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PREFACE

This book is based on the author’s 2023 doctoral thesis, updated
with selected postdoctoral developments. It aims to present a unified
perspective on modelling, synthesis, and implementation of robust control
systems, with particular emphasis on practical deployment aspects. The
material is organized such that each main chapter consolidates a core
methodological contribution documented in a full journal article, while
related refinements, variants, and a broader range of applications have
been disseminated through conference publications. This structure allows
the reader to follow a coherent end-to-end narrative while also identifying
the publication trail associated with each contribution. Minor stylistic
revisions have been performed for publication.
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1.1 Context and motivation

The context of the current monograph is derived from practice, to
provide better connections between fundamental research and practical
applications. The end-to-end workflow in control system design is based
on a collaboration of several subfields. It is usually seen starting from
obtaining an abstract mathematical model of the physical process to be
controlled, either through modelling or system identification techniques,
followed by a preliminary analysis of the system properties and perfor-
mances. Using the resulting performances as a baseline for the physical
process, a set of specifications is proposed for the desired behaviour of the
system, followed by a controller synthesis step with the goal of meeting
these specifications. Furthermore, the controller dynamics are currently
implemented on computer-based environments, which, in turn, requires
the sampling and discretization of the regulator model. Further compli-
cations are induced due to the inherent quantization of the signals and
coefficients involved, alongside other hardware and software constraints
of the production environment. This leads to discrepancies between the
expected performance metrics from continuous to discrete-time. Besides
inherent problems in the controller implementation, the mathematical
model of the process may appear inconsistent with reality after perform-
ing experimental tests. Such problems lead to an iterative process in
control system practice. All previously-mentioned control system-based
subfields are individually well-established, but the transitions between
the output entities given by one study which represent the input and
baseline for the application of another study are not treated in an unified
manner and holistically with respect to the other subdomains.

The controller synthesis is usually performed in continuous-time
domain, followed by a conversion of the resulting regulator to a discrete-
time counterpart, of infinitely many possible variations. From the au-
thor’s own findings, in many facets from the specialized literature, the
analysis usually ends after the continuous-time design step and then, the
implementation aspects are treated in an ad hoc manner for each par-
ticular use case. The relatively limited volume of studies focusing on
the conversion from the continuous to discrete-time domains in control
system design provides one of the main motivations of this book and its
developments. Rather than considering control system design as a collec-
tion of independent subfields, such as system modelling, robust controller
design, sampling, discretization, and quantization, it is important to ex-



plore how these areas can be integrated to address practical challenges in
designing and deploying robust control systems. This requires identifying
and addressing bottlenecks that arise when working with uncertainties,
sensor noise, and implementation difficulties in microcontroller-based sys-
tems, among other issues. By taking a holistic approach to control system
design, researchers and practitioners can develop effective solutions that
account for the interdependencies and trade-offs between different design
aspects.

While convex optimization has been a popular and effective tool
in many optimization problems, there are many important problems that
cannot be formulated as convex optimization problems or cannot be
solved using convex optimization techniques. The growing demand for
solving these nonconvex and nonsmooth optimization problems has mo-
tivated the development of new optimization techniques and algorithms
that can provide efficient and effective solutions for these problems. This
book aims to explore the use of techniques that can handle nonconvex
and nonsmooth optimization problems, primarily with a focus on their
possible applications in the system theory and control systems domain,
with branches specified above.

1.2 Objectives and contributions

Starting from the context and motivations described above, this
book will include two categories of objectives: research objectives and
implementation-based objectives. These objectives are materialized through
the contributions described throughout the book, which will also be indi-
vidually stated in their corresponding chapters and sections, with specific
references to the publications on which they are based upon.

1.2.1 Research objectives

The theoretical contributions are based on the general context of
closed-loop control, viewed as a complete design process involving the
modelling of the physical process, controller synthesis and controller im-
plementation. A part of the contributions are focused around the particu-
lar field of robust control, by providing novel means to design, implement
and validate control structures specific to this field, while some results are
applicable to more general control design approaches. The main concepts
studied and extended throughout this book are to:



(i)

(i)

(iii)

(iv)

(viii)

extend the classical series, parallel, upper and lower linear frac-
tional transformations for general nonlinear and hybrid systems,
to be used in Model-in-the-Loop simulation of physical processes
and of the closed-loop system seen as a hybrid system with con-
tinuous dynamics (process) and discrete-time dynamics (numeric
regulator);

compute equilibrium points with imposed specifications on families
of nonlinear systems;

linearize families of analytical nonlinear system models starting
from the set of equilibrium points as computed above;

fit reduced-order uncertainty models on frequency-response data
using nonconvex optimization with stability, minimum phase and
validity properties;

correlate sampling rate parametrizations with control theory per-
formance specifications, such as stability, steady-state and transient
response performance metrics and implementation difficulty;

correlate regulator coefficient quantization effects with classical con-
trol theory performance specifications, such as the robust stability
and robust performance metrics;

define a joint optimization encompassing the sampling rate and co-
efficient quantization step to allow the selection of the most faithful
representation of the continuous-time controller or, alternatively,
the easiest configuration for practical implementation on micro-
controller devices such that the imposed performance metrics are
still maintained;

analyze the execution time effects on classical linear time-invariant
control solutions through state-space and infinite/finite impulse re-
sponse filter topologies.

1.2.2 Implementation objectives

The proposed theoretical contributions will be implemented around

a general-purpose software toolbox used to gather all aspects involved in
the study, design, implementation and validation of closed-loop systems,
with a focus on a rapid control prototyping paradigm. Many specified
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design problems can be written as constrained nonlinear optimizations.
The combination of the fmincon and GlobalSearch functions in the
MATLAB environment is particularly well-suited for solving optimiza-
tion problems in the context of control system design, such as sampling
rate and quantization step selection, frequency-response data fitting, and
other related use cases. These methods can efficiently handle nonconvex
and nonlinear optimization problems, providing a powerful tool for engi-
neers and researchers working in the field of control systems.

Proposed features, in conjunction to the theoretical aspects from

Section 1.2.1, are to:

(i)

(i)

(iv)

implement an object-oriented programming (OOP) software frame-
work to allow the definition and simulation of nonlinear, linearized,
hybrid systems and their interconnections using the ode framework
and the Hybrid Equations (HyEQ) toolbox from [SCNI13], which
allows the specification of arbitrary exogenous signals and time-
dependent specifications;

define a Factory Method design pattern to generate a nominal plant
model and an adjacent set of uncertain model variations, which can
directly be used to fit transfer function envelopes useful in robust
control synthesis;

automatically compute equilibrium points numerically, with the
possibility to impose certain states, inputs, or outputs, while the
remaining ones are deduced through numeric optimization based
on a regression-type problem;

compute configurable uncertainty models (additive, inverse addi-
tive, multiplicative, inverse multiplicative etc.) through noncon-
vex optimization with a well-placed initialization point, as required
for robust control synthesis, with the pole-zero structure suggested
through a rook-type optimization using Log-Chebyshev fitting of
frequency-response data;

validate closed-loop performance metrics through Monte Carlo sim-
ulations based on the above OOP framework;

define Krasovskii passivity-based controllers and KPBC-based cas-
cade control structures with robust control path-planning terms to
guarantee local asymptotic stability and local performance metrics;



(vii) correlate sampling rates of IDOF, 2DOF and cascade control struc-
tures with fidelity and implementability specifications through con-
figurable functionals;

(viii) gather optimal sampling rates and coefficient quantization steps
such that the equivalent discrete-time regulator maintains the ro-
bust stability and robust performance metrics imposed on the con-
tinuous regulator;

(ix) provide means to simulate quantized control systems, seen as a
hybrid interconnection between a continuous-time process and nu-
meric regulator, and then assert imposed performance metrics;

(x) design input/state/output signal balancing of discrete-time regula-
tors to impose the least possible tracking error caused by quantiza-
tion effects, without affecting the transient response of the initial
regulator;

(xi) impose control law and hardware specifications in order to esti-
mate the worst-case execution time of the numeric regulator or, the
inverse problem of deciding the minimum microcontroller require-
ments to implement a given control law with a desired precision.

1.3 Book outline

The book is structured into four major parts. Part I gathers the
introduction, context, motivation, objectives and summary; Part II holds
the current stage of knowledge, being focused on describing the necessary
concepts, results, establishing notations and hosts most of the literature
studies performed in the work; Part III hosts the main chapters of the
book, i.e. research contributions originating from the author’s 2023 PhD
thesis, classified in theoretical contributions in Chapters 5-10, followed by
the extended Chapter 11 which gathers a wide variety of case studies and
illustrations of the theoretical results shown beforehand; the remaining
Part IV provides final discussions, the conclusions of the project and
future research directions. Besides the previously-mentioned four parts,
the book also provides a list of abbreviations and notations, figures, tables
at the beginning, closing with a subject index and the references.



Part I: overlaps with the contents of Chapter 1, which hosts the scien-
tific context of the monograph and its driving motivation, followed by a
short list of specific objectives, and a summary of its contents, detailed
by parts and corresponding chapters.

Part II: encompasses Chapters 2, 3, and 4, respectively. Chapter 2
provides the definitions of the commonly-used continuous-time system
models in the control system domain, as used throughout the book, such
as nonlinear, input affine, linear time-invariant and hybrid systems, while
also defining and describing the standard system interconnections: series,
parallel, lower and upper linear fractional transformations. Then, Chap-
ter 3 is structured in three subsections, performing literature studies
and mathematical descriptions of conventional control structures, such
as one-degree-of-freedom, two-degrees-of-freedom and cascade configura-
tions, followed by the generalized plant model used in robust control, en-
compassing uncertainties, abstract performance specifications and means
of synthesizing regulators using the H., and p-synthesis, concluding with
a description on determining performance specifications and validation
of the closed-loop system through simulation. Chapter 4 gathers the
theoretical foundations, literature reviews, and necessary notations used
throughout the monograph referring to regulator implementation aspects:
effects of sampling and discretization, signal and coefficient quantization,
and execution time analysis necessary for the implementation of linear
time-invariant regulators on microprocessor-based systems, with stan-
dard characterizations of numeric state-space realizations, infinite and
finite impulse response filter transfer functions.

Part ITI: encompasses Chapters 5, 6, 7, which are linked by the overall
scope of aiding in the design and validation of robust control systems, fol-
lowed by Chapters 8, 9, and 10, which cover aspects regarding the imple-
mentation of linear and robust regulators, providing a comprehensive list
and thorough description of theoretical contributions gathered from pub-
lications written throughout the years spent developing the monograph,
with their applications gathered in Chapter 11. Chapter 5 describes
an ode-based toolbox which allows modelling and simulation for classes
of systems their standard interconnections necessary in robust control:
series, parallel, along with upper and lower linear fractional transforma-
tions, as described in Chapter 2. The toolbox also provides an extension
of the Hybrid Equations (HyEQ) toolbox initially-presented in [SCN13]
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to also account for exogenous inputs and direct specification of system
interconnections through a unified software interface, used in multiple
instances throughout the book. Besides modelling a nominal plant, the
toolbox also allows the definition of factory-type class design patterns
which can account for a wide range of structured and unstructured un-
certainty types. Additionally, it provides a functionality to impose arbi-
trary input, state, and output signal values to force an operating point
for such a family of uncertain plants and then compute, through numeric
optimization, the remaining variables of the equilibrium point. Based on
such forced equilibrium points, a set of LTI models of the initially nonlin-
ear plant can be obtained and used to fit low-order uncertainty models.
Chapter 6 proposes a nonconvex optimization approach to fit SISO trans-
fer function models on magnitude response data. The resulting transfer
function will be, by design, stable, minimum phase and valid. Although
there are convex optimum alternatives in the literature, the proposed
method proves less conservative in an ¢;-norm sense, while, to account
for the NP-hardness of nonconvex approaches, a well placed starting so-
lution is proposed based on the well-established Log-Chebyshev method.
Chapters 5 and 6 can be used in conjunction as, starting from a non-
linear uncertain model with known analytic description, a set of LTI
plant models can be computed around a forced equilibrium point, with
the solutions of equilibrium points gathered also through numeric opti-
mization, while an uncertainty model can then be fit based on the LTI
descriptions to be directly used for robust synthesis. Chapter 7 describes
an approach to harvest the advantages of both passivity-based and ro-
bust control alike, by proposing a cascade control structure consisting
of an inner nonlinear Krasovskii passivity-based controller which guar-
antees the stability of the nonlinear process along its entire operating
domain, followed by a robust path-planning controller which imposes the
steady-state response. Chapter 8 proposes a unified approach to compute
the sampling rate for a continuous-time control structure in an optimal
manner, by taking into account both the fidelity of the response after
discretization, regarding the open and closed-loop behaviour alike, and
also the implementability of the regulator represented by an execution
time penalization term and a coefficient quantization-based influence.
This framework is then applied to one-degree-of-freedom, two-degrees-
of-freedom and cascade control system architectures and validated using
benchmark industrial processes. Chapter 9 proposes a unified approach
to analyze the quantization effects found in discrete-time regulator imple-



mentation, with separate studies performed for transient and steady-state
response behaviour, which are found to be decoupled and independent
from each other. Furthermore, to account for the transient response anal-
ysis, a joint constrained optimization problem is proposed involving both
the sampling rate and coefficient quantization step in order to solve for
the best possible solution while maintaining the robust stability and ro-
bust performance specifications. On the other hand, without affecting
the transient response of the discrete regulator, an optimization regard-
ing the state signal scaling is proposed to obtain a least possible tracking
error due to quantization and, additionally, to frame this achievable value
by a least conservative bound. This tracking error bound is analytically
computed based only on the state-space matrices of the process, regula-
tor, and hardware specifications made concrete by the resolutions of the
input/output converters and state/output computation arithmetic. A
hybrid model for the closed-loop system comprised of a continuous-time
plant and discrete-time regulator is developed to account for Model-in-
the-Loop simulation. Chapter 10 presents a formal mathematical model
to analyse the worst-case execution time of linear control structures rep-
resented by state-space realizations and filter topologies. It takes into ac-
count the formal mathematical operations found in the implementation
of the control law, their low-level assembly counterparts and also various
hardware-specific settings and metadata. Such an analysis can be used
in rapid control prototyping applications to account for the possibility of
implementation during a given sampling period. Chapter 11 provides a
practice oriented section to show recommended configurations, workflows
and parameter setups for the developed theory through an extensive set
of case studies. These examples illustrate the improvements achieved
relative to classical benchmark systems. Examples include (i) fractional-
order (FO) robust controller synthesis for a mass-spring-dashpot system,
showing the flexibility of the Robust Control framework being trans-
posed to fixed-structure regulators comprised of transfer functions with
FO elements; (ii) nonconvex uncertainty model fitting on two mechan-
ical systems, the first can be seen as an additive model for a resonant
system, with an optimization performed to also suggest the optimal pole-
zero configuration of the uncertainty envelope function, while the other
is an inverted pendulum-type system with derivative behaviour, with an
extended comparison to other uncertainty models, showing that the pro-
posed solution is the least conservative, while still remaining valid with
respect to the frequency-response data; (iii) multi-rate sampling period



selection for cascade control structures using the developed optimiza-
tion framework, showing the advantages relative to classical bandwidth
and Nyquist-Shannon theorem-based solutions, with intuitive 2D illus-
trations of contour plots for the nonconvex functionals; (iv) a joint sam-
pling rate and coefficient quantization step is performed on an industrial
overdamped system with non-minimum phase with a proposed optimal
solution ensuring maximum response fidelity, compared to a different op-
timum which accounts for the easiest implementability of the regulator,
while still maintaining the robust stability and performance indices; a
thorough discussion is also performed relative to the numeric aspects
involved in the optimization and resulting solutions, such as sensitivity
and condition number; (v) a loop-shaping robust controller designed for
a benchmark underdamped system is designed for minimum tracking er-
ror caused by fixed-point quantization effects, based on optimizing the
developed analytical worst-case steady-state bound through an adequate
signal scaling, with the illustration of the tightness of said bound; (vi)
an extended analysis for the SEPIC converter is presented, involving
the development of a hybrid state-space model, leading to an averaged
uncertain state-space model to be used for robust control synthesis, fol-
lowed by the development of a passivity-based controller in series with
a robust path-planning component, and concluding with a quantization
error analysis performed on said path-planning term; (vii) a DC mo-
tor two-degree-of-freedom PID with anti-windup controller is designed
to ensure good a tracking and load disturbance rejection behaviour, with
a further analysis of the worst-case anticipated execution time of the pro-
posed regulator to anticipate the processor load and idle times, equivalent
to deducing a minimum allowable sampling period.

Part IV: corresponds to the final chapter of the book, i.e. Chapter 12,
which provides a series of discussions, conclusions and future research
directions based on the concepts and results presented beforehand. It
is then followed by the list of bibliographical references and the list of
publications.
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2. Continuous-time system modelling

For the purpose of this book, the focus will be on determinis-
tic finite-dimensional nonlinear systems, and particular classes of system
structures which arise in the proposed results, studied separately: linear
time-invariant, input affine, and hybrid systems, alongside the classifica-
tion of continuous-time systems and their discrete-time counterparts.

2.1 Nonlinear systems

The explicit or standard system form of a nonlinear dynamical
system is obtained by writing the plant model in the following canonical
form, using a set of differential equations and a set of output equations:

)i =F(x,u,t);
(X) : {y — h(zut), (2.1)

with vector maps F' and h as Lipschitz functions. The input signal u has
dimension m, state signal = with dimension n, and output signal y with
dimension p, with ¢ > 0. The initial conditions are z(0) = zy € R".

The previous explicit structure presents a generalized canonical
form, where besides the differential and output equations, it additionally
contains an algebraic equation, described as:

T = F(x,u,t);
(EDAE) . 0 = G(x,u, t); (22)
y - h(x’ /U/, t)?

with F', G, h being Lipschitz functions of appropriate dimensions. Such
systems are thus modelled by differential-algebraic equations (DAEs).
Physically, they are comprised of subsystems described by differential
equations and coupled by algebraic constraints, such as: models of chem-
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ical processes (dynamic balance equations constrained by thermodynamic
equilibrium relations, steady-state assumptions, empirical correlations),
electric networks (components coupled through Kirchhoff’s laws), me-
chanical systems (subsystems coupled by joints) [Miil00]. They also arti-
ficially arise in control system architectures, due to the control constraints
imposed on the physical processes. Singular systems also typically arise
as a limiting case or when redundant system modelling is used.

2.2 Control affine nonlinear systems

As utilized throughout the monographs [LaV06] and [Isi94], a rel-
evant state-space structure used in practice in the field of robotics is
described by the control, also known as input, affine nonlinear system:

o= g0(@)+ Y (e

y = h(z),

(%) : (2.3)

described by the drift term go(x) and system vector fields g;(z), 1 € 1, m.
Such classes of systems can be directly employed and controlled us-
ing Lyapunov, Lyapunov-Krasovskii and passivity-based methods [I[<hal5].

2.3 Linear time-invariant systems

Of particular interest for the framework and for control systems
in general are linear time-invariant (LTI) systems:

t = Ax + Bu;

2.4
y = Cx + Du. (24)

(G(s)) : {

Separately, a nonlinear system can be linearized in the vicinity
of an operating point, which is an equilibrium point for said system.
The operating point (ug, Zo, Yo, to) can be provided by the user or can
be computed via software tools. The linearized system will work with
variations of the initial variables and have the following model:

(G<S)):{ix:A~Ax+B~Au, (25)
y=C-Ax+ D - Au,
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written in an expanded manner as:

) - T =A(x—x0)+ B(u—up);
(G( )){y =C(x—x0)+ D (u—up) + yo, (2:6)

which allows simulation of such systems in lieu of the general interface
provided by Equation (2.1).
Multiple approaches exist to obtain LTI models:

e linearization by numeric perturbation of the nonlinear model in
an operating point; the perturbation step size should be selected
to optimize the accuracy of the result by making a compromise
between the rounding error and the slope of the tangent; higher-
order differentiation methods could be used, resulting in higher
precision with the trade-off of increased computational resources
[GWO8]. On the other hand, an exact linearization algorithm can
be applied if the system model has a known analytical expression.

e exact linearization through feedback, via Lie derivatives [[s195; Khal5;
Son98], method which then adds the direct and inverse topological
transformations in the controller implementation;

e using the Koopman spectral theory approach [Bru-+22];

e describing function method [GV68], which additionally focuses on
obtaining relevant information from the nonlinear dynamics.

e experimental identification at an operating point using time and
frequency-domain methods [[.ju99]; such methods could be applied
in practice with the use of actuators, an acquisition system and
identification algorithms, or through computer simulation.

2.4 Hybrid systems

An important extension of framework (2.1) for hybrid systems, to
account for system discontinuities and switching behaviour, is described
in [GST12], with state-space structure:

t =F(z,u,t), (z,u,t) €C,
(=M at =G (z,ut), (z,u,t) € D; (2.7)
y = h (:I;, U7 t) )
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with F' as the flow function, G the jump function, and h the output
function, while C C R*™*! represents the flow set and D C R+t
is the jump set, respectively. When performing an ode simulation, a
jump condition trigger is permanently verified and, based on the selected
configuration, it allows prioritizing the flow logic, the jump logic, or a
stochastic behavior which includes randomly selecting any of them. This
jump condition will also be needed for hybrid system interconnections.

A MATLAB-based implementation of the above interface is pro-
vided in the book, starting from the Hybrid Equations (HyEQ) Tool-
box from [SCNI13], extended to support exogenous inputs and provid-
ing a unified interface for the system interconnections described in the
next subsection, i.e. 2.5. The HyEQ Toolbox allows implementation
and simulation of hybrid system models based on the ode suite from
MATLAB/Simulink, with commutation logic implemented through the
events functionality. Exogenous input signals must be known before-
hand, such as reference signals and disturbance inputs, and it becomes
useful for Model-in-the-Loop simulations.

2.5 System interconnections

After defining individual or atomic systems as in previous sections,
the necessity for composing system interconnections readily appears. The
classical interconnection operations are the series, parallel, lower and up-
per linear-fractional transformations (LLFT and ULFT), which are sim-
plified cases of the Redheffer star product. The definitions are presented
for nonlinear systems ¥; and Y, with framework (2.1), alongside the
generalization of hybrid systems X and X% from (2.7). The first case
is useful for linearization near an operating point, studying its system
theoretical properties, and designing control techniques, while the latter
becomes useful in a Model-in-the-Loop simulation context and for closed-
loop system properties analysis. For hybrid system interconnections, the
continuous and jump dynamics sets C and D, respectively, are obtained
using union and intersection set operations.

Moreover, the next discrete state for each subsystem is triggered
by its own logic, defined by the jump function G;(x,u,t), i € {1,2} and
only when necessary, i.e. a jump condition is met; otherwise, it remains
unchanged. For specifying the next discrete state z logic, as in the
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interface of the jump dynamics, assume the following notation:

Sla lfﬂ = ]-7

6 it B =0, (2.8)

@ (B,61,&) :{

where, based on a logical variable 8 € {0, 1}, the function ¢ delegates to
its output the second or third input argument, as in &; or &s.
The scalar variables 3 (t) for ¥, f5(t) for X% check the necessity

of performing a jump at the current moment of time t.

2.5.1 Series connection

Given two subsystems ¥; and ¥y with dimensions (my, nq, p;) and
(ma, na, p2), respectively, the resulting series connection system will have
dimensions (m=mj, n=n;+ng, p=py). For a valid series connection, the
precondition is that the number of outputs of the first subsystem must
coincide with the number of inputs of the second subsystem, i.e. mo = py.
An analytical expression for LTI components is provided in [[OW99].

[;‘51] B Fy (z1,u,t) ] _
(25) : To B Fy (x2;h1 (.731,u,t),t) 7

Y = hs <$27h1 (xlauat)at)~

(2.9)

The equivalent series connection for hybrid models % and ¥ has
the state-space realization:

(1, B Fy (zq,u,t) ] '
i | Fy (w9, hy (1, u,) 1) |
af _ @ (B1, G (z1,u,t) ,21) ,
(£5) - Ty e (B2, Ga (z2, ha (w1, u,t) ,t) ,22) | (2.10)

C(a:,u,t) = Cl (‘xlvuut)mCQ (232,}1,1 ('Ilau?t)7t);
D (xz,u,t) =Di(x1,u,t) UDy(xa, hy (x1,u,t),1);
\y :hg (ZEQ,hl (xl,u,t),t).

2.5.2 Parallel connection

Given two initial subsystems 3; and 5 with dimensions (mq, nq, p1)
and (mg,ng, p2), the resulting parallel connection system %, will have
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dimensions (m=mj=ms, n=n1+ny, p=p1=p2). For a valid parallel con-
nection, the required precondition is that the number of inputs of the
two subsystems must coincide, alongside their number of outputs, i.e.
my1 = my and p; = py.

The equivalent state-space representation is:

i Fi (21,u,t)
(3p) : q |32 Fy (29, u,) (2.11)
Yy :hl ($1,U,t)+h2 (Ig,u,t).

An analytical expression for LTI components is provided in [[OW99].
The equivalent parallel connection for hybrid models ¥ and X4
has the state-space realization:

(i _ Fi(
To Fy (w2, u,t)

mlauﬂf)] .
(BlaGl (xhu?t)?xl) .
(ZZ) .ZU;_ (BQaG (JIQ,U,,t),ZEQ) 7
C<I7U7t> = (Ilau t)mCQ (l’g,u,t);
D([L’,u,t) _Dl (Ilvu t)UDQ (x%u’t);

\y :hl (xlau7t>+h2 (.Ig,u,t).

(2.12)

2.5.3 Lower LFT connection

Given two initial subsystems 3; and 5 with dimensions (mq, nq, p1)
and (mag, g, pa), respectively, the resulting LLFT connection system will
have dimensions (m=mj+ms, n=ni+ns, p=p1+p2). The subsystem ¥}; is
usually seen as the augmented plant P, while Y5 is seen as the controller
K. In order to ensure compatibility between the two, several assertions
must be made: Nypeas = Ny, = Ny, AN Neon = Ny = Ny,

[Zii'1] F1 (1:1’ LFT7 t)]
F2 ($27 LFT7 t)
) )

(ZLLFT . - hl ($1, LLFT’
Y B _hg (CL’Q,U%LFT,t)

The equivalent LLFT connection for hybrid models X% and X% has

(2.13)
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the state-space realization:

( —9'01 i (21, ubtFT ¢ |
| |
ay _ ( B, Gy (xl,ulLFT,t) ,a:l) '
(Sfeer) : S L ] (52’G (xQ’uQLFT t) )] 7
C(x,u,t) = C (m utLET ) NC, (:vg, LLFT,t) :
D (z,u,t) =D (a, ulLFT ) UDy (22, ub™T, 1) ;
[hl (xl, ut T t)]

hg (LUQ, U%LFT, t)

“‘151

(2.14)

The input-output interface used in the previous two definitions of
(2.13) and (2.14) is given by the following relations:

- T T
w=lul wf] =[ul, w7 W g 0 (215)
LLFT U1 _|un
u1 - re _ f— 5 (215b)
| Uo +y21 | U12 |
ref .
uo;) + U
UISLFT _ Y% y12 — | Y21 (2.15(:)
i U22 ] _U22_

The common convention in the literature is to consider the last n.qy
values from the input vector uq, i.e., u12, as control input signals, while
the last npeas values from the output vector yy, i.e., y12, as measurements
signals. Only the vector u will be an exogenous signal, as the feedback
components y;, and y,; are local and private feedback components com-
puted implicitly at the previous time step, dictated by the selected ode
solver. The exogenous signals uy; and ugs are seen as disturbance signals,

while the signals u5 and u}’ are seen as references.

2.5.4 Upper LFT connection

Given two subsystems ¥; and ¥y with dimensions (my, nq, p;) and
(ma, na, p2), respectively, the resulting ULFT connection system will have
dimensions (m=mj+ma, n=n;+ng, p=p1+p2). The subsystem ¥ is usu-
ally seen as the closed-loop plant with regulator M, while 3, is seen as the
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uncertainty block A. In order to ensure compatibility between the two,
several assertions must be made: n, = n,,, = ny, and n, = ny, = ny,.

[1‘1] . _Fl (xla uULFT7 ) .

in| g, uIHFT )|

(ZULFT) . B hl g 2 IQJLFT’tg: (216)
Y B h/2 (LL’Q,U2 LFT,t)

The equivalent ULFT connection for hybrid models ¥ and X4
has the state-space realization:

( -561] F1 (371, ULFT,t)] '

F2 (mz, ULFT t)

( 1, G (a:l,ulLFT t),xl) .
o (52, G (2, W4 1 )] |
VLR C (z,u, t) = Cl (21, u{™7T, ) N Co (2, ud™ T, 1) ;
(xl, ulleFT ) U Dy (xg, gLFT,t) :
[hl (3:17 ULFT t)]

h2 (372’ ULFT t)

85 8
| I— |
I
‘6 ‘G

(2.17)

y —=

The input-output interface used in the previous two definitions of
(2.16) and (2.17) is given by the following relations:

Yo _
U = U2, U}JLFT = [u2 ] ) UELFT = Y- (2.18)
12

The common convention in the literature is to consider the first
n, values from the input vector of the plant subsystem, i.e., u;;, as input
uncertainty signals, while the first n, values from the output vector of the
plant, i.e., y11, as output uncertainty signals. Only the vector u = uy5 will
be an exogenous signal, as the feedback components y;; and y, are local
and private feedback components computed implicitly at the previous
time step, dictated by the selected ode solver. The exogenous signal uo
is seen as set of performance and control signals for the plant, without
any reference signals recalled explicitly compared to the LLFT case.
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3. Linear closed-loop control

3.1 Classical LTI control structures

3.1.1 Literature review

In the control systems domain, several classes of relevant problems
can be gathered from literature:

(1) eigenvalue assignment via feedback, applicable to both singular
[IOW99] and nonsingular systems [Ost11];

2) minimization of quadratic cost criteria [ZDGI6; Ost11; LXPOg];

3) disturbance rejection [AHOG; SP05];

4) asymptotic output regulation [SP05; Khal5];

5) servo control [Miil00], leading to a DAE system formulation (2.2):

N N N N

T=F(z,u,t); 0=1ywer— h(z,u,t). (3.1)

All previously-mentioned problems have their largest applicability in the
framework of linear systems. Linear controller design techniques are
available for both linear plants and nonlinear process models alike. Start-
ing from the classical proportional-integral-derivative (PID) controller
[AHO6] towards the domain of robust controllers [ZDG96; SP05], these
techniques can be extended to nonlinear systems via gain-scheduling
methods [GA13], feedback linearization [Is195; [si94; Khal5], additional
passivity-based components [Xia-+15]. Moreover, with great advantage
in also coping with disturbance rejection problems, alongside reference
tracking specifications are the so-called two-degrees-of-freedom (2DOF)
control schemes [AH06; AM22]. In [TA00], a 2DOF PID controller has
been proposed, where the serial compensator is a classical PID controller,
while the feedforward compensator is a PD controller, the integral effect
being excluded due to the stability requirements. For the case of unsta-
ble plants with time delays, a discrete-time 2DOF control scheme has
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Figure 11.20: Functional (9.9) contour plot for the example process
(11.31) with optimum & = (4.2739x 1076, 1.02448 x 10~ 10).

Figure 11.21: Peak structured singular value constraint [dB] as function
of £ € RZ.

the characteristic polynomial of én and corresponding poles are presented
in Table 11.11, noting that both computations lead to complex conjugate
poles and, additionally, the analytic formula leads to an unstable pole.
As such, the simulations for the Monte Carlo experiments implying &5
required the use of additional balancing operations.
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To further illustrate the numeric properties of solutions £ and &3,
a numeric approximation of the least guaranteed sensitivity bound (9.16)
was deduced for both cases, using the more demanding function Fs from
(9.13), for an objective comparison, with 100 Monte Carlo samples per
experiment. For &, a relative perturbation hy = 3.2x107% around &
leads to N, (&) ~ 7.8535x1071°, and kr, (z) € [964.093, 7812.503], for
x€E (&, h1-E), while a considerably smaller relative perturbation hy =
0.25%107% around & leads to N, (&) ~ 1.0685x1072! and kr, (z) €
[8.138,84.705] x 10'7, for x € £ (&, ha-&5). A perturbation of hy is toler-
able in practice due to stochastic numeric errors, being in the acceptable
range for the least significant bit values for 7 and q, while the case of &
with a tolerance hy yields it unusable. This sensitivity analysis is directly
reflected in the structured singular value plots from Figure 11.23, with
relative deviations of 1075 around the computed solutions, and a num-
ber of 100 Monte Carlo simulations, showing the ability to consistently
maintain robust stability and performance criteria only for the case of &5,

with pa (ﬁ, }N(q> < 1, property not maintained around &.

Table 11.11: High numeric sensitivity of the characteristic polynomial of
G, for the solution & = (4.2739x107¢,1.02448x10717).

Case ‘ Parameter ‘ Computed value
1 Ideal 21 93 0.999995726091887 < 1
Analytic aq —2.999987178275663
2 Analytic as 2.999974356606124
Analytic ag —0.999987178330461
Analytic % 1.000005221571111 > 1

2 Analytic 2, | 0.999990978352276 + 0.000008223234706
Analytic 23 | 0.999990978352276 — 0.0000082232347067

c2d a; —2.999987178275662
3 c2d as 2.999974356606122
c2d as —0.999987178330461
c2d % 0.999995723377957 < 1
3 c2d 2o 0.999995727448852 + 0.000000002350638

c2d Z3 0.999995727448852 — 0.0000000023506387
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Open-loop frequency response Closed-loop step response
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Figure 11.22: Open-loop frequency responses using the optimal discrete
quantized regulators K, based on £} and &3, along with closed-loop step
responses, compared to the initial continuous case K.

S1SV frequency response for {§ SSV frequency response for &

A Optimum
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Figure 11.23: Structured singular value frequency plots for the two opti-
mal solutions for 107 relative deviations: £}, shown to be insensitive; &,
shown to be sensitive by losing desired robust stability and performance.
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11.5 Least conservative tracking error bound example

To illustrate the practical implications of the proposed results from
Chapter 9, namely the optimization from Section 9.2.2.3, consider an
academic example disseminated in [Sus+24a]. It is characterized by an
underdamped system with a pair of complex poles and a left half-plane
zero to be controlled, with the desire to compute the least conservative
quantization error bound given an arbitrary hardware configuration. The
continuous-time model is:

—-0.2 —-05]1
G (B = 05 0o (11.39)
"\ oD : , .
0.0 10
with singularities $;2 = —0.1 £ 0.48995 and s; = —5. The process is
further discretized using the zero-order hold method and a sampling

rate T = 0.1[s], leading to an ideal numeric representation G(z) =
(As, By, Cs, Ds), as required in (9.32):

0.979 —0.04948 | 0.09897
A2 B2
(G(2)) : = | 0.04948  0.9988 | 0.002483 |. (11.40)
C'2 D2
0.1 1 \ 0

A set of closed-loop performance metrics are be imposed through
the weighting functions:

0.55s +0.1 s+0.2
Wals) = =2 2020 prg) = —0 2% ()= 1. (1141
s = oo VT = Gonsroar e =1 (141
focusing on a sensitivity bandwidth wp = 0.1[rad/s|, peak sensitivity

amplitude M = 2 and allowable steady-state error coefficient A = 1072,
The regulator has been obtained through a H., synthesis, tuned us-
ing the above loop-shaping for an overdamped response, with resulting
continuous-time state-space representation:

—0.001 0.05579 —6.35x107° | (.3432

0.05579  —146 14.29 —9.623
(K(s)) : B (11.42)
6.384x10> —14.29  —0.00019 | —0.01085

03432 —9.623  0.01085 0
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and corresponding numeric regulator K(z) = (A, By, C1, D), using the
Tustin discretization method:

0.9999017 —0.000633 0.0004463 | 0.107559
—0.000633 —0.773041 —0.162164 | 0.345551
—0.000446 0.1621641 0.8841128 | 0.243469
0.1075598  0.3455512 —0.243469 ‘ 0.531996

(K(2)) : (11.43)

The default H,, norms of the input-state and input-output dynam-
ics OfK(Z) are chz ||(A1, B17 I, O)H =1085.3 and Nu: H(Al, Bl, Cl, Dl)”
= 117.7, respectively. Keeping in mind that N, is invariant to similarity
transformations (9.47), it adds no benefit to constrain A,, < 27 = 128.
Considering A',, = 512, then the minimum number of bits in the sig-
nal word length becomes L, ,=log, (512) +max{Lapc, Lpac}. Consider
a standard configuration of Lspc = 12, Lpac = 13, in the supported
range elk], u[k] € [-5,5] [V], leading to L,, = 22, without including the
sign bit. As such, the working resolutions become §, = 2.441 x 1073,
0, = 1.192 x 107°, 6, = 1.22 x 1073. The default tracking error bound
computed using (9.34) and the eig routine, without solving Problem 14,
is Qy = 12.685x 1073, with a corresponding similarity matrix:

0.0003 0.6448 0.6448 —0.8051 —0.0674

0.9949  pn Py  —0.0100 —0.0808
Py=|—0.0987 ps Py, 05404 09687 [,  (11.44)

—0.0210  pz Py 01184  0.2076

0.0001 ps  Ps, —0.2135 —0.0868

with ppo = —0.0224 + 0.0001j, p3z = 0.1037 + 0.62447, pso = 0.2890 +
0.09267, ps2 = 0.0355 — 0.2996.

Performing the optimization (9.54) with the observations from
Section 9.2.2.4, the least guaranteeable tracking error becomes Q* =
0.924x1072 for a solution (£*, %) € R™ x R™:

T = (12.1729 8.6178 7.6911); (11.45)

a*T:(7.5O78 8.6092 7.7229 8.3333 3.3261), (11.46)

which provides an improvement factor of Qy/Q* = 13.99 beyond the
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default value as deduced strictly by the theory developed in [SMD22].
The admissible range for the state signal becomes N} = 89.15 < N,
denoting a feasible solution. Thus, the regulator representation which
guarantees this bound is K¢+, with a corresponding coordinate matrix
P.«, up to a permutation II of its columns.

To further assess the tightness of Q*, consider a series of experi-
ments using N = 500 Monte Carlo simulations, with step reference signals
varying in the range r € [0.5,1.5], midriser quantizers for the ADC and
DAC blocks, and midtread for the internal computations, respectively,
along with a simulation time tg,, large enough for the system output to
stabilize under the prescribed Q* deviation. The computed closed-loop
settling time is t; = 15.6[s], considering the +2% convention. Assuming
a dominant closed-loop pole with real part Re{s,} = —i, the neces-
sary time frame for simulation such that the output signal’s dominant
oscillating mode is attenuated in the range of the quantization error is
computed:

ts 1

toim > 1 In (§> = 27.32]s]. (11.47)
Considering tg,, = 120][s], the Monte Carlo simulations lead to a coverage
[0,13.43] [%] for Qp, with maximum at r = 1.0128 and [0, 99.82] [%] for
Q*, with maximum achieved for r = 1.2323, respectively. Additionally,
the reference signal values for which the maximum coverage is attained
are not unique. The results described in this section can be summarized
through the illustration of Figure 11.24. This shows that the refined
bound can become significantly lower than the default value and is also
achievable in practice, so it cannot be further decreased. The command
signal u[k] is initially stochastic, but after a specific index k > k. € N,
it converges either to a constant value or to a limit cycle trajectory.
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G(z) output y[k] G(z) input u[k]
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Figure 11.24: Closed-loop simulations of the quantized control system,
where the first column involves output signals v, y,, Ay = y—y, and the
second column involves input signals u, u,, Au = u—u,. The first row
shows the closed-loop step response for an arbitrary step reference, the
second row illustrates the default application of Theorem 4 with a con-
servative bound Qg and best achieved tightness of 13.43[%], while the
third row shows the obtained improvements by solving Problem 14, with
the bound Q* covered up to 99.82[%].
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11.6 SEPIC modelling, control and implementation

This section gathers results from multiple studies performed along
the papers [Sus+21; MSD21; Sus+22a; SMD22], and Chapters 5, 6, 7
and 9, starting with the proposal of hybrid and averaged state-space
models, proceeding with a single full block uncertainty modelling as in
[Sus+21; Sus+23] and further robust control synthesis step, followed by
a Krasovskii passivity-based controller and robust controller cascade de-
sign as in [MSD21], concluding with some practical aspects regarding the
robust controller implementation, with the focus on steady-state quan-
tization analysis, based on [SMD22]. Other modelling contributions for
DC-to-DC converters, passivity-based control and renewable energy op-
timization have been presented in [MSD19], [Mih+20], [Mih+21a].

11.6.1 Mathematical modelling

The non-ideal DC-to-DC single-ended primary-inductor converter
(SEPIC) is presented in Figure 11.25, where each component is described:

e 51, Sy: switching devices;
e [, Ly: converter inductors;

o C;,, (1, Cy: converter capacitors;

e R: (variable) output load resistance;

e [J: external source voltage;

e 11, rr,: resistances associated with the inductors;

® 1c,., T'cy, TC,: capacitors parasitic resistances;

® Tps,, 'ps,: resistances for the switching devices’ ON state;

e Vp ,: constant voltage drops for the conducting phases of S »;
e 1 € [0,1]: normalized duty cycle for S;, complementary to Ss.

SEPIC topology

Figure 11.25: SEPIC circuit topology.
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Although S, is typically a diode, it is preferable to use two en-
capsulated transistors for S; and S;. When working in continuous con-
duction mode, the converter will have an ON state, corresponding to S;
being on and S, off, along with a complementary OFF' state.

Given that it has 5 active elements, a state vector will be con-
sidered = (ve,, ,ir0,, V0, , L, Ve,). The corresponding LTT models, for
a constant load resistance R, for the ON/OFF states will be presented
with the external voltage seen as a disturbance input u = E, the voltage
drops Vi, and Vg, as constant DC inputs, and the load resistor voltage
vgr as measured output:

.
T = Aon - x + <BON BV,ON) (E Vi VF2> ;
. (11.48)
y=Cox-2+ Doy Dvox)(E Vi, Vi) .
_ T
&= Aorr -+ (BOFF BV,OFF) (E Vi VF2> ;
(11.49)

.
y = Corr-x+ <DOFF DV,OFF) <E Vr VF2> :

The control variable is the duty cycle of the switching devices
p € [0,1]. Using a convex combination of the ON and OFF equation sys-
tems from (11.48) and (11.49), an averaged state-space nonlinear model
of the process is obtained close to the hybrid model’s behavior given a
sufficiently high PWM frequency:

j::M'ION"i_(l_/l')'xOFFEF(xu [E,R7/,L]T,t>. (115())

As such, an affine nonlinear system, with respect to pu, with the
state function F' above can be implemented by inheriting the class Sys-
tem of the toolbox. The disturbances affecting the system are the voltage
source F and variable output load R, stochastic by nature, along with un-
certainties of its components due to manufacturing tolerances, relevant on
inductors and capacitors. As the toolbox allows using the output capaci-
tor voltage or output load voltage with minor modifications, the resistor
voltage was considered as measurement variable due to its corresponding
practical control use cases. By inheriting the class UncertainPlantFac-
tory, a set of tolerances can be imposed on all relevant circuit parameters
and, also, an LTI uncertain set can be automatically computed with the

173



provided mechanisms. According to the mechanism from Section 5.3,

only the steady-state values of E, R, iz will be imposed, part of the full

Operating pOil’lt (H7 z, y) = ( [Ev Eu ﬁ] ! ) [ﬁCm ) ZLl Ve s €L2 ) ECQ} ! s UR ) -

The SEPIC converter state-space model for the ON state of switch
S1, as structured in (11.48), is:

—rc”fom 0 0 0 0 010 0 0
LLl T[l/ll 0 leTQ 0 0 _LLl 0
0 0 0 c% 0 0 0 0
i b > 0 0 |z 0
1
0 0 0 0 S G=nTen 0 0 0
R
0 0 0 0 e 0 0 0
(11.51)

with 7,1 = r¢,, + 71, +Tps,, Ti2 = Tps, + re, + 1., while for the OFF
state of the switch S;, according to (11.49), is:

1 1
~ e O 0 0 0 0 e 0 O
1 Ti,: 1 T, 1 1
7 el o | 0 0 g
0 = 0 0 0 0 |0 0
1
T4 T, 1 1 9
0 L O - 0 |0 %
R R 1
0 R; 6C2 0 " RisC2  RieCo 0 0 0
rcR rocR R
0 Rirc 0 B Rirc Ri6 0 0 0
(11.52)

and notations r;3 = rr, +7¢, +Tps, +7c, F 70, Tia = TDSy, FTCy T Ty,
7"7;’5 - TDSQ + TCQ7 Ri,ﬁ - R + TCQ‘
Starting from the SEPIC physical circuit interface:

(U7 L, y) = ([Ea Ra /'L]T [’Ucm, Z.L17UC17Z.L27 UCQ]T )UR> ) (1153)

it can then be extended to the hybrid framework interface of (2.7), writ-
ten with the flow dynamics described by the map F"

T (1 —q) (Aonz+Bonu) +q (Aorrz+Borru)
il = 0 . (1154)
T 1
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.
-
with hybrid state, input and time vector | 2T = |:xT q T} U t> S

C, along with jump dynamics given by the map G:

_ N -
xt 1,if¢g==0
g | =110, if¢g==1]|,(z,u,t) €D, (11.55)
T T, if ¢ ==

| |0, ifg ==

followed by the flow domain C, defined as:

C(z,u,t) ={((g==0)A (T < p-Tpwnm))V (11.56)
q==1AN(T>p -Trwu))},

the jump domain D, defined as:

D (zu,t) ={((¢ ==0) A (7> p-Tpwn)) V (¢ == 1) A (T > Trwm))}
(11.57)
and concluding with the output map y = h (2, u,t) = vg.

11.6.2 Passivity-based control and path-planning design

A detailed design and analysis steps of the proposed Krasovskii
passivity-based design with robust path-planning method from Chapter
7 and toolbox workflow for the SEPIC is further presented. The nominal
values of the SEPIC converter parameters used for this set of numeric
simulations are presented in Table 11.12, along with their tolerances.

Firstly, we proceed to obtain the robust controller used for path-
planning, using the closed-loop shaping methodology. As such, we need to
linearize the averaged state-space system (11.50) according to (5.4) and
(7.19). Let a desired input/state/output operating point specification
be to have the output signal yo(t) = 400 [V], with a nominal external
voltage source Ey = 300 [V] and load input Ry = 80 [€2]. An initial guess
for the state equilibrium values was 7o = [300 10 300 —10 4OO]T,
followed by 1z, = 0.55 for the duty cycle control input. Through numeric
computation by solving Problem 3, the nominal equilibrium point follows:

(@, 7,7) = ([300,80,0.578] , [300, 6.87, 207.72, —5,400] , 400) . (11.58)
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Param. Val. Tol.  Param. Val. Tol.

L, 257 [mH £20% L, L171mH +20%
ro, 130 mQ  £10% oy, 110 [mQ]  £10%
rps, 001 £10%  rps, 80 [m€] +10%
O, AT[F] £20% Oy 3.57 [uF] +20%
roy 270 (mQ)]  +10% ey 350 mQ] +£10%
Co 357 [uF] +20%  rc, 270 Q] +10%
Ve, 02[V]  +£10% Ve 0.62[V] +10%

Table 11.12: SEPIC parameter values and tolerances.

After calling the 1inearize () routine for the plant model (11.50),
performing (5.6), the uncertainty model needs to be computed. An input
multiplicative uncertainty model, according to the framework from Chap-
ter 6 was fitted, i.e. G = G, (1 + AU), with ||A|| < 1. This model has
been automatically computed from input us = p to output y; = vg, with
the additional tolerances E € [290,310] [V] and R € [75,85] [2], based
on N = 1000 Monte Carlo simulations. An extensive frequency range for
the converter is Q = [w = 1072, @ = 108], with 300 equally distributed
samples in logarithmic scale. As performed in [Sus+21], a particle swarm
optimization algorithm was employed with hyperparameters: swarm size
of 1000, initial swarm span of 10*, minimum neighbors fraction of 0.9,
and inertia range of [0.1,1.1], resulting in:

§2 4 2.5 + w2 s + 12895 + 4.623x 10°
U(s) = K 2% .53201 .
) = R st k. " 2+ 158.65 + 6.286x 107
(11.59)

The linearized SEPIC plant family is comprised of fourth-order
stable systems, in minimal form, with four zeros, three of which are of
nonminimum phase, corresponding to the control path. The nominal
MISO transfer matrix model from u = [AR, AE, Ap]" to y = Avg is:

5.925x 107 (s24-162.5547.202x 107)
0.021779(s + 346.5)(s> + 179.75 + 5.637x107) |,

4.1368(—s+2.304x10%)(s2—=717.45+5.145x 107)
(11.60)

S+8x10°

G =)
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where a(s) = (s*+26735+3.749%x107) (s?+1339s5+6.493x 107).

A main purpose for the controller synthesis was to highly penal-
ize the control effort near the system resonance, as the obtained con-
trollers would be difficult to implement in practice otherwise, requiring
high sampling frequencies, i.e., f. > 24 [kHz|. As such, the sensitivity,
complementary sensitivity and control effort loop-shaping filters are:

0.55 + 200 1005 + 346.5
W(s) = —22 20 Wieg(s) = o 000,
sto) = —3g 7 Wrs) = — g5
2 4 40005 + 4x 106
Wi(s) = > T 20008 £ 2x (11.61)

T 10452 + 56.57s + 8x 106

with an imposed sensitivity bandwidth of at least wp = 200 [rad/s],
admissible steady state error of maximum A = 1072, allowed sensitivity
peak at M = 2. A relatively low bandwidth was imposed to compensate
the SEPIC converter resonance and presence of multiple nonminimum
phase zeros. The complementary sensitivity bandwidth must be faster
than wpr = 2000 [rad/s|, forcing a high frequency attenuation of at
least A7 = 10~* with a roll-off order n = 2, with an allowed peak of
M7 = 2. The control effort weighting function imposes all frequencies
with magnitude less than 1, with a further penalization of maximum 0.1
above w & 1000 [rad/s], due to the resonant peak at wyeqr = 9000 [rad/s].

From the direct application of the p-synthesis procedure for the
augmented plant with uncertainties, a controller of order n = 19 is ob-
tained. This procedure is followed by a balanced order reduction op-
eration, with the smallest-order controller which manages to ensure all
imposed performance specifications, with a peak value pa (LLFT(P, K)) <
0.901513 < 1, being of order n = 3:

—1.997 3.056 3.227 | —0.5018
SEPIC —3.057 —2197 —6118 | —0.3838
(Krob (S)) :
3.225 6118 —10160 0.4055
—0.5018 0.3838  0.4055 0

(11.62)

In this case, the control system has very large stability margins,
with a phase margin v, ~ 80[°] and gain margin of m{? =~ 19 [dB].
Additionally, as specified by the n = 2 and A7 = 10~* parameters of the
complementary sensitivity weight, Wy, the closed-loop control system
mitigates stochastic sensor noise signals with a spectrum spanning from
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wpr > 2000 [rad/s|, using an initial roll-off of —40 [dB/dec], followed
by an attenuation of at least four orders of magnitude. In practice, the
attenuation does not saturate at the prescribed value, as the system
supports a further —20 [dB/dec] roll-off afterwards.

The SEPIC converter is a highly-nonlinear plant with respect to
the command signal p(t), and there are use cases where the operating
point may be dynamic, along with being generally affected by a diverse
set of perturbations. Besides the previously-mentioned advantages of
the already designed robust controller, it will be used as an auxiliary
path-planning component along with the K-PBC block used to guarantee
asymptotic stability for the entire domain of operation for the converter.

To design the K-PBC, one needs to construct the output port-
variable hx(z,u) such that the SEPIC converter is Krasovskii passive.
The LMI problem presented in Claim 3 from [MSD21], based on Theorem
3, having the bounds of the load resistance R € [10,1000] [2], has been
solved, with a possible solution from the feasibility cone:

0.000714 0 0 0 0
0 0514 0 0 0

Q=10""x 0 0 0.00094 0 0 . (11.63)
0 0 0 0342 0
0 0 0 0  0.000714

from which the output port-variable has the form 7.17, with m = 1. After
this supplementary output is designed, the K-PBC has the form:

Te = Ky (Ky(xe — p*) — hi(z));

Ye = X,

(Sicppe) | { (11.64)

with two inputs: the output port-variable hg (x) of the extended (Xsgpic)
and the desired input trajectory p*, while the output is the actual value
of the duty-cycle u(t) = y.(t). The parameters of the controller (11.64)
are K; = 3x107° and Ky = 1x108.

Figures 11.26 and 11.27 illustrate time domain simulations of the
SEPIC in closed-loop configuration using the proposed structure of cas-
caded K-PBC with p-synthesis path-planning KS5PI€ at various operat-
ing points, along with different types of disturbances applied. The former
compares the response of the proposed closed-loop system compared to
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its robust controller only counterpart, while the latter figure illustrates
the RS and RP properties of the proposed method for a set of 50 Monte
Carlo simulations sampled from the tolerance set of Table 11.12.
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Figure 11.26: SEPIC averaged state-space closed-loop simulations using
the robust controller KSEPIC designed using loop-shaping with (11.61)
versus the proposed cascade control structure from Figure 7.2: (i) time-
varying disturbance inputs E(t) and R(t); (ii) output voltages vg(t); (iii)
inductor currents i, (t) and i7,(t); (iv) command signals p(t).

Both experiments start from zero initial conditions to emphasize
the behaviour to sudden jumps in the dynamics, followed by a succession
of disturbances applied at the converter inputs, such as:
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e a sequence of load resistance steps:
— from R(t;=0.035_) = 80[Q] to R(t]=0.035,) = 160[€];
— from R(t;=0.065,) = 160[Q] to R(t5=0.065,) = 60[€];
— from R(t;=0.115,) = 60[Q] to R(t5=0.115,) = 260]€].
e a ramp disturbance on the external source voltage from E(t <

0.090) = 300 [V], starting at ¢4 = 0.090 [s] with an increasing slope
of 500 and saturated at 50 [V];

e a sequence of output reference steps:

— from w(t5=0.025_) = 400[V] to w}(tF =0.025.) = 550[V];
— from wh(tg =0.050_) = 550[V] to wh (£ =0.050,) = 250[V];
— from wh(t;=0.075_) = 250[V] to u}(t5=0.075,) = 550[V];
— from u}(tg=0.135_) = 550[V] to uj(tg=0.135,) = 450[V].

As noticeable in Figure 11.26, the proposed method not only tracks
the desired voltage reference at all operating points, but it also consider-
ably improves transits caused by changes in the disturbance signals com-
pared to using KSFPIC only, such as for the moments t € {0,¢y,t,13},
with smaller overshoots and more damped oscillations. A compromise is
that it adds insignificant overshoots when reference changes occur, such
as at time tg. The steady-state performance is unaffected by the addi-
tion of the K-PBC subsystem, irrespective of arbitrary step and ramp
disturbances appearing on E(t) or R(t) alike.

In addition to the previous results, Figure 11.27 shows the robust-
ness of the method when subjected to the parametric uncertainties inher-
ent to the SEPIC converter circuit, in which all the dynamic and steady-
state performance indicators remain fundamentally unchanged even after
+20% variations of the circuit’s main component values.

The main advantage brought by the cascade structure in favor
of the robust controller only is that it now guarantees the asymptotic
stability for the closed-loop system, irrespective of the operating point,
property guaranteed only in the vicinity of the equilibrium point (11.58)
otherwise. Further advantages of the K-PBC can be harvested by per-
forming an optimization-based tuning on its parameters, i.e. K, Ky and
a scaling of the positive definite matrix o - @), « > 0, by still maintaing
its trajectory on the feasibility cone, with such an application performed
for closed-loop sensitivity minimization in the journal paper [Mih+22¢].
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Figure 11.27: SEPIC-averaged state-space closed-loop simulations the
proposed cascade control structure from Figure 7.2, illustrating 50 Monte
Carlo simulations by sampling plant models from the tolerance set of Ta-
ble 11.12: (i) time-varying disturbance inputs E(t) and R(t); (ii) output
voltages vg(t); (iii) command signals p(t).

11.6.3 Steady-state quantization analysis

An illustration of the steady-state analysis from Section 9.2 will
proceed in this subsection, applied in the context of the SEPIC circuit,
namely the straightforward application of Theorem 4 of Section 9.2.2.1,
without the design problem of Section 9.2.2.1.

The ranges for the hardware devices D can be deduced based on
a convenient interface between the controller and plant: p = o+ Ap €
[0,1], with po = 0.5788, and, as such, D, has R, = 0.5, and an expected
variation for the output Ay in the range D, with R, = 100.
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Starting from the regulator (11.62), by selecting a sampling fre-
quency fs = 24 [kHz], a Tustin discretization, and a Gramian-based
balancing, the ideal numeric controller K (z) becomes:

0.9999 —1.336x107%*  —9.691x107° 0.003239

(K(2)) : 1.336x1074 0.8883 —0.1986 —0.002599

—9.691x1075 0.1986 0.6297 0.001887

0.003239 0.002599 0.001887 ‘ 4.496x107°
(11.65)

The state and output bounds from relations (9.19) and (9.20) are:

N, = |[(A, B, I,0)|. - Ry = 38.8962 - 100 = 3880.62;  (11.66)
N, = |[(A, B,C,D)| - Ry = 0.12603 - 100 = 12.603. (11.67)

The base 2 logarithm applied to the previous bounds leads to log, R, ~
6.64, log, H, ~ 5.28, logy, N, ~ 11.92 and log, H, ~ —2.98, log, N, ~
3.65. The application of Lemma 6 leads to:

L, > L, + max ([log, H,] ..o, [logy H,]_.y,0) = L, +6,  (11.68)

which denotes that 6 additional bits are necessary to completely host the
state and output signals compared to a specified input precision L.

For an illustrative set of values for the ADC converter word lengths
L, € [15,24], accounting for the sign bit, the internal variables z.[k] and
ulk] must be encoded in minimum L,=max {15,24} +6=30 bits, which
fit into standard 32-bit microprocessor word lengths. Thus, according to
Lemma 7, the optimal configuration adapted to such hardware specifica-
tions requires L, = 30, f =0, M = 0.9999, d = 29, having a worst-case
of Tpnargin = 0 unused bits allocated for states, Ymargin = 8 unused bits for
outputs, and a coefficient resolution e (K, P, F) = 1.862 x 107, Thus,
an equivalent fixed-point regulator K7 (z) will be obtained through a
coefficient scaling by (9.59):

8387910 —1121 —813 27171
1121 7451329 —1666298 | —21799
—813 1666298 5282413 | 15826
27171 21799 15826 38

(K7 (2)): (11.69)
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Computing the quantization noise bounds based on Theorem 4
for L, € 15,24 and L, € 15,24, we obtain the steady-state deviations
eq (K, P, F) € [5.0302 x 107%,0.2575]. This results in relative errors
valued between [0.0001,0.0644] [%)] compared to the nominal voltage
yo = 400 [V]. The quantization step for the states and outputs will be-
come 0, = &, x 2F«~L= because the additional bits are valued as extra
decimal digits in the number constructions. The transform matrices for
the Jordan canonical form of ® contribute with values || P||, = 2.6 and
|P7Y|., = 3.848, obtained with the implicit factorization from MAT-
LAB’s eig function.

To demonstrate the previous results, a set of numeric simula-
tions were illustrated in Figure 11.28, with G(s) discretized using zero-
order hold, and three use-cases: using an ideal regulator K (z) with the
IEEE-754 arithmetic, which ensures asymptotic stability, a Mil.-based
quantized regulator K,(z) with matrices (A4, B, C, D), followed by a SiL-
based quantized regulator K¥(z). The simulations have been performed
using the framework developed in Section 9.3. The values used are
L, = L, € {15,24}. The results show tight bounds for the steady-
state deviations, which become even stricter in cases where limit cycles

are caused by deviations of several least significant bits from an ideal
command.
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Figure 11.28: Numeric simulations for the SEPIC quantized closed-loop
using regulators K, K,, K7 for ADC/DAC resolutions L,=L,= {15, 24},
and quantizers T,=T,=T,=midtread, with the framing of the steady-
state limit cycle bounds deduced with Theorem 4; each row denotes an
independent experiment.
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11.7 DC motor 2DOF control design and implementation

This case study illustrates the proposed results from Section 8.2.3
and Chapter 10 on a direct current motor servo control example, and
will encompass the following key points: process description, control
performance specifications, continuous-time controller design, regulator
discretization methods, sampling time optimization, controller structure
selection, concluding with a WCET analysis.

11.7.1 Process model and controller synthesis

Consider a brushed direct-current motor (DCM) position control
system. Figure 11.29 shows the closed-loop structure, being a particular
case of 3.3, emphasizing both the process model and the 2DOF regula-
tor structure. The motor process has a control input represented by the
source voltage V, [V], along with the disturbance load torque T, [Nm)],
and the angular position € [rad] as output. As noticeable from the trans-
fer functions, the DC motor model has a third order, with nominal com-
ponent values listed in Table 11.13.

2DOF numeric regulator

DC motor model

Figure 11.29: 2DOF position control structure for the DC motor system.

The process model from its two inputs to the angular position
output is described by:

1 GL(S> 1 Ga(S)GL(S

) )
o) = T G ®eEGE T TG (590056

"/;1(8)7
(11.70)
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Table 11.13: DC motor physical parameters.

Parameter Value Parameter Value
R 2 [Q] L 0.5 [H]
K, 0.1 [Nm-A/V? Ky 0.2 [Nm)]
J 0.02 [kg-m?/s?] K, 0.1 [V-s/rad]

having the armature transfer function G, along with the load component
G'1, and the reverse loop term (G, which denotes the back-electromotive
voltage constant Kj:

K, 1

Ga(s) = st R Gr(s) = T T K, G.(s) = K. (11.71)

The 2DOF controller components have the PID plus filter (PIDF)
structure for Kj,, while the integral term is canceled for the feedforward
controller K. This structure allows straightforward implementation in
many industrial contexts as such PIDF regulators can be directly ac-
quired and there are multiple validated approaches in the literature for

their parameter tuning [OBO06; TAOO]. They are defined as:

Uin<8) 1 S

Kin(s) = R(s) :KP+K1;—I—KDTfS+1, (11.72)

Kals) = [gf((j)) —b-Kp+c-Kp Tf85+ - (11.73)

with the feedforward parameters denoted b and ¢, with b=—1+band
¢ = —1+c¢. The command signal applicable to the motor input becomes:
U(s) = Un(s) + Ug(s) = Kin(s)E(s) + Kg(s)R(s). (11.74)

The closed-loop control specifications were selected as follows: a
reference tracking settling time of ¢, < 1.5[s] with an overshoot M, <
0.05 = 5[%], with a fast rise time. Additionally, regarding the distur-
bance rejection specifications, a load torque of 1[Nm] must be rejected
in less than ¢¢ < 1[s], i.e. its effect on the output measurement should
become less than 0.1[rad] in the specified t¢, with a maximum allowed
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disturbance of y? . = 0.65[rad]. The recommended approach in such de-
signs [AHOG6] is to tune the inner PIDF controller Kj, to account for the
disturbance rejection coefficients, as Kg does not influence that control
loop, as written in the discrete-time counterpart expressions (11.83). The
PIDF parameter tuning has been done using global optimization meth-
ods by encompassing the desired specifications. The first iteration which
covered all disturbance rejection performances was accepted and halted
the optimization procedure. Additionally, a further optimization as been
performed on the 2DOF parameters b and ¢, maintaining the halting
procedure when the reference tracking requirements have been fulfilled.
The outcomes of the regulator tuning is illustrated in Table 11.14, where,
alongside the PIDF and additional PD synthesis, a separate 1IDOF PIDF
regulator has been also added, to account for servo behaviour only.

The closed-loop step responses for the reference tracking and dis-
turbance rejection problems are portrayed in Figure 11.30, showing the
effects of the three controller examples from Table 11.14, case in which
the 2DOF structure is validated, as the obtained performance metrics
are ts ~ 1.5[s], M, ~ 0[%], rise time ¢, ~ 0.75[s] and steady-state error
gss = 0. As seen in the figure, the 2DOF structure ensures both the tran-
sient response performances and disturbance rejection behaviour, being
the only regulator from the proposed triplet to cover both areas.

11.7.2 Sampling rate selection

For the PID discretizations, the forward Euler method has been
considered for the integrator term, with approximation:

2—1_1—2_1
T Tz 1

S =X

(11.75)

Table 11.14: DCM 1DOF and 2DOF continuous controller coefficients.

PID structure K, K; K, Ty x 102 b c
1DOF: servo 21.06 8757  7.7497 14717 1 1
1DOF': disturbance | 52.66 70.0560 7.7497 14717 1 1
2DOF 52.66 70.0560 7.7497 14717 04 0.2
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Figure 11.30: Continuous-time DCM control; step reference responses
along with step disturbance rejections considering 1DOF regulators for
servo tracking, disturbance rejection, and 2DOF for both performances.

while the derivative term was discretized using the backward Euler method:

z—l_l—zi1

~ 11.76
YT T (11.76)
leading to the expressions of Kj, and Kg:

K;T Kp
Kin(2) = Kp + + : 11.77
(Z) P o — 1 Tf + z]:zl ( )

-~ _ Kp

Kg(z)=b-Kp+c- o (11.78)

f + z—1

further used for the sampling time analysis.
Starting from the continuous-time open-loop model from (11.70),
the discrete-time equivalent using the zero-order hold method becomes:

O(z) = Z{L{G o0 (5)Gaux(s)} } - Tu(z)+ (11.79)
+ Z{L7H{Guon1(5)Ga(5)Ganx(8)} } - Val2), (11.80)
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with the auxiliary notations:

1 GL(S)
Gaux(s) = — - , 11.81
R A BAR TR .
O(2) = Gai(2) - Ta(2) + Geo(2) - Va(2). (11.82)
The closed-loop system’s expression thus becomes:
G (2) Gobvo(2) (Ki(2) + Kin(2))
1S . T Servo . .
@(Z) 1+ Gservo( )Kin<z) d(Z) * 1+ Gservo(Z)Kin(Z) R(Z)
(11.83)

To solve the sampling period optimization Problem 8, two weight-
ing sets cg7 were considered in Table 11.15, corresponding to two dis-
tinct experiments, the first numeric column designating emphasis on
the difficulty of implementation functionals, while the second numeric
column coefficients focus mainly on open-loop and closed-loop fidelity.
Using a general-purpose particle swarm optimization (PSO) implemen-
tation [KE95], the optimal implementability sampling period becomes
TF = 2.866 x 1073 [s], while the fidelity sampling period is obtained at
Ty = 1.260 x 107* [s] <« Ty. To further extend the analysis, two extra
sampling periods will be added to the comparison, the first represent-
ing the value obtained by applying the Shannon-Nyquist theorem (4.1),
leading to a sampling period smaller than half the least time constant of
the regulator, i.e. T3 < % = T3 = 7.0081 x 10~* [s], while the latter
relevant value is considered as T; = T7 (1 + 0.03) = 2.9520 x 1073, which
represents a 3[%] disturbance increase on the implementability value,
causing closed-loop instability. Figure 11.31 gathers all functionals and
their weighted sums in its six subfigures, while also marking the positions
of TT, T2* , Ts. The open and closed-loop similarity functionals S$ K S3 K>

SGT, s2 G are non-monotonic with respect to T', while the implementabil-

ity functlonals Tk, , Ik, W(T) are principally monotonically-decreasing.
The existing exceptions are caused by numeric errors.

There are multiple approaches to implement the PID regulators.
Both Kj,(z) and Kg(z) can be fully comprised of a biquadratic filter
topology and, a first-order structure for Ky, as in (4.15). The two main
ones, given the simplicity of their structure, would be to implement it in
parallel versus in series. For the inner regulator, the parallel topology,

188



Table 11.15: Functional weighting coefficients for the two considered ex-
periments of the DCM case study: implementability of the controller
versus fidelity compared to the continuous-time control counterpart.

Parameter | Implementability value Fidelity value

c1 0.1 100

Co 0.1 100

3 2000 1

cy 2000 1

Cs 0.1 300

Ce 0.1 100

cr 200 1

T Ty =2.866 x 1073 [s] | Ty = 1.260 x 1074 [s]

T, [s] T, [s]

= 10°

10° 102
T s T, [s]

105

10"

= 10° L

1050 L
10 10 102 10 102
T, Isl T Isl

Figure 11.31: DCM 2DOF sampling rate functionals as specified in Prob-
lem 8 for both performed experiments. Besides the implementability and
fidelity cases, a classical sampling theorem approach is also illustrated.
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denoted with superscript p can be split into three subsystems:

K[T KD(Z—l)

K? = Hin Hin Hin =K )
in(2) 1(2) + Hin2(2) + Hins(2) P+ S 1 + T, +T)2 T,
(11.84)
while the series topology, denoted with the superscript s, is:
b2 + bz +b by2? + byz + b
Ke(n)= 22T d00 2 0zt h oy (11.85)

22 4+ a1z + ag g.a222+a12+(107
where the equivalent normalized coefficients are obtained:

Kp(Ty+T)+ Kp b — —Kp(2Ty +T) + K;T(Ty +T) — 2Kp

by =
2 Tf+T ) 1 Tf+T 3
(11.86)
KpTy — K, TT; + Kp 2T+ T Ty
0 T+ T ;a1 T+ 1 Qo Ty +T ( )

In the same manner, the parallel form of the feedforward regulator is:

KD(Z - 1)

KP(2) = bH, CHgo(2) =b-Kp+C- 11.88
i#(2) 1(2) + cHgo(z) ptc T 1T -T, (11.88)
with a first-order series form of:
blz + bo 512 +/50
Kg(z) = =g- =1. 11.89
() Z 4+ ag g a1z +ap’ “ ( )
and equivalent normalized coefficients:
) bKp(Ty +T) +¢Kp b —bKpTy — ¢Kp —Ty
prmng N = oan = .
! Ty + T Y T,+T O Ty +T
(11.90)

11.7.3 Execution time analysis

After the discretization procedures (11.75) and (11.76), using the
right-hand side notation for the coefficients in (11.85) and (11.89), the
numeric values of the coefficients become as in Table 11.16, using the de-
duced sampling rates from Subsection 11.7.2, 77, T3, Ts, T). The gain co-
efficients g = by, = 5.3184815x10% for K, and g = b; = —4.244251x10?
for Ky, respectively, remain invariant in this set of experiments, while
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the remaining non-unit coefficients vary with respect to 7" and necessi-
tate increasingly more decimals as the sampling rate tends towards zero.

Table 11.16: DCM case study discrete ideal controller coefficients.

Coefficient 1Y Ts T Ty

by Kin(2) | —1.980677 | —1.999150 | —1.995275 | —1.980097
bo: Kin(z) | 0.980751 0.999150 0.995279 0.980175
a;: Kin(z) | —0.052546 | —1.914358 | —1.523809 | 0.005877
ap: Kin(z) | —0.947453 | 0.914358 0.523809 | —1.005877
bo: Kg(z) | —0.985500 | —0.999362 | —0.996454 | —0.985065
ag: Kg(z) | 0.947453 | —0.914358 | —0.523809 | 1.005877

To account for the necessary word length analysis, two frequently-
used configurations have been considered: the first case is to store the
operands, i.e. coefficients and inputs, states, outputs into 16-bit regis-
ters, considered the standard length for the RISC machine hosting the
2DOF controller, followed by a set of 32-bit length registers, which will
increase the working precision, but with added execution time overhead,
as modelled in continuation. Given the dynamic range of the final filter
gains ¢, this final multiplication will be considered separately. Thus, the
set H for this case study will encompass the properties:

e clock tick Tczkzmzl [1us], obtainable on common microcontrollers
by configuring the phase-locked loop to a low-power setting;

e implements the SOS terms using the DFII for K, and a series con-
nection for the first-order term Ky, denoted y[k| = f (y[k—i], u[k—i]);

e two configurations for the operand word lengths: 16-bit and 32-bit;

e saturation on output command signals y[k];

e anti-windup on the integrator of Kj, using back-calculation:

w7 (@lk+1]) = 2[k] + [Ky - (sy w(ylk]) — y[k])] - (KT) - ulk],

with additional parameters K, I, I represented using 16-bit words;
e output measurement © computed as a sum of impulses, with a max-
imum expected frequency of fy.. = 80000 impulses per 100[ms]
time unit, and each such impulse triggers a hardware interrupt
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with a 15 assembly operation stack commutation cost; the scaling
is then performed using a multiplication with a 16-bit variable;
e Ky accepts reference r inputs, while Kj, accepts errors e = r — ©.

Table 11.17: Operations of the implementation of the 2DOF structure for
the DCM case study in the hypothesis of a base word length of L = 16
bits and two considered quantization levels for the controller coefficients:

16-bit and 32-bit lengths. Notation: N, = 120 x 103 x T.
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The mathematical operations p; € O, along with their assembly
instruction correspondents (10.5) are detailed in Table 11.17, with an
emphasis on each type of operation based on its physical significance,
as written in the last column. The hyperparameters ~; in the case of
standard 16-bit word lengths have been considered with the value 1,
denoting that each base arithmetical operations costs only T, while the
values are scaled upwards for the case when the operands exceed the word
length to 32 bits. The impulse counter assembly operation cost for ©O[k]
has been computed as 80000 x 0.1 x 15 x T'. Additionally, Table 11.18
totalizes the number of assembly operations based on the previous table’s
description, along with computing the worst-case execution times for the
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Table 11.18: DCM case study WCET analysis in conditions of Table
11.17, emphasizing the number of assembly operations |SpK’H‘ neces-
sary to implement the 2DOF structure comprised of Kj,, Ky, along with
processor usage levels for the three stable sampling rate values. The total
cumulated WCET values in [us] are: T} — 2866, Ty — 126, T3 — 700.8.

16 16 16 16 32 32 32 32

K | Ky | Ky | Ky | K | Ky | K | Ky
|Sp™™| | 77 | 24 | 81 | 30 | 246 | 64 | 250 | 76
|Sp™H| 101 111 310 326
WCET] 429[ps] 439[s] 638]11s] 654[us]
WCET; 101 [ps] 111 [ps] 310[us] 326[us]
WCET; 170[ps] 180[ps] 379[us] 395[us]
U(Ty) | 14.96[%] 15.31[%] 22.26(%)] 22 81[%]
U(T3) | 80.15[%] 88.09[%] 246.03[%] 258.73(%]
U(Ty) | 24.25[%)] 25.68(%] 54.08[%] 56.36]%)]

three stable sampling rate values: 77-T5. As seen from the table, the
optimal sampling rate solution featuring implementability emphasis 77
occupies the microprocessor for less than 25[%] of its capability in either
16 or 32-bit quantizations alike, with the Shannon theorem approach T3
following with sufficient headroom in the scheduler algorithm, while the
fidelity-based approach in this case occupies the scheduler with small
margins in the case of 16-bit quantizations, and exceeds the allowed time
frame in the case of the 32-bit configuration.

Based exclusively on the previous WCET analysis, there are sev-
eral feasible solutions. In order to decide between the three sampling
rate and quantization pair configurations, further analysis is performed
on the frequency response of the Kj, and Ky controllers, along with the
closed-loop responses using said controllers. As such, Figures 11.32 and
11.33, respectively, gather the previously-said behaviours. In addition
to the three sampling rates, for completeness, the fourth, unstable sam-
pling rate T is shared, along with the ideal continuous-time equivalent
controllers in the frequency response plot. In both figures, columns one
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and two expose the 32-bit and 16-bit quantization configurations, respec-
tively, while the lines distinguish between the Kj,, Kg controllers in the
frequency response figure and reference step response compared to the
step disturbance responses in the time-domain simulation, respectively.
The main conclusion drawn from this final pair of Figures is that the
considered 2DOF control scheme is sensitive to the coefficient quantiza-
tion levels, such that for 75 and T3, the only acceptable solution would
be to use the precise 32-bit configuration, with the exception of the im-
plementability solution which manages to follow the imposed closed-loop
transient response specifications with a reasonable degradation of the
performances. The 16-bit quantization frequency responses for Kj,(z)
drastically alter the integrator effect, which, in effect, disturbs the ability
of the closed-loop motor system to track reference signals and to reject
step-like load torque disturbances.

To conclude the case study, the acceptable solutions are to consider
the implementability-based sampling rate optimum 77, with practically
ideal behaviour if a 32-bit word length setup is acceptable, and with a
small performance degradation if only the 16-bit standard word length
is supported, depending also on other execution threads running in the
microprocessor, not covered in this experiment.

Further extensions, as in using more complex controllers for both
the tracking regulator and the feedforward component, considering cases
such as fractional-order controllers or 2DOF robust control synthesis re-
sults can be treated in an analogous manner by splitting such control
laws into their component second-order sections and applying the theory
from Tables 10.4 and 10.5.
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12.1 Conclusions and discussions

This book presents several intermediate frameworks and methods
for developing robust control synthesis and implementing the resulting
regulators, through sampling rate, quantization step and worst-case ex-
ecution time analyses. Said frameworks can be seen as self-sufficient
solutions for specific control-oriented problems, or can be used together
to provide an end-to-end design and validation framework. These ap-
proaches are shown to be effective in handling challenging cases where
the performances imposed through the loop-shaping weighting functions
are strict. The approaches presented in the book are shown to have
practical implications and are illustrated through numerical examples,
ranging from industrial processes with slow dynamics, such as tempera-
ture control systems with time delays, inverted pendulum type systems,
highly-resonant mechanical systems, towards plants with fast dynamics,
such as voltage converters and motor control applications. Several theo-
retical benchmark plants have also been used, to obtain a unitary com-
parison to other adequate methods in the literature. The monograph
also proposes a unified approach for studying the effects of quantiza-
tion in high-precision servo systems by providing guaranteed tolerances
on the expected precision and studying the quantization effects for the
worst-case scenario, with potential extensions for online and real-time
applications.

For uncertain system modelling in the framework of LTI systems,
this book provided a nonconvex optimization approach for SISO transfer
function fitting, imposing the expected properties of stability, minimum
phase and model validity. This approach can be extended to MIMO sys-
tem modelling through individual input/output channel fitting, provided
there are sufficient experimental data or an analytical nonlinear model of
the system exists, although it introduces conservativeness. Using the no-
tation (3.34), the premise for extending Problem 6 to MIMO systems is
the fact that the transfer matrix G € G can be written in various modal-

ities based on the nominal plant G,,, individual uncertainty structures
T = [T;;] and SISO uncertainty blocks U = [U;;] as in:

7-11 (Gna Ull) T 7-1nu (Gna Ulnu)
G : : ' (12.91)

7:%,1 (Gna Unyl) o 7;Lynu (Gna Unynu)
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This work opens perspectives for the implementation of a general purpose
non-convex framework, on one hand for the extension of a least conser-
vative approach for MIMO systems, and also to encompass nonlinear
system measurements through data-driven approaches.

The presented robust control techniques can be used in wider con-
text than the standard LTI framework, such as fractional-order regulator
families, as exemplified in Section 11.1, or by employing gain scheduling
techniques and more general adaptive control methods, while some of
them are inherently designed in conjunction with nonlinear techniques,
such as the robust path-planning controller designed in Chapter 7 cas-
caded with the Krasovskii passivity-based controller.

There are several results which can be gathered into a Rapid Con-
trol Prototyping software tool to receive a continuous-time model of a
regulator K (s) and return its discrete counterpart K,(z) such that it still
ensures the proposed specifications for K (s). Towards this goal, Problems
7, 8, 9 from Chapter 8, Lemmas 6, 7 and Theorems 4, 5 from Chapter 9,
along with Theorem 6 and its Corollaries 2 and 3 from Chapter 10 can
be solved and applied to gather a report on the ability to maintain the
imposed specifications. On the other hand, besides the description of the
numeric regulator, a different design problem can be proposed to gather
the minimum required hardware specifications to maintain the imposed
RS and RP conditions, the tracking error less than a prescribed tolerance
Q and processor usage level less than 100[%] by an imposed margin tol
> (, leading to the combinatorial problem:

Problem 15. Given a continuous-time requlator K(s) € G synthesized for
a continuous augmented plant model P(s) with uncertainties according
to a set of specifications imposed through LSDP, then the discrete-time
requlator with minimum hardware requirements such that it maintains
the robust stability and performance conditions, with an allowed steady-
state tracking error Q > 0 and such that the software implementation of
the requlator is ensured by a processor with a guaranteed usage level, with
an arbitrary cost function J, can be obtained by solving the optimization
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problem:

argmax J (7,q, Le, Ly, Ly,) (12.92)
7¢,Le, Lo, Ly >0
pa(LLFT(P,K,)) < 1;
s.t. eq (Ke, Py, F) < Q;
U (T, Ty, 7) < 100 — tol [%).

12.2 Future research directions

The current concept of optimizing the sampling rate from Chap-
ter 8 can be extended to linear time variant and linear parameter-varying
systems, providing an online algorithm to suggest an optimal sampling
rate depending on the current processor load. Furthermore, this con-
cept can be linked with the idea of controllability or observability losses,
as presented in [Kre99], to suggest the time-varying sampling rate that
counters such phenomena by modelling them as additional constraints.

Regarding the applicability of the robust control framework, an
extension or workaround for Lemma 5 from Chapter 9 would be to expand
the modelling framework for discrete-time systems with uncertainties.
The alternative of including parametric uncertainties with direct physical
significance leads to transcendental functions, such as discrete poles e™/7
for arbitrary time constants 7' > 0, which would currently require ad hoc
solutions for each specific control problem.

To select the ideal sampling rate and quantization step pair in
order to maintain robust stability and performance, Section 9.1 focused
on two complementary optimization definitions, i.e. Problems 10 and 11.
A real life application may use a cost functional encompassing both of
them and a weighting term to impose the emphasis of one term over the
other. For example, the sampling rate 7 should be dictated by the op-
erating frequency of the system whereas the quantization step ¢ should
be determined by the data handling capability (memory, bandwidth) of
the system. Having different units and different hardware architectures
will offer different possibilities. Since the structure of objective functions
(9.9) and (9.7) does not affect the overall approach, a natural general-
ization would better present the idea with an abstract objective function
of the form F(£), which can be configured based on several available
implementation aspects.
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In a similar manner, Problems 7-9 can be rewritten with perfor-
mance constraints, such as a least required phase margin, to obtain the
specifications of the most basic microcontroller that can deliver a certain
set of performance criteria, including the cheapest possible hardware con-
figuration. This problem can be considered independent to the coefficient
quantization selection in case of slow processes where the precision of the
computations can be sufficiently high, using 64-bit floating point compu-
tations for example, as to not impose regulator dynamics compromises,
case in which the problem conceptually reduces to ensuring a good dis-
cretization of the continuous regulator definition.

Several generalizations can be studied for extended classes of sys-
tems, beyond the LTI framework, such as LTV and LPV models, along
with control affine systems, which cover a wide range of physical pro-
cess behaviours. Further studies will be focused on the inclusion of other
classes of nonlinear systems into the robust control framework, with spe-
cific focus on output feedback linearization techniques using Lie deriva-
tives or the Koopman operator, with example approaches specified in
Section 2.3. A branch of control systems which is not exhaustively stud-
ied is that of the quantization sensitivity analysis of diffeomorphisms
involved in such feedback linearization techniques.

In accordance with the context of the control systems domain de-
scribed in Section 1.1, further goals would be to harness the advantages
of data-driven approaches in order to combine them with well-established
model-based frameworks. Among such advantages are the flexibility and
ability to inherently validate the models directly using real data from the
process.
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