, the cor-
responding eigenvectors are orthogonal (if not we apply the
Gram-Schmidt algorithm). Thus, we obtain three orthogonal

unit vectors {by, by, b3}, a basis in R,
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Let R be the transition matrix from {i,j, k} to the new
basis {b1, be, b3}. We recall from previous chapters that R has

the three vectors by, by, b3 as its columns
R = [b1]b2|bs] .
Now, we compute det R and check whether

det R =1.

If det R = —1, we must change one of the vectors by its op-
posite (for example take R = [—by|bs|bs]) to obtain det R = 1.
This assures that the matrix R defines a rotation and the new
basis is obtained from the original one, by this rotation.

Let (z,y, z) and (2, 9/, 2") be the coordinates of the same point

in the original basis and in the new one, we have

We know that with respect to the new coordinates

Q = M2 + Ay + N2,

and thus, the equation of the quadric reduces to the simpler

form
Mz’ 4 Aoy + A3z + 2/ 142 + 2094y’ + 2d/ 342’ + agq = 0.

To obtain the canonical form of the quadric we still have to

perform another transformation, namely a translation. To
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complete this step we investigate three cases: (A) when we
have three nonzero eigenvalues, (B) when one eigenvalue is
zero and (C) when two eigenvalues are equal to zero.

(A) For A\; # 0 we obtain

(2 = 20)” + Xy —yo)* + As(2' — 20)° +d'a =0
Consider the translation defined by

1 /
r = — X,

/! /
Yy =Y — Yo,

1 /
2=z — 2.

In the new coordinates the equation of the quadric reduces to

the canonical form
)\13;//2 + )\2y//2 + )\32//2 4+ a/44 — 0.

The cases (B) and (C) can be treated similarly.
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Quadrics on the reduced equations

1. The Sphere
A sphere with the center at C'(a, b, ¢) and radius R has the

equation

(x —a)*+ (y—b)* + (2 — ¢)* = R~

05

-05

2. The Ellipsoid

The equation of an ellipsoid has the form

2 2 2
x Y z
¥+§+§_1:0'




132

To investigate the shape of the surface, one can use the method
of parallel sections. This consists of intersecting the surface
with planes that are parallel to the coordinate planes and de-

termining the intersection curves.

The intersection with the plane xOy:

z2=0 , :

2 is an ellipse.

S+—1=0

Intersections with planes parallel to xOy:
2

e

if |k| = ¢, a point is obtained and if |k| > ¢ results the empty

=k
{Z with k£ € R. If |[k| < ¢ we get an ellipse,

set.

Intersections with planes parallel to zOz:

=k
:Zg 2 2 with k€ R If [k] < b we get an ellipse,
zta=1-1,

if |k| = b, we obtain a point and if |k| > b, the empty set.

Intersections with planes parallel to yOz:

2 2 2
z k
15_2+c_2_1_ﬁ’

if |k| = a, a point and if |k| > a, the empty set.

=k
{x with & € R. If |k| < a we get an ellipse,

3. The Hyperboloid of one sheet

The equation of a hyperboloid of one sheet has the form

$2 y2 22

a2 b 2
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-An ellipse is obtained by intersecting the hyperboloid of one
sheet with planes parallel to zOy:

2=k

22 y? 12 with k£ € R.

ztep=1+3,

- A hyperbola: by intersection with planes parallel to xOz:

y==k
x? 22 k2
s a=1-%

- A hyperbola: by intersections with planes parallel to yOz:
r==Fk

y2 22_1 k2
2T a?

This surface has the special property that it can be gener-

ated by two distinct families of straight lines (doubly ruled).

Theorem 7.1 For any point M on the surface, there exist two straight
lines lying entirely on the surface, which pass through the point M.

Proof: The equation of the hyperboloid can be written

Tz f+f —1-7 1+Q.Fromthis,wegetthat
a c c b b
the two families of straight lines are:

X Z_ _g

o e=r=g)
AR T A
a ¢\ b

, AEeR
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i)
a ¢ b

4. The Hyperboloid of two sheets
The equation of a hyperboloid of two sheets has the form

2 2 2
x Y z
—+ﬁ—§+1—0

Study the intersection curves with the planes parallel to the

coordinate planes.
5. The Elliptic paraboloid

The equation has the form
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[ T =T OO - S

- An ellipse: intersections with planes parallel to xOvy: ) 2

o+ ¥y —
0,2 b2 9
with £k € R. If £ < 0, we get the empty set, if £ = 0 a point,

if k> 0.

- A parabola: intersections with planes parallel to xOz:
y==~k

2k

- A parabola: intersections with planes parallel to yOz:
r=k

2 2
k
Zl;l_2+_2 A

6. The Hyperbolic paraboloid

The equation has the form
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- A hyperbola: intersections with planes parallel to xOy:
2=k

22y

s =k

- A parabola: intersections with planes parallel to zOz:
y==~K

2 2
: €T k
_[12 - b_27

- A parabola: intersections with planes parallel to yOz:

r =k
2 2
k
i= gt e =2

Theorem 7.2 For any point M on the surface, there exist two straight
lines lying entirely on the surface, which pass through the point M.

Proof: The equation of the paraboloid can be written

z = (z + y) (E — g). From this, we get that the two families
a b'ta b
of straight lines are:
x
G)\I % Y 1 ,)\ER GM: T y_l ,MER
PRI s b g
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7. Cylinders (Degenerate quadrics)
2 2

-Elliptic cylinder x—2+Z—2—1 = 0 (the generators are parallel
a

to Oz and intersect a given ellipse).

22 P
- Hyperbolic cylinder: — — -5 —1=0.
a b

- Parabolic cylinder: y* — 2pz = 0.
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8. The Elliptic cone
The equation of an elliptic cone (degenerate quadric) has

the form

Exercises

7.1 Write the equation of the circle that passes through the points
A(—1,2), B(3,0) and has the center on the line 3z —y + 2 = 0.

7.2 Write the equation of the conic who passes through the points
M1(270)7 M2(370)7 MS(O’ 1)7 M4(074)7 M5(574)
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7.3 Find the canonical form and draw the conic:
a) 4z + 6xy +4y*> — 102 + 10y +1 =0
b) 722 — 8xy +y? —6x — 12y — 9 =10
c) zy =1
d) 92% — 6zy + y> + 202 =0
e) 5x% + 6zy + 5y* — 160 — 16y — 16 =0
f) 322 4+ 10xy + 3y? — 22 — 14y — 13 =0

7.4 Determine the nature of the conics:
a) 22 + 4y +4y? —3x — 6y =0
)2 —dry+y P +3r -3y +2=0

¢) 20 +3zy+y  —2—1=0
d) 2% — 6xy + 9y? + 4o — 12y +4 =0
e) 12 —day +4y? +2r — 4y —3=0

=3

7.5 Study the type of the following conics when a € R:
a) 22 — 2zy +ay? — 4z — 5y +3 =0
b) az? + 2xy + y? + 2ay + a = 0.

7.6 Find the values of the parameters o and [ for which the conics
ar? + 12zy + 9y* + 4z + By — 13 =0
a) Have a center;

b) Are non degenerate conics but without a center.

7.7 Find the values of the parameters «, 5 € R for which the conic
2% + dxy + ay?® — 3z + 2By = 0 represents two parallel lines.

7.8 Determine the parameters o, 3, € R such that, the equation
2% — 2axy + 2By* + fx — 2ay + v = 0 represents a double line.

7.9 Find the nature of the conics and show they have the same center
622 — bay +y? — 222 +9y —4 = 0 and 322 — 22y — y*> — 102 — 2y + 12 = 0.

7.10 Find the projection of the curve
2 2
2 Y F
T 9 + 4 1=0 on the plane zOy.

r+y+2z2—-1=0
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7.11 Find the canonical form of the following quadrics:
a) 3822 + 35y% + 262 — 287y — 8xz + 20yz — 54 =0
b) 222 4+ 16y* + 22 — 8vy + 8yz — 22 —y + 22 + 3 = 0.
¢) 22+ y* + 522 — 6xy + 222 — 2yz —4dx + 8y — 122 + 14 =0
d) 2y* + 42y — 8xz —4dyz + 62 —5 =0
e) 22 +3y? +4yz — 62 +8y+8 =0

7.12 a) Find the canonical form of the quadric zy = =.
b) Determine the straight lines that belong to the surface of the
quadric and are parallel to the plane x +y + z = 1.

7.13 Determine the center and the radius of the circle given by
>+ 4+ 22 —20—42—-4=0
rT—2y+z+3=0

7.14 Find the geometrical locus generated by the lines

2z + 3ay + 62 — 6 =0
, a € R.
2r — 3y — 6z — 6 =0

—6
7.15 Find the intersection of the line x —3 =y — 1 = ZT with the

2 2

elliptic hyperboloid ‘% FyP o % +1=0.

7.16 Determine the straight lines that belong to the surface of the hy-

2 2 2
perboloid of one sheet — + Y Z 1—0and pass through the point

25 16 4
M(=5,4,2).

7.17 Find the straight lines of the quadric ) which are parallel to the

plane P, if:
2 2 2
a)Q:Z—l-?—l—ﬁ—l:oandP:6x+4y+32—17:()
vy d P: 3z 42y — 4z =0
b)Q.E—Z—zan : 3z + 2y — 4z = 0.

7.18 Find the equation of a plane tangent to the sphere 22 + 2 + 22 —
2z + 6y + 22 + 8 = 0 and containing the line z = 4t + 4, y = 3t + 1,
z=1t+ 1
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Solutions

If the center is C'(a, b), then a and b satisfy the system:

3a—b+2=0 :
. We obtain a =
VaF P T 627 = /a3 + 1
—3, b = —7 and the radius r = v/85. The equation is

(z+3)*+ (y+7)* = 85,
222 4+ 3y% — 100 — 15y + 12 = 0.
a) The eigenvalues are 1 and 7 and a possible basis of

: fors i ( 1 ) ( 1 1 ). Th
eigenvectors is v = (—, ——=), V2 = (—=, —=). e new

i SRV RV, LR NG BV
system of coordinates is obtained by a rotation, by e The

20/
equation in these new coordinates is 2’2 + 7y — TZ +1=0.
Then, by a translation 2” = 2’ — 5v/2, v = v/, we get the
"2 "2
. . Y

equation of an ellipse — + =— = 1.

a P9 Ty

,
Ay
.

y”
,
,
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(-2 L § tation and get the equati
vy = (———=, —=) we perform a rotation and ge e equation
NGIRVA / &
_x/2 + 9y/2 _ 301.
"2 "2

G
Y

3v/5, " =y, we get the equation of a hyperbola ® 1 1

s
¢) By a rotation of — the new system of coordinates is ob-

— 9 =0. Then, by a translation " = 2’ 4+

1 1
2 _ 53/2 = 1, an equilateral

tained and the new equation is 59:

hyperbola.

I I R
VI0' V10" T VA0 Vi

after a rotation and a translation the equation becomes 10y +

24/102” — 9 = 0, a parabola.
x//2 y//Q
e) vy + /}? — 1 =0, an ellipse.

f)z"? — yj — 1 =0, a hyperbola.

d))\lzo,)\g:lo,vl:(

a) A = 6 = 0, so the conic is degenerate, of parabolic
type, it represents two parallel lines. b) A # 0, 6 < 0 it
is a hyperbola. ¢) A = 0, § < 0 degenerate, of hyperbolic
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type, that means two intersecting lines. The equation can be
written as (2z +y + 1)(z +y — 1) = 0, which gives the two
lines 2z +y+1=0and z+y—1=0. d) One (double) line:
(x — 3y +2)2 = 0. e) Two parallel lines: z — 2y — 1 = 0 and
r—2y+3=0.

x z
Sy
One family of straight generatorsis G : % % 1
N
From the condition M € G, we get A = —1, so one of the
4r — 5 1024+20=0
requested lines is ‘ y+ 02+ . From the other
dr 4+ 5y — 102 +20 =0
r oz
sy n(i+]
family of generators G, : { % % 1 y\ weget p=20
T_Z2_1(1_ _>
5 2 u ( 4
20+ 0y =
so the line will be { oy
y=4

a) Hyperbola for a € (—oo, —77/4) U (—77/4,1); inter-
secting lines for a = —77/4; ellipse for o € (1, 00); parabola
for a = 1.

b) Hyperbola for a € (—o00,0) U (0,1); intersecting lines for

a = 0; ellipse for a € (1, 00); parabola for a = 1.

a) a #4;b) a =4 and 5 # 6.
a =4, f = —3 and the lines are x + 2y = 0 and = +
2y — 3 =0.

Fora = =~v=0thelineisr =0;,a=-2,=2,v=
l=2+2y+1=0a=2,=2,y=1=2—-2y+1=0.
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The common center is C'(1, —2).

By eliminating z between the equations we obtain the
curve 4522 +18xy+13y%— 181 —18y—27 = 0, so the projection
z=10

is an ellipse
4522 + 18xy + 13y?> — 182 — 18y — 27 =0

a) We have an ellipsoid of the canonical form ”“'1—2 + y; +
:I://2

% — 1 =0. b) An elliptic paraboloid 3”2 = 2T + %. c)

_%x//Q + %y/& + Z//Q +1=0. d) 7 = \/62//2 . 2\3/63//2. e)

—513”2 T y//2 i 421/2 —1=0.
11
a) The eigenvalues are 33 and 0. A possible basis of
1 1 0) ( 1 1 0)
T =y T = y Vo = \—=, —F=,
V2R T NRTVR

and v3 = (0,0, 1). In the new system of coordinates the equa-

eigenvectors consists of v; = (

tion becomes 2’ = §(y'2 —a:'2), that is a hyperbolic paraboloid.

T =\

1
Yy =%

b) One of the families of generators is { ., with the

direction vector [, = (0, T 1). From the parallelism follows
that the direction vector is perpendicular on the normal to the
plane, 7 = (1,1,1), that is L7 =0 WegetA=—1and

T = —
so the straight line is . From the other family of
y+z2=0
T =z , r+2z2=0
generators 'lf we obtain :
y=u y=-1

C(0,2,1), r = /3.
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By eliminating o we obtain an elliptic hyperboloid of
one sheet 422 + 9y% — 3622 — 36 = 0.

r=4,y=22=9.

xr oz Yy
S+l -a(1-4)
One family of straight generatorsis G : % % 1 Zzl/
o1 (1+Y)
. 5 2 A 4
From the condition M € G) we get A = —1, so one of the
4r — by + 10z +20=0
requested lines is ‘ y+ Nz . From the other
4x + 5y — 102420 =0
xr oz
sy n(1+7)
family of generators G, : { % % 1 yy weget u=0
LoE_L(n
o 2 u ( 4
204+ 5y =0
so the line will be { Ty :
y =

a) 6r —4y — 32+ 12 =0, 6z + 4y + 3z + 12 =0 and
6r —4y — 32 —12=0, 6x + 4y + 32 — 12 = 0.

b)x —2y—42=0,2+2y —4 =0 and z + 2y — 2z = 0,
x—2y—8=0.

r—y—z2—2=0.
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