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Preface 
     
    This book is based on my PhD thesis at the Technical University of 
Cluj-Napoca and brings together several years of research on 
perception for autonomous systems and its main original contributions.   
  Autonomous systems are increasingly deployed in industrial, public, 
and everyday environments. Autonomous vehicles, aerial drones, and 
humanoid or mobile robots rely on robust perception capabilities to 
understand and interact with complex and dynamic surroundings. 
Within the processing pipeline of such systems, perception plays a 
central role, supporting higher-level modules such as planning and 
control and directly influencing the safety and efficiency of autonomous 
operation. 
    The methods presented in this book address key perception problems 
encountered in autonomous systems, including depth perception, 
multi-object tracking, and multi-sensor fusion. These topics are 
approached with an emphasis on real-world challenges such as sensor 
imperfections, dynamic environments, and computational constraints. 
The proposed approaches are designed to be applicable across multiple 
autonomous platforms and to operate reliably under diverse 
conditions. 
    A central focus of this work is the development of perception 
methods that are robust, fault-tolerant, and suitable for real-time 
deployment without intensive hardware acceleration techniques. Since 
autonomous systems are often implemented on embedded platforms 
with limited computational and energy resources, the approaches 
described in this volume aim to balance accuracy, computational 
complexity, memory footprint, and power consumption.  
    The purpose of this book is twofold: to provide a concise synthesis of 
representative methods from the state of the art and to present the 
original contributions developed during my doctoral research. These 
contributions extend existing approaches through novel algorithmic 
designs, data association strategies, and sensor fusion architectures, 
validated in the context of research projects focused on autonomous 
driving and advanced robotic systems.   
    I sincerely wish my readers a pleasant and enriching reading 
experience, and I hope that the knowledge acquired through this book 
will prove valuable and useful in the future. 
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Chapter 1.  INTRODUCTION 
1.1 Context 

    The fourth industrial revolution is rapidly extending its influence 
across almost all domains of human activity. Advances in hardware 
miniaturization, increased connectivity among digital devices, the 
deployment of 5G wireless networks, and progress in software and 
machine learning have enabled computing systems to be embedded in 
industrial, public, private, and domestic environments. This 
transformation is further characterized by the growing use of robotic 
and automated systems capable of self-configuration, self-optimization, 
automated inspection and measurement, interaction with the 
environment, and cooperation with human operators. In certain 
scenarios, these systems are also able to function in a fully autonomous 
manner. 
     One of the most challenging and actively researched topics today is 
the development of fully autonomous systems, such as autonomous 
vehicles, humanoid robots, and unmanned aerial vehicles, that can 
operate reliably in a wide range of environments. Such systems have 
the potential to enhance safety while also improving efficiency in 
everyday activities and in human interaction with the surrounding 
ecosystem. In general, an autonomous system is composed of three 
fundamental modules: perception, planning, and control. The 
perception module allows the system to build a contextual 
understanding of its environment and to localize itself within it. The 
planning module enables informed decision-making to achieve specific 
objectives, such as navigating from an initial position to a target 
destination while avoiding obstacles and hazardous situations, and 
while satisfying constraints related to safety, legality, and comfort. 
Finally, the control module is responsible for executing the planned 
actions.  
    Environmental perception represents a critical component of the 
processing pipeline of an autonomous system. Developing robust 
perception capabilities remains a significant challenge due to the 
inherent complexity and unpredictability of real-world environments, 
as well as the stochastic behaviour exhibited by the entities operating 
within them. A wide range of complementary sensors, mathematical 
methods, and machine learning techniques are employed to address the 
challenging problem of real-time perception while satisfying the 
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stringent requirements imposed by complex and dynamic real-world 
environments. The integration of these approaches enables perception 
systems to achieve both robustness and accuracy under diverse 
operating conditions. 
    For many years, vehicle manufacturers have incorporated advanced 
driver assistance systems (ADAS) that relied primarily on a single 
sensing modality, most commonly a camera, to warn drivers of 
potential hazards. With the transition toward autonomous driving, 
however, such systems require extensive sensor networks composed of 
multiple, complementary modalities. By exploiting redundant 
information from cameras, LiDAR, and RADAR sensors, together with 
increasingly accurate algorithms, autonomous vehicles are able to 
navigate unpredictable environments, even under adverse weather 
conditions. Companies such as Zoox, Volkswagen, and Tesla are actively 
developing fleets of sensor-rich autonomous vehicles intended for use 
as autonomous taxis, with the goals of reducing traffic congestion, 
minimizing accidents caused by human error, and lowering air 
pollution. These systems also promise improved cost efficiency by 
eliminating the need for human drivers and by reducing reliance on 
personal vehicles through increased availability. 
     Intelligent systems are likewise being widely adopted in industrial 
and medical domains. In smart manufacturing environments, robots 
can automate production processes, while autonomous ground vehicles 
perform logistics and material handling tasks. Additionally, computer 
vision-based non-destructive testing enables early defect detection, 
ensuring product quality before market release. Automated visual 
inspection provides objective, repeatable analyses while reducing 
human error. In medicine, intelligent perception systems can support 
clinicians in interpreting medical images, especially in repetitive tasks 
or fatigue-prone situations. 
     Across these application domains, intelligent systems demonstrate 
significant potential to enhance safety, efficiency, and quality of life. 
Achieving reliable performance in such scenarios requires the 
development of high-quality perception systems that are accurate, 
robust, and capable of operating in real time. 

1.2 Motivation and Challenges 

   For autonomous operation, an intelligent robot must be capable of 
estimating distances and maintaining the identity and trajectories of 
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surrounding objects within the scene. This capability enables the 
prediction of future states and actions of traffic participants, allowing 
the system to make decisions that are optimal for achieving its 
objectives while avoiding unsafe or undesirable situations. 
    Intelligent systems perceive their environment through a variety of 
sensors, among which cameras, LiDAR, and RADAR are the most 
commonly employed in autonomous driving applications. Each sensing 
modality provides complementary information that contributes to a 
more comprehensive understanding of the surrounding environment. 
Camera-based solutions have received significant attention due to the 
rich visual information they provide. Cameras are optical sensors 
capable of capturing, storing, and transmitting visual data, and a wide 
range of camera types is available depending on application 
requirements. Visual information may be acquired in various formats, 
including grayscale, color, and multispectral representations (e.g., 
ultraviolet, near-infrared, far-infrared, and thermal), and at different 
spatial resolutions. Line-scan cameras, which acquire data as a 
continuous line of pixels, are particularly well suited for inspection 
tasks involving elongated objects moving on conveyor belts. In contrast, 
area-scan cameras are the most widely used in machine vision 
applications due to their versatility, robustness, and ease of integration, 
as they capture entire scenes in the form of two-dimensional pixel 
arrays. 
     The camera lens is a critical component of a vision system, as it 
determines the sensor’s field of view. Fixed focal length lenses, 
commonly used in robotic navigation, provide a constant angular field 
of view that depends on the sensor size and can range from a few 
degrees to nearly 180 degrees in the case of fisheye lenses, enabling 
surround perception. In addition to appearance information, cameras 
can also be used to infer depth through techniques such as monocular 
depth estimation or stereo reconstruction. 
     Stereo vision-based depth estimation employs two cameras to 
reconstruct the surrounding environment. This approach has garnered 
significant attention from both researchers and industry, as cameras—
unlike many other sensors—can also provide semantic information 
about a scene while generally being more cost-effective. Consequently, 
numerous 3D reconstruction methods have been developed to meet 
diverse application requirements. For example, applications that 
demand real-time performance and minimal computational resources 
often rely on local stereo algorithms. While these methods offer low 
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latency and high frame rates, the quality of the resulting 3D 
reconstruction is typically limited. To enhance reconstruction quality, 
global and semi-global stereo algorithms have been introduced. These 
methods perform more sophisticated aggregation and optimization 
steps to produce higher-fidelity results. However, semi-global and 
global approaches generally require hardware acceleration to operate 
in real time, often leading to substantial power consumption, 
particularly when implemented on GPUs. 
     Monocular depth estimation (MDE), as its name suggests, uses a 
single camera to generate a 3D reconstruction of the environment. 
Existing approaches can be broadly categorized into structure-from-
motion, handcrafted feature methods, and deep learning-based 
techniques. Advances in neural networks have significantly improved 
the reliability of monocular depth estimation for autonomous systems. 
MDE offers several advantages over stereo vision, primarily due to its 
reliance on a single camera. This reduces system cost and eliminates the 
need for complex calibrations or temporal alignment procedures while 
still achieving high-quality results. Although humans can estimate 
depth with one eye, relying on accumulated experience and knowledge 
of object shapes, scales, and perspective, current computer vision 
systems cannot replicate this level of understanding. As a result, some 
structures in the environment may be reconstructed inaccurately or 
omitted entirely, limiting the reliability of monocular depth perception 
for safety-critical applications. 
     LiDAR (Light Detection and Ranging) sensors constitute another 
important technology for acquiring three-dimensional information 
about the surrounding environment. LiDAR systems emit laser pulses 
into the scene, typically using a rotating mirror, to measure the distance 
between the sensor and nearby objects. The emitted pulses are 
reflected by surfaces in the environment, and the sensor estimates 
distance by measuring the time required for the reflected light to return 
to the receiver. The collection of these measurements forms a point 
cloud representation that can be exploited by mobile robots. A wide 
variety of laser scanners is commercially available, each presenting 
specific advantages and limitations. For instance, 4-layer LiDAR sensors 
are capable of detecting objects at relatively long distances; however, 
they offer a limited field of view and generate sparse point clouds. In 
contrast, higher-resolution LiDARs with 16, 32, or 64 layers provide 
denser point clouds but typically over shorter sensing ranges. A major 
limitation of LiDAR technology is its reduced accuracy in adverse 
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weather conditions such as rain, snow, or fog. Moreover, although 
LiDARs provide accurate distance measurements, they generate 
significantly sparser representations than dense stereo-based 
approaches and cannot directly estimate object velocity, as RADAR 
sensors can. In addition, LiDAR systems remain considerably more 
expensive than camera-based solutions. 
     RADAR sensors have long been employed in the automotive domain 
for applications including collision avoidance, blind-spot detection, and 
adaptive cruise control. RADAR is particularly attractive for 
autonomous systems because, in addition to providing three-
dimensional spatial information, it can directly measure object velocity 
through the Doppler effect. Furthermore, RADAR sensors are capable of 
detecting objects under adverse weather conditions, even when targets 
are partially occluded or not in direct line of sight. Nevertheless, RADAR 
systems exhibit certain limitations, such as reduced sensitivity to 
objects made of porous materials like plastic or wood. Additionally, to 
prevent excessive reporting, RADAR processing pipelines may suppress 
certain detections, which can result in the omission of static objects. 
    It is evident that each sensing modality used for environmental 
perception presents specific failure modes. However, fusing redundant 
and complementary information from multiple sensors can yield a 
more robust, reliable, and accurate representation of the environment. 
Despite these benefits, multi-sensor fusion introduces additional 
challenges beyond the independent interpretation of each data source.        
In particular, issues related to temporal synchronization, data 
association, and efficient fusion under varying environmental and 
weather conditions must be carefully addressed. 
To achieve high-quality results, all inputs to the sensor fusion module 
must be of the highest possible quality. Moreover, in order to ensure 
robustness to individual sensor failures and to enhance the overall 
reliability of the perception system, the fusion architecture should not 
be centered on any single sensing modality. To obtain stable and noise-
free estimates of object positions, and to maintain object identities even 
under partial or full occlusions, the integration of an object tracking 
module is essential. By leveraging tracked object information, higher-
level components within the autonomous system’s processing pipeline 
can transform raw detections into actionable and decision-relevant 
information. The challenges encountered in multi-object tracking can be 
broadly categorized into two main groups: sensor-related issues and 
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data association problems. Sensor-related challenges may include, for 
example:  

 The number of objects within the field of view (FOV) of the 
sensor may be unknown and in different states.  

 Objects enter and leave the sensor FOV, therefore it is necessary 
to have good object management and object identity 
management. 

    Since object detectors are inherently imperfect, they are susceptible 

to two primary types of errors: missed detections, which may arise 

from adverse environmental conditions, object characteristics, or 

occlusions, and false detections, in which a reported detection does not 

correspond to a real object. If not properly addressed, both types of 

errors can lead to severe and potentially dangerous consequences. The 

core difficulty of the data association problem lies in the absence of 

explicit information linking a given detection to the real-world object 

that generated it. Consequently, the challenges associated with data 

association can be broadly divided into two main categories: 

 The origin uncertainty – there is no knowledge about how the 
new measurements relates to previous sensor data 

 Motion uncertainty- objects can have multiple motion patterns, 
which may change in consecutive frames. 

     Inadequate handling of the data association problem can result in 
poor tracking performance. The challenges outlined above have been 
extensively investigated by the research community, with numerous 
approaches proposed for object tracking across a wide range of 
applications and sensor modalities, each addressing sensor-specific 
limitations. Furthermore, when multiple sensors are combined to 
enhance tracking performance within a given domain—for example, 
integrating camera images with LiDAR point clouds to improve three-
dimensional object tracking—errors arising from inaccurate spatial 
alignment, particularly in the presence of moving objects, can further 
degrade tracking accuracy. Existing solutions in the literature can be 
broadly classified into feature engineering–based approaches and data-
driven methods, such as those relying on neural networks, each offering 
distinct advantages and limitations. 
    Beyond autonomous vehicles, many other industries stand to benefit 
from the advancements enabled by intelligent systems and the fourth 
industrial revolution. Domains characterized by repetitive inspection 
tasks, high attentional demands, and susceptibility to human error due 
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to subjective interpretation are particularly well suited for automation, 
which can reduce error rates and improve overall process reliability. 
This book introduces a set of novel methods designed to address the 
challenges discussed above, with the goal of enhancing the capabilities 
of intelligent systems in the context of autonomous driving and 
advanced driver assistance systems. The proposed approaches build 
upon the state of the art by leveraging techniques from machine 
learning, computer vision, feature engineering, and geometric 
modelling. A central objective of this work is to improve result quality 
while carefully considering computational efficiency, memory usage, 
and energy consumption. This focus is motivated by the fact that 
perception systems are typically deployed on resource-constrained 
computing platforms integrated into mobile, low-power devices such as 
vehicles, drones, and robotic systems. Moreover, excessive energy 
consumption can have negative environmental implications. 
Consequently, all methods presented in this book are designed to 
operate in real time, minimize resource usage, and simultaneously 
improve overall system performance. 
  Environmental perception in autonomous systems represents a 
particularly suitable research topic from an academic perspective. 
Accordingly, this book focuses on contributing to several core 
components that are fundamental to the perception stack of self-driving 
vehicles. The primary areas addressed include depth perception, data 
association and tracking, and sensor fusion. Existing state-of-the-art 
methods in these domains often exhibit limitations, either in terms of 
output quality or resource efficiency, with many approaches requiring 
substantial memory and computational power. In certain cases, power 
consumption is excessively high due to the deployment of large data-
driven models executed on GPUs, which raises serious environmental 
concerns. As highlighted by a report from MIT Technology Review [1], 
training and deploying complex artificial intelligence models can 
generate environmental pollution on a scale order of magnitude greater 
than that produced annually by an average individual. 
     Additionally, several methods reported in the literature are 
evaluated under idealized input conditions that are rarely encountered 
in real-world scenarios, thereby limiting their practical applicability.     
    The approaches presented in this book were developed over several 
years of research and have been validated within multiple research 
projects focused on autonomous driving and advanced driver 
assistance systems. The proposed methods are explicitly designed for 
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real-world deployment and real-time operation. Furthermore, they 
exhibit low computational and energy requirements, making them well 
suited for execution on embedded platforms. Some of the contributions 
presented in this work combine deep learning architectures with 
classical computer vision techniques in order to achieve more robust, 
reliable, and resource-efficient perception solutions.  

1.3 Book Structure 

     Chapters 2, 3, and 4 of this work follow a similar structural 

organization. Each chapter begins with an introductory section that 

outlines the general aspects of the topic under discussion and presents 

the prerequisites or preliminary remarks necessary for a clear 

understanding of the chapter content. This section also describes the 

main processing steps involved in the addressed task and highlights the 

key challenges associated with it. The introduction is followed by a 

review of state-of-the-art methods, presented in a structured and 

logical manner with respect to the individual stages of the 

corresponding processing pipeline. Subsequently, a set of 

enhancements beyond the reviewed literature are introduced, and each 

contribution is accompanied by a dedicated evaluation assessing its 

impact and performance. 

     Chapter 2 focuses on the problem of depth perception for automotive 

applications using dense local stereo reconstruction methods. The 

chapter begins by outlining the essential preconditions required for 

implementing a reliable stereo reconstruction system, followed by a 

discussion of the primary challenges encountered during the 

reconstruction process. The constraints that must be enforced at 

different stages of the pipeline are then presented. A review of 

representative stereo reconstruction approaches from the literature 

follows, emphasizing the specific innovations introduced at various 

stages of their processing pipelines. The chapter then details the 

enhanced methods corresponding to each stage of the proposed 

pipeline. In the cost computation stage, a novel method is presented to 

better capture non-fronto-parallel surfaces and mitigate perspective 

distortion effects through an intensity-invariant binary descriptor 

designed to characterize surface properties. This descriptor is 

incorporated into a new cost computation and aggregation strategy 
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aimed at generating dense disparity maps while reducing artifacts such 

as bloating. Additionally, a set of original geometric constraints are 

described that can filter invalid disparities within the cost volume. A 

second major enhancement of this chapter is a fault-tolerant stereo 

reconstruction approach capable of operating even when one camera of 

the stereo rig fails to acquire valid data. This approach is further 

enhanced through a novel fusion strategy that integrates monocular 

depth estimation with stereo reconstruction, guided by semantic 

segmentation. Finally, a two-stage refinement process is introduced to 

eliminate erroneous disparity values. Each of the enhanced approaches 

are comprehensively evaluated against state-of-the-art approaches in 

terms of reconstruction quality and computational performance, 

conducted on the KITTI benchmark. 

    Chapter 3 addresses the problem of multi-object tracking. Similar to 

the previous chapter, it begins with an introductory section that 

presents the main tracking-by-detection paradigms and outlines the 

typical processing steps involved in such approaches. The introduction 

also discusses the key challenges associated with multi-object tracking 

and introduces the mathematical foundations required to understand 

the proposed methods. The second section provides a detailed review 

of existing tracking approaches, organized according to the stages of the 

tracking pipeline. The third section presents improvements to what was 

presented from the literature. It begins with solutions for multi-object 

tracking of 3D LiDAR detections, where the challenges specific to 

tracking 3D LiDAR objects are analyzed, and a novel tracking pipeline is 

presented, including two original data association functions that 

combine features from multiple sensing modalities. Additional 

enhancements related to 3D LiDAR tracking are also discussed. 

Subsequent sections focus on 2D object tracking in a tracking-by-

detection framework using thermal imagery. These include a novel 

gating strategy suitable for flat-field correction scenarios, as well as 

new data association functions that combine feature-engineered and 

data-driven components. The chapter further introduces an original 

approach for multi-object tracking, segmentation, and validation in 

thermal images, where objects are tracked at both instance and 

bounding-box levels, and semantic information is incorporated into the 

data association process. Multiple motion models are employed to 
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predict object trajectories, with the appropriate model selected using 

optical flow and object dimension cues. The chapter also describes the 

datasets developed for training the data-driven components and 

includes a qualitative and quantitative evaluation of all presented 

methods, including runtime analysis. 

    Chapter 4 addresses the problem of sensor fusion in autonomous 

systems. The introductory section presents fundamental concepts, 

including the JDL model and commonly used sensors in autonomous 

vehicle applications, and outlines the main challenges in designing 

robust fusion frameworks. This is followed by a review of existing 

fusion architectures, fusion levels, data registration methods, and data 

fusion strategies. The enhancements section begins with an overview of 

an original sensor fusion architecture and the sensors integrated within 

it. Spatio-temporal data alignment is then examined through a novel 

method for aligning sparse point clouds using ego-vehicle motion, 

followed by temporal fusion to densify the point cloud and improve 3D 

object segmentation. A new approach for spatio-temporal alignment of 

object detections, applicable to generic bounding-box outputs, is also 

presented. In addition, a custom object detection method for point 

clouds acquired from a 4-layer LiDAR sensor is introduced to 

compensate for the absence of object-level outputs from this sensor. 

Subsequently, an original data association strategy for linking trifocal 

and reference objects and an object-level fusion architecture combining 

model-based and data-driven techniques are described, together with a 

validation mechanism to ensure semantic consistency. The chapter 

concludes with the presentation of a multi-sensor testing platform used 

for real-time testing of the implemented algorithms. 

    This monograph presents a unified framework for robust, real-time 

multimodal perception in resource-constrained autonomous systems. 

By integrating complementary sensors, data association mechanisms, 

and hybrid model-based and learning-based methods into a fault-

tolerant architecture, the work advances scalable perception for 

autonomous driving and robotic applications. It is worth noting that the 

enhanced methods presented in each chapter originate from the 

author’s doctoral research and were initially developed and validated 

within the PhD thesis Multimodal Measurement Approaches for 

Autonomous Systems. 
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Chapter 2. Depth Perception  

2.1 Preconditions of Dense Stereo Reconstruction 
2.1.1 Generalities 

    Projecting a three-dimensional point onto an image plane inherently 
results in the loss of depth information. Passive stereo vision [2] seeks 
to recover the distance to objects in a scene by employing multiple 
cameras that observe the same environment from different viewpoints. 
The spatial displacement between cameras in a stereo acquisition setup 
induces a relative shift in the positions of corresponding features in the 
captured images. This positional difference, referred to as disparity, can 
be exploited to infer the depth information lost during the projection of 
a 3D point onto the image plane. 
    Given a pair of stereo images, dense stereo reconstruction assigns a 
disparity value to each pixel, corresponding to its displacement in the 
complementary view. The core challenge of this process—rendered 
particularly complex by the diversity of real-world scenarios—is the 
reliable establishment of correspondences between pixels in the two 
input images. Dense stereo matching [3] produces a depth map that 
encodes depth information for every pixel and serves as the basis for 
three-dimensional reconstruction. In contrast, feature-based stereo 
correspondence methods aim to identify matches for a limited set of 
distinctive features. These approaches, commonly referred to as sparse 
stereo matching, result in sparse depth maps [4]. Hybrid methods that 
combine dense and sparse techniques have also been proposed, using 
sparse correspondences to initialize or stabilize dense reconstruction 
results [5]. 
    Prior to the reconstruction process, the stereo image pair is rectified. 
Image rectification reduces the search space for stereo correspondence 
by constraining the matching process to a single dimension along the 
epipolar lines. Using the calibration parameters of both cameras, 
rectification transforms the image planes such that corresponding 
epipolar lines become collinear and aligned with one of the image axes 
[6]. Once corresponding points have been identified in the two images, 
three-dimensional reconstruction is performed through a triangulation 
process. A typical stereo reconstruction pipeline generally consists of 
four main stages, and the overall performance of the system is directly 
influenced by the effectiveness of each individual step. The four steps 
which were also presented in [7] are:   
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1. Computation of matching costs.  
2. Matching costs spatial aggregation.  
3. Disparity calculation with or without optimization.  
4. Disparity map refinement. 

     The similarity between two image locations can be evaluated using a 

matching cost once the displacement between corresponding pixels has 

been determined. To increase robustness to noise and to reduce the 

influence of outliers, pixel-wise costs are typically aggregated over a 

rectangular support region. In some approaches, additional 

optimization procedures are applied in the third stage of the stereo 

reconstruction pipeline to improve the quality of the resulting disparity 

maps. Based on how this optimization stage is formulated, dense stereo 

reconstruction methods are commonly categorized as local, semi-

global, or global approaches, each exhibiting distinct advantages and 

limitations. In the final stage, the estimated disparity map can be 

further refined by applying left–right consistency checks and by filling 

small regions where reconstruction has failed. 

    Stereo reconstruction remains one of the most actively researched 
topics in computer vision. Figure 2.1 illustrates an intuitive 
representation of binocular reconstruction, where a spatial point 
𝑃(𝑋, 𝑌, 𝑍) is projected onto the image planes at points 𝑃0and 𝑃1. The 
optical centers of the two cameras, denoted by 𝐶𝑠𝑜𝑢𝑟𝑐𝑒 and 𝐶𝑚𝑎𝑡𝑐ℎ𝑒𝑑, are 
coplanar with point 𝑃. The baseline, defined as the line connecting the 
two optical centers, has a length denoted by 𝑏, measured in pixels, while 
the focal length is represented by 𝑓. Through image rectification, the 

 

Figure 2.1. Intuitive depiction of stereo triangulation of two image 
pairs 
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correspondence search space is significantly reduced, as potential 
matching pixels are constrained to lie along the same epipolar line.  
The source image plane is referred to as Image Plane 1, while the image 
plane in which correspondences are sought is denoted as Image Plane 2. 
Owing to the rectification process, the corresponding points 𝑃1and 
𝑃2share the same vertical (y) coordinate, and the disparity value is 
defined as the absolute difference between their horizontal coordinates, 
𝑑 =∣ 𝑥 − 𝑥0 ∣. The resulting depth value 𝑍 is inversely proportional to 
the disparity, as expressed in Equation (2.1).  

                  𝑍 =
𝑏∗𝑓

𝑑
                        (2.1) 

    Stereo 3D reconstruction constitutes a low-level processing function 
that is typically employed as a preprocessing step to enhance the 
robustness of higher-level perception components. Consequently, it is 
essential that stereo correspondence yields accurate results in real 
time, as its performance directly influences the effectiveness and 
reliability of subsequent stages within the perception pipeline of an 
autonomous system. 

2.1.2 Calibration and Rectification 

    Through the calibration process, the intrinsic and extrinsic 
parameters of each camera in a stereo system are estimated. Intrinsic 
parameters describe the internal characteristics of a camera, including 
focal length, radial and tangential lens distortions, principal point 
location, and pixel size. Extrinsic parameters define the camera’s 
position and orientation with respect to a global reference frame. This 
calibration procedure is typically performed once for each camera, as 
these parameters remain constant unless the system is physically 
altered or damaged. 
     To estimate the intrinsic parameters, a high-contrast black-and-
white chessboard pattern is commonly observed from multiple 
viewpoints and orientations. It is considered good practice to place the 
pattern on a planar, rigid surface, with a matte background to avoid 
reflections and image saturation. Additionally, presenting the pattern 
along circular arcs is often recommended, as this configuration 
improves the accuracy of focal length estimation. 
     The minimum measurable distance is constrained by distortions 
introduced by the camera and lens system. Once the required 
calibration images have been acquired, specialized calibration software 
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can be employed to estimate the camera parameters, with several 
established solutions available in the literature [8, 9]. The accuracy of 
the estimated parameters is commonly assessed by computing the 
reprojection error, with values closer to zero indicating more precise 
calibration results. 
     Image rectification [10] is a critical step in binocular reconstruction, 
as it transforms the stereo image pair to appear as if they were 
captured by a canonical camera configuration. This transformation 
reduces the correspondence search space from two dimensions to one, 
thereby significantly simplifying the stereo matching process. Stereo 
reconstruction can be formulated either in the canonical case, which is 
computationally simpler, or in the non-canonical case, which requires 
more complex computations. The core principle of rectification is the 
definition of a new, canonical camera system and the estimation of its 
parameters while respecting the geometric constraints imposed by 
such a configuration.: 

1. Coplanar image planes  
2. Parallel optical axes  
3. Co-linearity of the horizontal axes (x-axes) of the rectified 
image planes  
4. Equal focal distances of the rectified cameras  
5. Equal coordinates of the principal points in the two rectified 
images. 

    These are the required characteristics of a canonical system. 
Additionally, other constraints are imposed:  

6. The optical centers of the cameras must remain unchanged. 
Otherwise, the rectification process becomes a difficult task.  

A post-condition of the rectification algorithm is the following:  
7. The projection of any point in the scene must have the same 
vertical coordinate in both images 

    Once the parameters defining the canonical (rectified) camera system 

have been computed, the images acquired by the original, unrectified 

setup must be transformed to appear as if they were captured using this 

newly defined configuration. This transformation is achieved by 

mapping points from each original image into the world coordinate 

system, expressed in normalized coordinates, and subsequently 

reprojecting them onto the rectified image planes. 

The rectification process can be divided into two stages: an offline 
stage, during which the parameters required for image transformation 
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are computed, and an online stage, in which each image pair in a 
sequence is rectified using these parameters. To enable efficient real-
time rectification, lookup tables are commonly employed to accelerate 
the transformation process. 

I. Offline step 

First, by taking into account constraint number 4, the new focal 
length can be computed as the average of the two original focal lengths, 
as expressed in Equation (2.2). 

   𝑓𝑥𝐶𝑎𝑛 =  
𝑓𝑙𝑥+𝑓𝑟𝑥

2
  

   𝑓𝑦𝐶𝑎𝑛 =  
𝑓𝑙𝑦+𝑓𝑟𝑦

2
           (2.2) 

The focal length is typically estimated in metric units. To express it in 
pixel units, the obtained value must be divided by the physical pixel 
dimensions along the horizontal and vertical axes. In practice, 
calibration tools such as the Caltech calibration toolbox directly provide 
the focal length in pixel units. Furthermore, by considering constraint 
number 5, the coordinates of the new principal point can be computed 
as either the image center or as the average of the original principal 
point coordinates, as shown in Equation (2.3). 

𝑜𝑥𝐶𝑎𝑛 =
𝑜𝑙𝑥+𝑜𝑟𝑥

2
  

                𝑜𝑦𝐶𝑎𝑛 =  
𝑜𝑙𝑦+𝑜𝑟𝑦

2
                       (2.3) 

   Once the new canonical parameters have been determined, the 
corresponding canonical intrinsic matrix can be computed, as shown in 
Equation (2.4).  

𝐴𝐶𝑎𝑛 = [
𝑓𝑥𝐶𝑎𝑛 𝑦 𝑜𝑥𝐶𝑎𝑛
0 𝑓𝑦𝐶𝑎𝑛 𝑜𝑦𝐶𝑎𝑛
0 0 1

]          (2.4) 

   The third step of the rectification process involves computing the new 
coordinate axes. By taking into account constraints 3 and 6, the new 𝑂𝑋 
axis can be defined as the baseline of the original system, that is, the line 
connecting the two optical centers, as expressed in Equation (2.5).  

𝑜𝑥⃗⃗⃗⃗  =  𝑂𝑟𝑖𝑔ℎ𝑡 − 𝑂𝑙𝑒𝑓𝑡          (2.5) 
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In practice, the same result can be obtained by computing the difference 

between the translation vectors of the two cameras, 𝑇𝑐𝑤
𝑅𝑖𝑔ℎ𝑡

− 𝑇𝑐𝑤
𝐿𝑒𝑓𝑡

. The 

new 𝑂𝑌 axis is then determined using the vector cross product defined 

in Equation (2.6). 

                             𝑜𝑦⃗⃗⃗⃗ =𝑜𝑧𝑂𝑙𝑑⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗ ⃗⃗  𝑋 𝑜𝑥⃗⃗⃗⃗           (2.6) 

In this formulation, 𝑜𝑧𝑜𝑙𝑑 denotes the 𝑂𝑍 axis of the left camera, while 

𝑜𝑥 represents the newly computed 𝑂𝑋 axis. To determine the new 𝑂𝑌 

axis, one of the original 𝑂𝑍 axis must be selected, after which the 𝑂𝑌axis 

is defined as the direction orthogonal to the plane spanned by the 

chosen 𝑂𝑍 axis and the new 𝑂𝑋 axis. In the proposed approach, the 𝑂𝑍 

axis of the left camera is selected as the reference. The new 𝑂𝑍 axis is 

then computed as the direction orthogonal to the plane formed by the 

new 𝑂𝑌 and 𝑂𝑋 axes. This axis coincides with the 𝑂𝑍 axis used as 

reference in the computation of the 𝑂𝑌 axis, as shown in Equation (2.7).    

                           𝑜𝑧⃗⃗⃗⃗ = 𝑜𝑦⃗⃗⃗⃗ 𝑥 𝑜𝑥⃗⃗⃗⃗                       (2.7) 

     Each of the three axes is normalized using the norm of its 
corresponding vector. The fourth step of the rectification process then 
involves computing the new rotation matrix. The canonical rotation 
matrix is constructed by assembling the three previously computed and 
normalized axis vectors, as shown in Equation (2.8)  

                          𝑅𝑤𝑐𝐶𝑎𝑛=[𝑜𝑥,𝑜𝑦,𝑜𝑧]𝑇           (2.8) 

   The transformation matrices are computed in accordance with the 
formulations presented in Equation (2.9). 

                𝑇𝑙𝑒𝑓𝑡 = 𝐴𝑐𝑎𝑛 ∗ 𝑅𝑤𝑐𝐶𝑎𝑛 ∗  𝑅𝑤𝑐𝐿𝑒𝑓𝑡
𝑇 ∗  𝐴𝑜𝑙

−1 

  𝑇𝑟𝑖𝑔ℎ𝑡 = 𝐴𝑐𝑎𝑛 ∗ 𝑅𝑤𝑐𝐶𝑎𝑛 ∗  𝑅𝑤𝑐𝑅𝑖𝑔ℎ𝑡
𝑇 ∗  𝐴𝑜𝑟

−1        (2.9) 

   The rectification matrix is responsible for mapping a point from the 

original image to its normalized coordinates in the world reference 

frame and subsequently reprojecting it onto the rectified image plane. 

In this process, the translational component between the camera and 

world reference systems is neglected, as the optical centers remain 

unchanged. The multiplication by 𝐴−1 transforms the image point into 

normalized coordinates within the camera reference frame. The point is 
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then rotated into the normalized world coordinate system through 

multiplication with 𝑅𝑤𝑐 . To express the point in the canonical reference 

frame, an additional rotation using 𝑅𝑤𝑐𝐶𝑎𝑛 is applied. Finally, the point 

is reprojected onto the rectified image plane by multiplication with the 

canonical intrinsic matrix 𝐴𝑐𝑎𝑛. Prior to reprojection, undistortion 

operations are performed while the point is represented in the world 

coordinate system. 

     These undistortion steps compensate for both tangential and radial 
lens distortions. Tangential distortion arises when the centers of 
curvature of the lens elements are not perfectly aligned, while radial 
distortion causes image regions to appear curved or bulged. The final 
stage of rectification involves computing the new position of each pixel 
using the transformation matrix. To ensure computational efficiency, 
this operation is implemented using lookup tables. Since the 
transformed pixel coordinates are generally non-integer values, two 
lookup tables are maintained for each image, and the final pixel values 
are obtained through bilinear interpolation. 

II. Online step 

    In the online stage, pixel intensities in the rectified image are 
computed using bilinear interpolation. This operation is necessary 
because certain pixels in the rectified image may not have a direct 
correspondence in the original image. The analytical formulation of this 
interpolation process is presented in Equation (2.10). 
 

𝐼𝑟(𝑢𝑟 , 𝑣𝑟) =  𝐼𝑜(𝑢𝑜
′, 𝑣𝑜

′) ∗  (1 − 𝑑𝑢𝑜) ∗ (1 − 𝑑𝑣𝑜) + 𝐼𝑜(𝑢𝑜
′ + 1, 𝑣𝑜

′) ∗ 𝑑𝑢𝑜 ∗
(1 − 𝑑𝑣𝑜) + 𝐼𝑜(𝑢𝑜

′ , 𝑣𝑜
′ + 1) ∗ (1 − 𝑑𝑢𝑜) ∗  𝑑𝑣𝑜 + 𝐼𝑜(𝑢𝑜

′ + 1, 𝑣𝑜
′ + 1) ∗

𝑑𝑣𝑜 ∗ 𝑑𝑢𝑜                                                                                           (2.10) 

     An additional optimization aimed at achieving faster and more 

efficient processing concerns image scaling. The scaling factor is 

automatically incorporated into the intrinsic matrix of the original 

image. Conceptually, scaling the image toward the optical center 

corresponds to modifying the values of the canonical focal length and 

the principal point. Efficient scaling is achieved by multiplying the focal 

length and principal point coordinates by the scaling factor and 

updating the intrinsic matrices accordingly, no further modifications 

are required. These adjustments are performed during the offline stage 

of the rectification process. 
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   Undistortion refers to the operation that compensates for radial and 
tangential distortions introduced by camera lenses. This operation can 
likewise be integrated into the offline stage of the rectification 
algorithm, specifically during the computation of the lookup tables, as 
defined by Equation (2.11). 

                           (𝑥𝑖𝑚𝑔
𝑦𝑖𝑚𝑔

) =  (
𝑓𝑥(𝑥

𝑁∗ 𝛿𝑥𝑟+ 𝛿𝑥𝑡)

𝑓𝑦(𝑥
𝑁∗ 𝛿𝑥𝑟+ 𝛿𝑥𝑡)

) + (𝑜𝑥
𝑜𝑦
)       (2.11) 

   Although image rectification provides substantial benefits for stereo 

reconstruction, it also introduces a notable drawback. Because the 

intensity of each rectified pixel is obtained through bilinear 

interpolation of the four nearest neighboring pixels in the original 

image, a blurring effect is inevitably introduced. This blurring increases 

the likelihood of false correspondences, particularly at object 

boundaries, where edges become less sharp and matching ambiguity is 

amplified. As a result, accurately identifying the correct pixel 

correspondences becomes more challenging. 

    To mitigate this effect, a reserve of accuracy is typically employed by 
initially processing images at a higher resolution and subsequently 
downsampling them to the resolution required for stereo 
reconstruction. This strategy, as described in [10] and [11], helps 
preserve edge information and reduces the adverse impact of 
interpolation-induced blurring. 

2.1.3 Stereo Depth Estimation Challenges 

    To develop an efficient and robust stereo correspondence solution, it 
is essential to account for the factors most likely to degrade the quality 
of disparity maps. The primary challenges encountered in dense stereo 
matching when processing real-world data are summarized below. 
Illustrative examples demonstrating the effects of these issues can be 
found in [12]. 
 Photometric Variations 

Lighting sources, such as sunlight or artificial illumination, can 
introduce complex effects, including textureless regions and 
color inconsistencies between the two images of a stereo pair, 
which hinder reliable correspondence estimation. 

 Image Sensor Noise 
Due to their manufacturing characteristics, certain sensors, such 
as CMOS devices, can exhibit significant noise under varying 
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lighting conditions. This noise may affect different pixels in the 
two stereo images, leading to failures in the stereo matching 
process. 

 Specularities 
Images acquired by cameras may contain highlights and 
reflections, commonly referred to as specularities, which are 
often disregarded by many computer vision methods. Such 
specular effects can introduce textureless regions and lead to 
incorrect matches, ultimately resulting in erroneous 
correspondences in stereo reconstruction algorithms. 

 Foreshortening 
This effect arises when objects are observed at steep viewing 
angles. Because the two cameras of a stereo rig capture the scene 
from slightly different viewpoints, the projection of a surface 
may appear smaller in one image than in the other. This 
discrepancy can impair stereo correspondence, as matching 
algorithms typically assume blocks of identical size in both 
images, implicitly presuming similar object appearances across 
views. 

 Perspective distortions and slanted surfaces 
Most stereo approaches assume that surfaces are fronto-parallel, 
an assumption that is frequently violated in practice, as 
disparities within a matching window are often non-uniform. 
Ideally, the matching process should also account for perspective 
effects. However, this remains a challenging problem, since 
determining whether a region is fronto-parallel and depth-
homogeneous would require prior knowledge of the true depth 
at every point within the matching window. 

 Repetitive structures and un-textured regions 
In both situations, the stereo algorithm fails to recover the 
correct disparity because it is confounded by identical matching 
costs obtained for multiple disparity hypotheses. Such 
ambiguities can be detected by analyzing the cost volume and 
identifying periodic patterns in the matching costs. 

 Transparency 
This effect leads to certain features being more prominently 
highlighted in one image than in the other. 

 Occlusions 
Employing multiple cameras for scene reconstruction generally 
leads to improved reconstruction quality. However, a notable 
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limitation is the presence of pixels that are visible in one image 
but not in the other, as the cameras do not observe identical 
portions of the scene. 

   If these cases are not properly addressed, they can lead to failures in 
stereo correspondence and prevent accurate scene reconstruction. 

2.1.4 Stereo Depth Estimation Constraints 

    To reduce the search space for stereo correspondence and to mitigate 
potential sources of error during the matching process, a set of 
constraints is commonly imposed [13]. These constraints are 
fundamental to binocular reconstruction and are briefly outlined below. 
    The epipolar constraint states that a point in the source image must 
lie on the same epipolar line in the matched image. In the case of 
parallel cameras, as illustrated in Figure 1, rectification ensures that 
epipolar lines are horizontal and coincide with image rows, each 
containing the corresponding feature point. As a result, the 
correspondence search space is reduced from two dimensions to one. 
     The geometric constraint pertains to the relative spatial 
arrangement of corresponding pixels. Specifically, a corresponding 
pixel in the right image must be located to the left of its counterpart in 
the left image. Consequently, only pixels in the right image with an 𝑥-
coordinate less than or equal to that of the pixel in the left image are 
considered valid candidates for matching. 
     The uniqueness constraint enforces a one-to-one correspondence 
between pixels in the left and right images. Formally, if pixels 𝑘and 𝑙are 
corresponding points in the left and right images, respectively, then for 
any pixel 𝑝 < 𝑘 in the left image, its corresponding pixel 𝑞in the right 
image must satisfy 𝑞 < 𝑙. 
     Finally, the continuity constraint reflects the assumption that 
disparity values typically vary smoothly across the image, with abrupt 
changes occurring primarily at object boundaries. Thus, the disparity of 
a matched pixel and that of its immediate neighbors are expected to be 
similar unless the pixels lie near an edge. For instance, given closely 
spaced matched pixel pairs (𝑘, 𝑙), (𝑖, 𝑗), and (𝑚, 𝑛), with 𝑘 < 𝑖 < 𝑚 and 
𝑙 < 𝑗 < 𝑛, the disparity 𝑑(𝑖, 𝑗) should not differ significantly from 𝑑(𝑘, 𝑙) 
or 𝑑(𝑚, 𝑛). 
     The consistency constraint is particularly useful for detecting 
occlusions—points visible in one image but not in the other—as well as 
incorrectly established correspondences. It states that if a disparity 
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value is obtained for a point during left-to-right matching, the same 
value should be recovered when performing right-to-left matching for 
that point. Disparities that do not satisfy this condition are considered 
unreliable and are typically discarded. 
     The disparity limitation constraint restricts the search for 
correspondences to a predefined disparity range, thereby reducing the 
computational search space and improving efficiency. 
    The similarity constraint assumes that corresponding pixels in the 
left and right images exhibit identical or sufficiently similar intensity 
values within a defined threshold. When window-based correlation 
methods are employed, this constraint implies that the corresponding 
windows should exhibit strong similarity. 
     Finally, the smoothness constraint reflects the assumption that 
disparity values vary gradually in regions lacking strong texture, with 
abrupt changes being relatively rare.  
Additional details regarding stereo constraints can be found in [13, 14, 
15]. Taking all these constraints into account is essential for accurate 
environment reconstruction using stereo vision. They can be modelled 
in various ways and play a crucial role in reducing errors and 
ambiguities in the resulting disparity maps. 
 

2.2 Review of Dense Stereo Reconstruction Methods 

2.2.1 Matching Cost Computation 

     In the context of stereo matching, cost functions are designed to 
quantify the degree of similarity between pairs of pixels. All stereo 
correspondence methods rely on some form of matching cost to 
evaluate the likelihood that two pixels correspond to the same scene 
point. In certain approaches, multiple cost functions are combined in 
order to improve robustness and matching reliability [17]. The simplest 
cost formulations assume constant intensity values for corresponding 
pixels, implicitly relying on radiometric consistency. Such assumptions 
are valid only under ideal conditions, typically in well-textured regions. 
As noted in [18], the challenges associated with designing robust 
matching cost functions stem from two independent factors: 

1. Data uncertainty, caused by miss-calibrated cameras or images 
that contain objects with low texture or reduced signal to noise 
ratio. 
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2. The structural ambiguity, which is caused by the presence of 
repetitive patterns and the inability of the cameras to capture 
the entire light spectrum [19] 

    The difficulty of designing robust matching cost functions increases 
significantly when dealing with surfaces that exhibit challenging real-
world characteristics [20], among which we specifically mention the 
following: 

1. Bi-directional reflectance which can cause matching pixels to 
have different colors in each frame. 

2. Occlusions of objects caused by the different points of view of 
the cameras from the stereo system. The depth assignment to 
occluded pixels must rely on more mechanism not just the 
matching cost function. 

     To determine the correct disparity value, the first step consists of 
generating a set of potential matches between a target pixel in one 
image and multiple candidate pixels in the second image that lie along 
the same scanline, or epipolar line [21]. This process results in a three-
dimensional structure of size height × width × maxDisparities, 
commonly referred to as the cost volume, as it encodes the matching 
costs between pixels in the two images. The height and width 
correspond to the spatial dimensions of the input images, while 
maxDisparities denotes the predefined range of disparity hypotheses 
considered during matching. Each value within the cost volume 
represents the similarity cost between a pixel pair according to a 
chosen metric, and these values vary depending on the employed 
matching function. A central challenge in stereo correspondence is the 
design of a matching cost function that reliably assigns the optimal cost 
to the true pixel correspondence. 

2.2.1.1 Intensity based descriptors 

    Intensity-based metrics operate under the assumption that 
corresponding pixels in the left and right images exhibit very similar 
intensity values. One of the simplest and most commonly used such 
metrics is the absolute difference (AD) [22], [23], defined in Equation 
(2.12). Under this assumption, correctly matched pixel pairs are 
expected to yield very small absolute difference values. 

   𝐶𝐴𝐷(𝑝, 𝑑) =  |𝐼𝐿(𝑝) − 𝐼𝑅(𝑝 − 𝑑)|      (2.12) 
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   In Equation (2.12), 𝑝 denotes the pixel location, 𝑑 represents the 

disparity value, which ranges from 0 to maxDisparities, and 𝐼 denotes 

the pixel intensity in the left and right images. Since matching based on 

a single pixel is often prone to errors, an improvement consists of 

considering a local window centered around the target pixel and 

performing the matching using the intensity values within this support 

region [24]. Typically, the window size is small, such as 3 × 3 or 5 × 5 

pixels, with the pixel of interest located at the center. 

    The absolute differences computed for all pixels within the window 
are then summed to obtain the final matching cost. This approach 
defines the sum of absolute differences (SAD) metric [25], [26], which is 
analytically expressed in Equation (2.13). In this formulation, the 
symbol 𝑞 denotes the pixels belonging to the neighborhood 𝑁𝑝. 

                                    𝐶𝑆𝐴𝐷(𝑝, 𝑑) =  ∑ |𝐼𝐿(𝑞) − 𝐼𝑅(𝑞 − 𝑑)|𝑞∈𝑁𝑝      (2.13) 

A closely related approach is the sum of squared differences (SSD) [27], 
shown in Equation (2.14), in which the absolute difference is replaced 
by the squared intensity difference. 

𝐶𝑆𝑆𝐷(𝑝, 𝑑) =  ∑ (𝐼𝐿(𝑞) − 𝐼𝑅(𝑞 − 𝑑))
2

𝑞∈𝑁𝑝      (2.14) 

The normalized cross-correlation (NCC) is another intensity-based 
matching metric that incorporates the standard deviation of the 
intensities within the matching window, thereby accounting for 
potential Gaussian noise effects [28]. The analytical formulation of this 
metric is provided in Equation (2.15). 

                  𝐶𝑁𝐶𝐶(𝑝, 𝑑) =
∑ 𝐼𝐿(𝑞)𝐼𝑅(𝑞−𝑑)𝑞∈𝑁𝑝

√∑ [𝐼𝐿(𝑞)2]𝑞∈𝑁𝑝 ∑ [𝐼𝑅(𝑞−𝑑)2]𝑞 ∈𝑁𝑝

      (2.15) 

2.2.1.2 Non-Parametric descriptors 

     Although intensity-based descriptors are simple to understand and 
straightforward to implement, they generally perform poorly in real-
world environments and are more suitable for controlled settings [22]. 
Radiometric variations—such as those caused by non-diffuse surfaces, 
textureless regions, or illumination changes due to sunlight, reflections, 
or glare—can introduce significant brightness inconsistencies between 
stereo image pairs. These effects often lead intensity-based descriptors 
to produce inaccurate pixel correspondences. 
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    To address these limitations, a class of non-parametric descriptors 
has been introduced, which derives representations of image patches 
that are invariant to linear intensity changes [29]. Some of these non-
parametric descriptors can be obtained by modifying previously 
discussed intensity-based measures. For instance, subtracting the mean 
intensity of the matching window from the individual pixel values 
transforms the cost functions defined in Equations (2.13) and (2.14) 
into the formulations presented in Equations (2.16) and (2.17), 
respectively. 

      𝐶𝑍𝑆𝐴𝐷(𝑝, 𝑑) =  ∑ |𝐼𝐿(𝑞) − 𝑀𝐿 − 𝐼𝑅(𝑞 − 𝑑) + 𝑀𝑅|𝑞∈𝑁𝑝       (2.16)   

      𝐶𝑍𝑆𝑆𝐷(𝑝, 𝑑) =  ∑ (𝐼𝐿(𝑞) −𝑀𝐿 − 𝐼𝑅(𝑞 − 𝑑) + 𝑀𝑅)
2

𝑞∈𝑁𝑝                    (2.17) 

The terms 𝑀𝐿 and 𝑀𝑅 are the mean values in the patch window. The 
NCC descriptor also has a non-parametric variant presented in (2.18). 

          𝐶𝑍𝑁𝐶𝐶(𝑝, 𝑑) =
∑ 𝐼𝐿(𝑞)𝐼𝑅(𝑞−𝑑)𝑞∈𝑁𝑝

√∑ [(𝐼𝐿(𝑞)−𝑀𝐿)2]𝑞∈𝑁𝑝 ∑ [(𝐼𝑅(𝑞−𝑑)−𝑀𝑅)2]𝑞 ∈𝑁𝑝

     (2.18) 

    Another widely used non-parametric descriptor is the Rank 
Transform (RT). This matching cost formulation has gained 
considerable attention due to its high computational efficiency and its 
suitability for parallel implementation on dedicated hardware 
platforms [30]. The Rank Transform computes the matching cost by 
counting the number of pixels within a support window whose 
intensity values are lower than that of the central pixel. This operation 
is performed independently for corresponding patches in the left and 
right images, and the resulting values are then subtracted. A smaller 
difference indicates a higher degree of similarity between the two 
patches. The analytical formulation of the Rank Transform is provided 
in Equation (2.19), where CARD denotes the cardinality operator, which 
counts the number of elements in a set. 

𝐶𝑅𝑇(𝑝, 𝑑) = 𝐶𝐴𝑅𝐷[𝑞 ∈ 𝑁𝑝|𝐼𝐿(𝑞) < 𝐼𝐿(𝑝)] − 

                                            𝐶𝐴𝑅𝐷[𝑞 ∈ 𝑁𝑝|𝐼𝑅(𝑞) − 𝐼𝑅(𝑝)]                      (2.19) 

   Other matching cost formulations with more complex computational 
expressions have also been proposed in the literature; however, due to 
their higher computational cost, they are less commonly used in 
practice. Notable examples include the Birchfield–Tomasi (BT) metric 
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[31], which provides sub-pixel accuracy in correspondence estimation, 
and the Mutual Information (MI)–based cost function [22], which 
additionally accounts for the entropy of the image intensities. 

2.1.2.3 Binary Descriptors 

    These descriptors have attracted significant interest due to their 

computational simplicity, suitability for implementation on a wide 

range of hardware platforms, and invariance to additive and 

multiplicative intensity variations. Moreover, the computational cost 

associated with extracting such descriptors is relatively low. The 

Census Transform (CT) [29] is a representative binary descriptor that 

captures local structural information by comparing pixel intensities 

within a matching window and encoding the comparison outcomes into 

a binary string. The step function employed in this comparison process 

is defined in Equation (2.20), where 𝑝1 and 𝑝2 denote two pixels within 

the patch used for correspondence estimation. Typically, one of these 

pixels is chosen as the center of the matching window. 

                                   𝜉(𝑝1, 𝑝2) =  {
0, 𝑝1 ≤ 𝑝2
1, 𝑝1 > 𝑝2

       (2.20) 

    The final formulation for computing the Census descriptor of an 
image patch is given in Equation (2.21), where the operator ⊗ denotes 
concatenation and 𝑁𝑝 is the neighborhood of the central pixel 𝑝. 

                                𝐶𝑇(𝑝) =⊗ 𝑞 ∈ 𝑁𝑝𝜉(𝑝, 𝑞)       (2.21) 

       Numerous variants of the Census Transform have been proposed to 
address different application scenarios. For instance, if the center pixel 
is corrupted by noise in one of the images, the resulting binary 
descriptor may become unreliable for correspondence estimation. To 
mitigate this issue, an alternative formulation compares pairs of pixels 
that are symmetric with respect to the center of the matching window 
[32]. In this manner, even if one pixel is affected by noise, the overall 
binary descriptor can remain informative. The analytical expression of 
the center-symmetric Census Transform is provided in Equation (2.22), 
where 𝑜𝑖  denotes the coordinates of the pixels within the matching 
window. 

                    𝐶𝑇𝑐𝑠𝑦𝑚(𝑝) =⊗ 𝑜𝑖 ∈ 𝑁𝑝𝜉(𝑝 + 𝑜𝑖 , 𝑝 − 𝑜𝑖)      (2.22) 
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    To reduce computational complexity when performing dense Census 
Transform calculations and to mitigate the influence of noisy pixels, 
sparse Census variants have been introduced. These variants construct 
the final binary descriptor by considering only a subset of pixels within 
the matching window. A general analytical formulation of sparse 
Census descriptors is provided in Equation (2.23), and examples of 3D 
reconstruction approaches employing such descriptors can be found in 
[33] and [34]. In Equation (2.23), 𝑁 denotes the total number of pixels 
in the matching window, while 𝑏𝑖 is a binary indicator that takes the 
value 1 if the corresponding pixel is included in the descriptor and 0 
otherwise. 

𝐶𝑇𝑠𝑝𝑎𝑟𝑠𝑒 = ∑ 𝑏𝑖2
𝑖𝑁−1

𝑖=0         (2.23) 

     A comprehensive analysis of the Census Transform descriptor is 
presented in [35], where the trade-off between matching window size 
and accuracy is systematically investigated. The authors evaluate 
various Census-based descriptors under both noisy and ideal 
conditions, considering dense and sparse Census masks. Their results 
indicate that the highest matching accuracy is achieved with Census 
window sizes of 16 × 16 and 24 × 24; however, the computational cost 
increases exponentially with window size. In contrast, sparse Census 
variants, while slightly suboptimal in terms of accuracy, offer a 
favorable balance between computational efficiency and performance, 
even when larger windows are employed. 
     Further insights are provided in [36], where the influence of 
individual pixels on the overall matching score is examined. This study 
demonstrates that, in sparse Census masks, pixels located near the 
center of the matching window tend to contribute less to matching 
performance than those positioned closer to the window boundaries. 
Moreover, the authors report that center-symmetric Census masks 
outperform traditional Census descriptors in both speed and accuracy. 
Similar conclusions are drawn in additional studies [37], which also 
identify the center-symmetric Census as a generally superior choice for 
stereo matching applications. Beyond Census-based methods, several 
other binary descriptors have been proposed to address specific 
challenges. For example, the ORB descriptor introduced in [38] 
provides rotation invariance, while DAISY [39] is designed for stereo 
matching scenarios involving large baselines.  
    The final matching cost between descriptors computed in the left and 
right images is typically evaluated using the Hamming distance, which 



35 
 

measures the number of differing bit positions between two binary 
strings. The formulation for computing the matching cost for a pixel at 
position 𝑝 using the Hamming distance is given in Equation (2.24). In 
this expression, ⊕ denotes the XOR operation, 𝑑 represents the 
disparity value, 𝐶𝑇 refers to the Census Transform applied to the left 
and right images, and Count denotes a function that counts the number 
of ones resulting from the XOR operation. 

                                  𝐶(𝑝) = 𝐶𝑜𝑢𝑛𝑡(𝐶𝑇𝐿(𝑝)⨁𝐶𝑇𝑅(𝑝 + 𝑑))      (2.24) 

2.1.2.4 Learning-based Descriptors 

    With the increasing popularity of neural networks, a wide range of 

data-driven techniques have been developed to learn highly 

discriminative features for stereo correspondence tasks [40]. One of the 

earliest deep learning–based solutions for feature extraction is 

presented in [41], where Siamese neural network architectures are 

employed to learn feature representations and compute similarity 

measures between image patches. In this framework, similar features 

are assigned low matching costs, while dissimilar features incur higher 

costs. In a related study, [42] investigates several deep learning 

architectures for image patch comparison and reports that 

concatenating left and right image patches prior to feature extraction 

leads to superior matching accuracy. However, this strategy also results 

in a substantial increase in computational complexity and runtime. 

    Further efforts to improve efficiency are described in [43], where the 
authors propose multiple optimizations for the cost computation stage. 
Specifically, they learn a probability distribution over the entire 
disparity range, enabling the model to capture correlations between 
different disparity hypotheses. Additionally, the two branches of the 
neural network are merged using a dot-product layer applied to the 
convolutional feature maps, reducing computational overhead while 
maintaining competitive performance. Beyond neural network–centric 
approaches, evolutionary methods such as genetic algorithms have also 
been explored for identifying optimal stereo descriptors [44], 
demonstrating alternative strategies for descriptor optimization. 
     Overall, learning-based descriptor methods often provide improved 
matching accuracy compared to traditional feature-engineered 
approaches in stereo correspondence. Nevertheless, these benefits 
come at the cost of increased computational complexity, longer 
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execution times, and a strong dependence on hardware acceleration, 
typically requiring GPUs to achieve real-time performance. 
Consequently, these methods tend to consume significant amounts of 
power. The trade-off between accuracy and computational efficiency 
remains a central challenge in stereo matching. In autonomous driving 
applications, the perception pipeline includes multiple processing 
modules, many of which already rely on GPU resources to ensure 
acceptable system-wide performance. In such resource-constrained 
edge computing environments, it is often impractical to further burden 
the GPU for marginal accuracy gains. Instead, improving feature-
engineered descriptors that can run efficiently on CPUs offers a more 
balanced solution, enabling robust performance while maintaining 
reasonable computational and energy requirements. 

2.2.2 Spatial Aggregation of Matching Costs 

Cost aggregation represents the second stage of the stereo 
reconstruction pipeline. Spatial aggregation involves combining the 
matching costs stored in the cost volume generated in the previous step 
in order to reduce noise and improve the reliability of stereo 
correspondence. Aggregation can be performed either through spatial 
aggregation or weighted aggregation, and these two strategies may be 
applied independently or jointly in a combined formulation. The 
analytical expression corresponding to this aggregation step is given in 
Equation (2.25). 

𝐶𝑊(𝑑) = 𝑍𝑊 ∑ 𝑤𝑝𝐶(𝑝, 𝑑)𝑝 ∈𝑊       (2.25) 

    We denote by 𝐶𝑊(𝑑) the aggregated cost corresponding to disparity 
level 𝑑 over an aggregation window 𝑊. The term 𝑍𝑊 represents a 
normalization factor, while 𝑤𝑝 denotes an optional weighting term 
applied during aggregation; in the case of unweighted aggregation, 
𝑤𝑝 = 1. The term 𝐶(𝑝, 𝑑) refers to the matching cost of pixel 𝑝 at 
disparity level 𝑑. 
    According to the study in [45], a favorable trade-off between 
computational efficiency and matching accuracy is achieved when using 
an aggregation window of size 5 × 5, and it is further recommended 
that the window size should not exceed 7 × 7. More advanced 
aggregation strategies have been proposed to further improve 
robustness. For instance, the approach described in [46] employs a 
cross-based aggregation scheme that includes neighboring pixels as 
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long as their intensities remain sufficiently similar. In [47], the authors 
introduce a more sophisticated aggregation method capable of enabling 
local block-matching stereo algorithms to achieve performance 
comparable to semi-global approaches. This method leverages the 
implicit assumption in stereo correspondence that all pixels within a 
matching block share the same disparity—an assumption that is 
frequently violated on slanted surfaces or under perspective distortion. 
To address this issue, the aggregation process selectively incorporates 
the most reliable costs from a larger support region, while imposing a 
small penalty when the optimal disparity originates from a neighboring, 
non-fronto-parallel region. The analytical formulation of this 
aggregation strategy is presented in Equation (2.26). 

𝐶𝑑 = ∑ max
𝑠∈𝐷𝑠

𝑃(𝑠, 𝑑)𝑐𝑖,𝑠𝑖        (2.26) 

     Einecke et al. extend this idea further and, in [48], propose an 
aggregation scheme that combines multiple support regions of varying 
shapes and sizes in order to better capture the disparities of thin 
structures, such as poles. By employing this strategy, the proposed 
method mitigates noise typically introduced by small aggregation 
windows while simultaneously reducing the bloating (or fattening) 
effect often associated with large support regions. 
     In a related approach presented in [49], aggregation is performed 
using a weighted scheme, where disparity costs are assigned weights 
based on their spatial distance from the center of the aggregation 
window. This weighting strategy emphasizes contributions from pixels 
closer to the reference location, thereby improving robustness. 
     Given the widespread adoption of deep learning techniques, several 
studies have explored the use of convolutional neural networks (CNNs) 
for the aggregation stage of the stereo pipeline. One such method is 
described in [50], where edges are detected at multiple scales using 
CNN-extracted features and subsequently employed to define adaptive 
aggregation window boundaries. 

2.2.3 Disparity Calculation With or Without Optimization 

   Many stereo correspondence constraints are frequently violated in 

challenging real-world scenarios. For instance, under the uniqueness 

constraint, an ideal stereo matching solution assumes a one-to-one 

correspondence between pixels in the left and right images. In practice, 
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this assumption is often invalid due to occlusions, noise, and ambiguous 

matches. To address such limitations, an additional stage—referred to 

as optimization—is incorporated into the stereo processing pipeline 

[51]. In this stage, the matching problem is formulated as an energy 

minimization task, where correct disparity assignments correspond to 

low energy values, while disparities arising from violated constraints 

are penalized with high energy. However, this formulation has been 

shown to be NP-complete [52], rendering it impractical for real-time 

applications. To make the optimization step feasible for intelligent 

systems, the problem is reformulated as an energy function that 

includes a regularization term, as expressed in Equation (2.27). 
                                𝐸(𝐷) = 𝐸𝐷𝑎𝑡𝑎(𝐷) + 𝐸𝑆𝑚𝑜𝑜𝑡ℎ(𝐷)       (2.27) 

    The term 𝐸Data(𝐷) denotes the data fidelity component and comprises 
the aggregated costs obtained from the cost volume following the 
aggregation stage. The term 𝐸Smooth(𝐷) represents the smoothness 
component, which is incorporated to enforce the smoothness constraint 
in the reconstructed three-dimensional scene. For clarity and ease of 
interpretation in the subsequent discussion, Equation (2.27) can be 
reformulated as shown in Equation (2.28), where 𝑝 and 𝑞 denote 
neighboring disparity positions, 𝐶 represents the cost volume, and 𝑉𝑝,𝑞 

defines the smoothness penalty between two adjacent positions. 

                       𝐸(𝐷) = ∑ 𝐶𝑝(𝑑𝑝) + ∑ 𝑉𝑝,𝑞(𝑑𝑝, 𝑑𝑞)(𝑝,𝑞)∈𝑁𝑝∈𝐼       (2.28) 

    To address the second term of Equation (2.28), which poses 
significant computational challenges, several optimization techniques 
have been proposed, including graph cuts [51][52], belief propagation 
[53], and total variation methods [54]. Among these approaches, Semi-
Global Matching (SGM) [55] has gained the greatest popularity due to 
its ability to produce high-quality disparity estimates in real time. This 
balance between accuracy and computational efficiency makes SGM 
particularly well suited for intelligent systems applications that require 
reliable three-dimensional reconstruction. 

Semi-Global Matching 

    The Semi-Global Matching (SGM) method [55] was introduced to 

simplify the energy formulation and thereby reduce the computational 

complexity of the stereo optimization problem. SGM belongs to the class 

of global optimization approaches, as it enforces smoothness 
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constraints across the image, while remaining computationally 

tractable. The method achieves this balance by approximating the two-

dimensional energy function through the aggregation of multiple one-

dimensional paths, typically along 4, 8, or 16 directions.  

    The SGM energy formulation comprises a data term, a penalty term 

designed to handle slanted surfaces and perspective distortions, and a 

smoothness term that accounts for depth discontinuities. The complete 

energy function used in SGM is presented in Equation (2.29). 

 

𝐸(𝐷) =  ∑ 𝐶(𝑝, 𝐷𝑝)𝑝 + ∑ 𝑃1 ∗ 𝑇[𝐷𝑝 − 𝐷𝑞| = 1]  𝑞 ∈ 𝑁𝑝
+ ∑ 𝑃2 ∗𝑞 ∈ 𝑁𝑝

𝑇 [ 𝐷𝑝 − 𝐷𝑞| > 1]               (2.29) 

    In this formulation, 𝐷 denotes the set of disparity values, 𝐶 represents 
the cost volume, and 𝑁𝑝 defines the neighborhood of point 𝑝. The 

function 𝑇(⋅) maps the truth value of the expression within the brackets 
to either 1 or 0. The variables 𝐷𝑝 and 𝐷𝑞 correspond to the selected 

disparities at positions 𝑝 and 𝑞, respectively. The constant 𝑃1 represents 
a penalty applied to neighboring pixels when the disparity change is 
small (i.e., a difference of one pixel), while the final term imposes a 
larger penalty for more significant disparity variations. For practical 
implementation, this energy formulation can be rewritten as shown in 
Equation (2.30). 

𝐿𝑟(𝑝, 𝑑) = 𝐶(𝑝, 𝑑) + min (𝐿𝑟(𝑝 − 𝑟, 𝑑) , 𝐿𝑟(𝑝 − 𝑟, 𝑑 − 1) + 𝑃1, 𝐿𝑟(𝑝 −
𝑟, 𝑑 + 1) + 𝑃1,min 𝐿𝑟(𝑝 − 𝑟, 𝑖) + 𝑃2)        (2.30) 

   In this formulation, 𝐶(𝑝, 𝑑) denotes the cost volume value associated 
with the pixel at position 𝑝and disparity 𝑑, while 𝑟 specifies the 
direction of a one-dimensional aggregation path. The final optimized 
cost is obtained by combining the costs accumulated along all paths 
defined by 𝑟, as expressed in Equation (2.31). 

𝐶𝑓𝑖𝑛(𝑝, 𝑑) = ∑ 𝐿𝑟(𝑝, 𝑑)𝑟        (2.31) 

   One of the most challenging aspects of Semi-Global Matching is the 

selection of the penalty parameters 𝑃1 and 𝑃2. The parameter 𝑃1 

penalizes small disparity variations, which are typically associated with 

slanted surfaces or perspective effects, whereas 𝑃2 penalizes large 

disparity changes that usually occur at depth discontinuities. In [55], 
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the authors suggest that these penalties may be selected empirically, 

with the constraint that 𝑃2 must be significantly larger than 𝑃1. 

    Further analysis is provided in [56], where four distinct strategies for 
choosing penalty values are examined. The authors conclude that the 
optimal penalty selection depends on the matching cost function 
employed, and they associate each of the proposed strategies with 
specific matching descriptors. Equation (2.32) presents the analytical 
formulation of an adaptive 𝑃2 penalty that accounts for local image 
gradients, where 𝑃2

′  is an empirically chosen constant. This gradient-
adaptive formulation of the 𝑃2penalty was first introduced in [56]. 

𝑃2 =  
𝑃2
′

|𝐼𝑏𝑝− 𝐼𝑏𝑞|
                     (2.32) 

    A commonly adopted heuristic in penalty selection is to set the 
second penalty 𝑃2 to approximately the square or at least twice the 
value of 𝑃1. In addition to heuristic strategies, learning-based 
approaches have also been explored to automatically determine 
optimal penalty values for SGM; an example of such a method is 
presented in [57]. 
     The primary limitation of SGM is that achieving real-time 
performance—typically exceeding 10 frames per second—requires 
substantial hardware optimization. Consequently, numerous SGM 
implementations have been developed and optimized for specific 
platforms, including CPUs [58], GPUs [59], and FPGAs [30]. While the 
incorporation of optimization techniques significantly improves stereo 
matching results, it does not entirely resolve the challenges related to 
reconstruction quality and accuracy in three-dimensional scene 
estimation. 

Winner Takes All 

    The winner-takes-all (WTA) strategy selects a single disparity value 
for each pixel position by choosing the minimum cost from the 
constructed cost volume. Originally introduced by Pollard [60], this 
method relies heavily on the quality of the underlying matching cost 
function. In textureless regions, WTA often produces erroneous results 
due to the high ambiguity of matching costs. Despite these limitations, 
the approach remains widely used, particularly in local and semi-global 
stereo methods, where it serves to generate an initial disparity 
estimate. Its continued popularity is largely due to its simplicity of 
implementation and high computational efficiency, which is largely 
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independent of image size. Alternative strategies for disparity selection 
have also been proposed. For instance, the loser-takes-nothing approach 
introduced by Li et al. [61] aims to iteratively eliminate excessively 
large matching costs arising from poor correspondences. This method 
employs a steepest-descent optimization scheme to determine the 
winning disparity; however, it is computationally expensive and 
therefore inefficient in practice. In standard WTA formulations, the 
optimal disparity for each pixel is commonly obtained using the argmin 
operator, as expressed in Equation (2.33). 

𝑑𝑖𝑠𝑝(𝑝) = argmin
𝑑

𝐶𝑓𝑖𝑛(𝑝, 𝑑)       (2.33) 

     After computing disparity maps using both the left and the right 
images as reference views, a left–right consistency check can be applied 
to validate the reliability of the estimated disparity values. It is worth 
noting that this consistency verification can also be performed directly 
on the cost volume, without explicitly generating both disparity maps. 
This optimized approach can improve computational efficiency, as it 
eliminates the need to execute the stereo algorithm twice and to 
compute two separate disparity maps. 

2.2.4 Disparity Map Refinement 

According to [7], the final major stage in the stereo matching 
pipeline is the refinement step. During this phase, the initially 
generated disparity map is re-evaluated, and disparity values deemed 
unreliable are either removed or, when possible, replaced with 
estimates of higher confidence. Common refinement strategies include 
filtering the disparity map using edge-aware techniques, such as 
median [62], bilateral [63], or guided filters [64], which aim to preserve 
depth discontinuities while reducing noise. 

Alternative refinement approaches enforce consistency constraints 
directly on the disparity map. For instance, the method proposed in 
[65] propagates disparity values along line segments with similar color 
characteristics. In this framework, highly reliable disparity values serve 
as seeds and are propagated within these segments, thereby imposing a 
smoothness constraint across neighboring pixels. The resulting 
disparity map is refined using small-kernel bilateral filtering to prevent 
streaking artifacts. However, relying on a limited set of seed pixels may 
lead to information loss. To address this, anisotropic image processing 
techniques have been proposed. In [66], neighboring pixels around an 
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unreliable pixel are weighted according to intensity similarity, and their 
disparity values are combined to replace the erroneous estimate. 
Learning-based methods have also been explored for disparity 
refinement. In [67], a multi-scale neural network processes stereo 
image pairs at different resolutions, reducing inference complexity and 
improving runtime performance. Other learning-based approaches aim 
to replicate the behavior of classical filtering techniques [68]. For 
example, the method presented in [69] models the effect of bilateral 
filtering through a learning framework, with the authors reporting 
improved accuracy compared to traditional filter-based refinement 
methods. 

2.2.5 Fault Tolerance Methods for 3D Reconstruction Solutions 

    A common challenge in stereo vision systems arises when one of the 
frames is incorrectly acquired or becomes corrupted. Several studies 
have addressed error mitigation under such conditions. A 
representative approach is presented in [70], where missing 
stereoscopic video frames are recovered through a combination of 
temporal change detection between successive left-view images, 
disparity estimation, and frame-difference projection. This disparity-
based frame-difference projection method demonstrates robust 
performance in scenarios involving frame drops. 
     In related work, Chung et al. [71] exploit motion vectors extracted 
from color images to conceal missing right-view frames. Their approach 
employs 3D image warping to establish inter-view correspondences 
and reconstructs the missing image using both motion vectors and 
intensity differences between matched pixels. Furthermore, Miclea et al. 
[72] identify three critical failure points within the stereo 
reconstruction pipeline and propose a neural network–based solution 
to address them. The proposed model is formulated as a regression task 
and leverages previously acquired RGB images, disparity maps, and 
semantic segmentation outputs to generate an accurate final disparity 
map. 

2.3 Review of Monocular Depth Estimation Approaches 

      Acquiring images with a single camera inherently results in the loss 

of three-dimensional information, making depth estimation from a 

single image a highly challenging task. Early approaches to monocular 

depth perception relied on exploiting visual cues such as known object 
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dimensions, texture variations, and defocus effects. In a seminal study, 

Horn et al. [73] utilized color gradients in acquired images to infer 

depth information. Following a feature-engineering paradigm, Kong 

[74] formulated monocular depth estimation as an intrinsic image 

decomposition problem. In this work, object contours were inferred 

from shadows and albedo, and temporal consistency was enforced by 

linking results across consecutive frames using optical flow. 

    In [75], the author proposed a learning-based monocular depth 
estimation approach that incorporates prior knowledge about the sizes 
of known objects present in each frame. The image structure is 
decomposed into a set of features obtained through transformations 
such as Fourier and wavelet analysis, which are then used to infer 
absolute scene depth. Given that object recognition in unconstrained 
environments is prone to errors, the authors in [76] combined texture 
features, geometric context, and motion-boundary-based monocular 
cues with spatio-temporal co-planarity constraints to improve depth 
inference from monocular videos. In a related approach, [77] classifies 
scene elements into four categories—sky, ground, planar, and cubic—
and assigns approximate depth values to objects based on their class 
membership. 
      Compared to feature-engineered methods, deep learning approaches 
have achieved substantially higher accuracy in dense monocular depth 
estimation. Laina et al. [78] proposed an encoder–decoder 
convolutional neural network for depth estimation from a single image, 
where the encoder is based on a modified ResNet-50 architecture with 
the fully connected and final pooling layers removed, and the decoder 
up samples the output using convolutional layers. As network depth is 
strongly correlated with depth estimation accuracy—owing to the 
ability of larger receptive fields to capture broader contextual 
information—many monocular depth estimation models have been 
designed with over 100 layers [80, 81]. To further enhance depth 
prediction quality, Mancini et al. [82] introduced a fusion strategy that 
concatenates RGB images with optical flow information, enabling the 
network to learn depth cues from motion-aware inputs. 
Building upon prior work, Alhashim and Wonka [83] proposed a tightly 
connected encoder–decoder architecture characterized by a lightweight 
decoder composed of only two convolutional layers and bilinear 
upsampling. Despite its simplicity, this approach achieves competitive 
performance on established benchmarks such as KITTI. Finally, [84] 
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introduced a semi-supervised monocular depth estimation framework 
consisting of two networks: a pose estimation network and a symmetric 
depth estimation network. Both networks process RGB and semantic 
images to produce intermediate depth estimates, which are 
subsequently fused to generate the final depth map. A comprehensive 
survey of monocular depth estimation methods, including the 
approaches discussed above, can be found in [85]. 
    Although the primary focus of this work is not the advancement of 
monocular depth estimation techniques, this brief review of the state of 
the art is included because a monocular depth estimation method [86] 
is employed to enhance the accuracy of local stereo approaches and to 
enable the development of a fault-tolerant stereo reconstruction 
system. 

2.4 Advanced Depth Perception Methods 
2.4.1 Improving Local Block Matching Algorithms, the Slanted 
Block Matching Approach 

   One of the primary reasons block-matching stereo methods fail to 

accurately reconstruct certain surfaces lies in the implicit assumption 

that all features within a matching block share the same three-

dimensional depth. This assumption is frequently violated in the 

presence of slanted or non-fronto-parallel surfaces. To address this 

limitation, an enhanced block-matching approach, originally presented 

in [224], is discussed in this section. The presented method, referred to 

as Slanted Block Matching (SBM), captures surface orientation by 

warping the matching descriptor block to better align with the 

underlying surface geometry. This operation is implemented efficiently 

through the use of lookup tables, enabling fast execution. 

    Following the matching stage, the resulting costs are aggregated 
using support regions of varying shapes and sizes, which helps mitigate 
errors introduced by single-pixel matching. Since conventional 
descriptor computation does not account for surface orientation, 
matching inaccuracies may arise and subsequently propagate through 
later stages of the stereo pipeline, ultimately degrading the quality of 
the resulting disparity map. To further suppress outliers, each 
estimated disparity value is constrained using a set of local consistency 
rules. Finally, the disparity map is refined by removing small speckle 
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regions caused by erroneous matches, yielding a cleaner and more 
reliable reconstruction. 

2.4.1.1 Matching Descriptors 

    In this work, binary descriptors are employed due to several 
advantageous properties, including their computational efficiency, 
invariance to additive and multiplicative intensity variations, and 
relatively low processing cost. For these reasons, a 7×9 weighted 
center-symmetric Census descriptor is adopted. The center-symmetric 
Census, defined in Equation (2.34), exhibits increased robustness to 
noise compared to the classical Census Transform, which relies 
exclusively on comparisons with the central pixel of the support 
window. In the classical formulation, corruption of the central pixel can 
compromise the entire descriptor, whereas in the center-symmetric 
variant, the influence of a noisy pixel remains localized and does not 
affect the full metric. 
    Furthermore, instead of encoding each comparison result using a 
single bit, the presented approach stores two bits per comparison. This 
modification enables a more nuanced weighting of comparison 
confidence. Specifically, when the compared pixel intensity is 
significantly smaller or larger than the reference value, the comparison 
result is stored twice, whereas values that fall within a defined interval 
relative to the reference are encoded as 01. This encoding scheme 
reduces the adverse impact of uncertain comparisons when computing 
the Hamming distance between descriptors from the two images. As a 
result, mismatches have a less detrimental effect on the final matching 
outcome compared to classical Census-based approaches. The 
analytical formulation of the modified center-symmetric Census 
descriptor (MCST_CENSUS) is presented in Equation (2.35). 

𝑀𝐶𝑆𝑇_𝐶𝐸𝑁𝑆𝑈𝑆(𝑢, 𝑣) = ∑ ∑ 𝜀(𝐼(𝑢𝑖,𝑣𝑗), 𝐼(𝑢𝑁−𝑖,𝑣𝑀−𝑗−1))
𝑀
𝑗=0

𝑁

2
−1

𝑖=0
⊕

∑ 𝜀(𝐼(𝑢𝑁/2,𝑣𝑗), 𝐼(𝑢𝑁/2,𝑣𝑀−𝑗−1))
𝑀/2
𝑗=0                                                                       (2.34) 

                          𝜀(𝑋, 𝑌) = {

00,  𝑋 − 𝑡 ≥ 𝑌                              

01,  𝑋 − 𝑡 < 𝑌 𝐴𝑁𝐷 𝑋 + 𝑡 ≥ 𝑌

11,  𝑋 + 𝑡 < 𝑌                               

      (2.35) 

In Equation (2.34), 𝑁 and 𝑀 denote the dimensions of the descriptor 
patch, while the ⊗ symbol represents the bitwise concatenation 
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operation. In Equation (2.35), the parameter 𝑡 denotes a small intensity 
threshold introduced to compensate for minor intensity variations 
between corresponding pixels. In the described implementation, the 
value of 𝑡 is set to 1. To effectively capture slanted surfaces, seven 
lookup tables are constructed for the right-image descriptors, each 
corresponding to a different degree of tilt applied to the descriptor 
block. Because the positional derivatives (offsets) for each pixel are 
precomputed and stored within these lookup tables, all seven right-
image descriptor variants can be generated concurrently, resulting in 
very high computational efficiency. An intuitive illustration of the 
slanted descriptor windows is provided in Figure 2.2. 
   The seven lookup tables were selected through an empirical process. 
Initially, multiple tables corresponding to different degrees of 
inclination were generated. Subsequently, those that did not yield 
measurable improvements in reconstruction quality were progressively 
discarded, using the KITTI 2012 dataset as the reference benchmark.  

    An intuitive example of a lookup table for a 3 × 3 patch is illustrated 
in Figure 2.3. Each entry stores the offset relative to the central pixel, 
where the first component denotes the row offset and the second 
denotes the column offset. In the presented approach, seven 7 × 9 
lookup tables are constructed using the modified weighted center-
symmetric Census descriptor. Of these, six tables are designed to model 
slanted surface configurations, while the remaining table corresponds 
to the fronto-parallel surface case. 

 

Figure 2.2. Tilted MCST CENSUS descriptor blocks 

 
Figure 2.3. Intuitive illustration of a 3x3 lookup table for frontal (left) 
and slanted (right) situations. 
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2.4.1.2 Shifted Window Hamming Distance Computation 

    When binary descriptors are employed, the matching cost at a given 

pixel location is typically computed using the Hamming distance. In the 

classical formulation, for each pixel in the left image, candidate 

correspondences are searched along the corresponding epipolar line in 

the right image across a predefined range of disparities. The disparity 

associated with the minimum Hamming distance is then selected as the 

winning match. 

    In contrast, the described system extends this strategy by evaluating 
the correspondence of a left-image pixel against all seven descriptor 
representations of the right image across the same disparity range. 
Thus, instead of considering a single right-image descriptor per 
disparity, the method evaluates multiple descriptor variants 
corresponding to different surface orientations. The final matching 
score is obtained by selecting the minimum Hamming distance among 
the fronto-parallel case and the slanted-surface cases, to which a small 
penalty is added for the slanted configurations. This penalty 
discourages unnecessary selection of slanted hypotheses while 
preserving their benefit when appropriate. Empirically, a penalty value 
of 2 was found to yield the best performance on the stereo benchmark. 
The analytical formulations of these operations are provided in 
Equations (2.36), (2.37), and (2.38). 

       𝑆𝐼(𝑖, 𝑗, 𝑑) = ∑ min (𝐻𝑎𝑚𝑚𝑖𝑛𝑔(𝐼𝐿(𝑖, 𝑗), 𝑆𝑅𝐼𝑘
6
𝑘=1 (𝑖, 𝑗, 𝑑)))     (2.36) 

           𝐹𝑟𝑜𝑛𝑡𝑎𝑙(𝑖, 𝑗, 𝑑) = 𝐻𝑎𝑚𝑚𝑖𝑛𝑔(𝐼𝐿(𝑖, 𝑗), 𝐹𝑃𝑅𝐼(𝑖, 𝑗, 𝑑))                   (2.37) 

          𝐹𝑆(𝑖, 𝑗, 𝑑) = 𝑀𝑖𝑛(𝐹𝑟𝑜𝑛𝑡𝑎𝑙(𝑖, 𝑗, 𝑑), 𝑆𝐼(𝑖, 𝑗, 𝑑) + 𝑃𝑒𝑛𝑎𝑙𝑡𝑦)     (2.38) 

     In the above formulations, 𝑆𝐼 denotes the slanted-image score, 
defined as the minimum matching cost obtained across all six slanted 
right-image descriptors (𝑆𝑅𝐼). The term Frontal represents the 
matching cost computed for the fronto-parallel configuration of a pixel 
located at position (𝑖, 𝑗) with disparity 𝑑, while 𝐹𝑃𝑅𝐼 denotes the 
corresponding fronto-parallel right-image descriptor. 
    The final matching score produced by the enhanced depth method for 
a pixel at position (𝑖, 𝑗) and disparity 𝑑 is denoted by 𝐹𝑆(𝑖, 𝑗, 𝑑). This 
score is computed as the minimum between the frontal matching cost 
and the slanted matching cost augmented with a small penalty. The 
introduction of this penalty follows a rationale similar to that adopted 
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in semi-global matching approaches [55], where fronto-parallel 
surfaces are implicitly favored unless strong evidence suggests a 
slanted configuration. 
     The resulting value 𝐹𝑆 is stored in the cost volume 𝐶(𝑝, 𝑑), where 
𝑝denotes the pixel position and 𝑑the associated disparity, as defined in 
Equation (2.39). 

                                                𝐶(𝑝, 𝑑) = 𝐹𝑆(𝑝, 𝑑)       (2.39) 

    After computing the Hamming distance, a multi-block aggregation 

step is applied to the cost volume in order to suppress potential outliers 

and reduce the bloating effect in the resulting disparity map. The 

adopted aggregation strategy is inspired by the approach presented in 

[48] and is further refined through experimental adaptation of the 

support regions. 

    Specifically, aggregation is performed using blocks of varying shapes 
and sizes—namely 1 × 155, 155 × 1, 17 × 17, and 7 × 7—to effectively 
capture structures of different orientations and extents. The aggregated 
cost is denoted by 𝐴, and the analytical formulation of the aggregation 
scheme is provided in Equation (2.40). 

                             𝐴 = max(𝑣𝑎𝑙1𝑥155, 𝑣𝑎𝑙155𝑥1) 𝑣𝑎𝑙17𝑥17𝑣𝑎𝑙7𝑥7     (2.40) 

     The term val𝑎×𝑏 denotes the value obtained after aggregating the 
cost volume using a support window of dimensions 𝑎 × 𝑏, where 𝑎 and 
𝑏 correspond to the vertical and horizontal sizes of the aggregation 
block, respectively.  

2.4.1.3 Winner Takes All 

   In the winner-takes-all stage of the stereo correspondence pipeline, 
the disparity corresponding to the minimum cost value in the cost 
volume 𝐶is selected for each pixel position 𝑝, as expressed in Equation 
(2.41). 

𝐷(𝑝) = 𝑎𝑟𝑔𝑚𝑖𝑛𝑑(𝐶(𝑝, 𝑑))       (2.41) 

    The disparity map produced by stereo correspondence can be 

adversely affected by various external factors, including surface 

reflectance, textureless regions, and repetitive patterns. To mitigate 

these effects, several constraints are imposed on the cost volume during 

the winner-takes-all stage in order to filter out, or at least reduce, 
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erroneous disparity estimates. A disparity value is accepted only if all 

imposed constraints are satisfied. 

    As a first step, the three smallest cost values are identified for each 
pixel location. The initial constraint targets the detection of textureless 
regions by analyzing the structure of the cost volume. Specifically, if the 
three lowest local minima are equal, the corresponding region is 
considered ambiguous, indicating insufficient texture for reliable 
matching. This situation is illustrated intuitively in Figure 2.4 and 
formally described in Equation (2.42). 
 

      𝑃𝑒𝑟𝑖𝑜𝑑𝑖𝑐𝑖𝑡𝑦𝐹𝑙𝑎𝑔 =  {1,  𝑚𝑖𝑛1 = 𝑚𝑖𝑛2  𝐴𝑁𝐷 𝑚𝑖𝑛1 = 𝑚𝑖𝑛3
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

     (2.42)  

    The second constraint provides a measure of confidence in the 
estimated disparity value. This confidence constraint is computed by 
considering the three smallest costs in the cost volume at a given pixel 
position 𝑝and evaluating whether the ratio between the third smallest 
cost and the minimum cost falls below a predefined confidence 
threshold. The analytical formulation of this constraint is presented in 
Equation (2.43). In the implementation described, the confidence 
threshold is empirically set to 15. 

𝐶𝑜𝑛𝑓𝑖𝑑𝑒𝑛𝑐𝑒𝐹𝑙𝑎𝑔 =

 {

1 ,   
𝑚𝑖𝑛3

𝑚𝑖𝑛1
≤ 𝐶𝑜𝑛𝑓𝑖𝑑𝑒𝑛𝑐𝑒1 𝐴𝑁𝐷 | 𝑚𝑖𝑛1 − 𝑚𝑖𝑛2| ≤ 𝐶𝑜𝑛𝑓𝑖𝑑𝑒𝑛𝑐𝑒2

                            
0, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

 (2.43) 

     To further enhance detection precision, sub-pixel interpolation is 
applied. In this work, the symmetric V interpolation method proposed 

 
Figure 2.4. Representation of the periodicity in the cost volume 
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in [33] is employed. The sub-pixel disparity estimation is computed 
according to Equation (2.44), where the values 𝑀1, 𝑀2, and 𝑀3 
correspond to the winning disparity and its immediate neighboring 
disparities. To mitigate residual matching errors, an additional 
refinement stage is subsequently applied to the resulting disparity map. 

             𝐷𝑖𝑠𝑝𝑓𝑖𝑛𝑎𝑙 = 𝐷𝑖𝑠𝑝𝑖𝑛𝑡 𝑒𝑔𝑒𝑟 +

                              

{
 

 0.5 − 0.25 ⋅ (
(𝑀3−𝑀1)

2

(𝑀2−𝑀1)2
+
𝑀3−𝑀1

𝑀2−𝑀1
) , 𝑖𝑓𝑀2 > 𝑀3

−(0.5 − 0.25 ⋅ (
(𝑀2−𝑀1)

2

(𝑀3−𝑀1)2
+
𝑀2−𝑀1

𝑀3−𝑀1
)) , 𝑖𝑓𝑀2 ≤ 𝑀3

(2.44) 

2.4.1.4 Stereo Refinement 

    The application of refinement steps aims to eliminate residual 
outliers and improve the overall quality of the disparity map. The first 
refinement stage consists of a background fill-in procedure, which is 
applied in the presence of occlusions and inconsistencies identified 
through the left–right (LR) consistency check. The analytical conditions 
used to classify disparity values as correct, mismatch, or occlusion are 
defined in Equation (2.45). Based on this classification, the appropriate 
refinement action can be determined. For instance, when a disparity is 
identified as a mismatch, a background fill-in operation is applied, 
whereas in the case of an occlusion, the disparity value is discarded, 
resulting in an unreconstructed region. 

    Condition  {

𝑐𝑜𝑟𝑟𝑒𝑐𝑡, 𝑖𝑓| 𝑑 − 𝐷𝑅(𝑝𝑑)| < 1𝑓𝑜𝑟 𝑑 = 𝐷𝐿(𝑝)

𝑚𝑖𝑠𝑠𝑚𝑎𝑡𝑐ℎ, 𝑖𝑓 |𝑑 − 𝐷𝑅(𝑝𝑑)| < 1 𝑓𝑜𝑟 𝑎𝑛𝑦 𝑜𝑡ℎ𝑒𝑟 𝑑
𝑜𝑐𝑐𝑙𝑢𝑠𝑖𝑜𝑛, 𝑜𝑡ℎ𝑒𝑟𝑤𝑖𝑠𝑒

   (2.45) 

    To further eliminate residual speckles caused by incorrect 
correspondences, a novel speckle removal strategy is introduced. 
Conventional speckle removal techniques, which are typically based on 
region-growing approaches, remove only those speckles whose size 
falls below a predefined threshold, leaving larger erroneous regions 
unaddressed. In contrast, the enhanced method applies an erosion 
operation even when the speckle exceeds this size threshold, thereby 
progressively reducing the extent of the erroneous region. 
    The refinement process begins with a segmentation stage. Two 
disparity threshold values are employed for this purpose: a strong 
threshold 𝑇2 and a weak threshold 𝑇1. These thresholds define an upper 
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and a lower segmentation bound, respectively. Disparity values that lie 
between these bounds are included in the segmentation region. Let 
𝑣denote the current disparity value; the corresponding upper and 
lower limits are computed according to Equations (2.46) and (2.47). 

𝑙𝑜𝑤𝑒𝑟 = 𝑣 − 𝑇1       (2.46) 

𝑢𝑝𝑝𝑒𝑟 = 𝑣 + 𝑇2       (2.47) 

    By employing two distinct thresholds, the segmentation process 

remains robust, particularly in the vicinity of object boundaries. The 

weak threshold 𝑇1 is set to a lower value than the strong threshold 𝑇2, 

allowing for controlled inclusion of neighboring disparity values while 

preserving edge integrity. Following segmentation, a morphological 

closing operation with an 11 × 11 structuring element is applied to the 

segmented regions. If a detected region corresponds to a small speckle, 

it is effectively removed through the erosion component of the closing 

operation. The resulting output is then incorporated into the filtered 

disparity map. Subsequently, a fill operation is performed to eliminate 

holes introduced by the morphological processing. For each pixel, a 

search is conducted along all eight directions to identify the nearest two 

disparity values exhibiting the smallest difference. This search is 

performed over a predefined number of 𝑘 positions, ensuring reliable 

interpolation of missing disparity values.  

    The final stage of the presented refinement scheme applies median 
filtering with kernel sizes of 1 × 9 and 9 × 1 to suppress any remaining 
noise. In the implemented system, the values of the weak and strong 
thresholds are set to 3 and 1, respectively, while the search distance 

 
Figure 2.5. Disparity refinement process for speckle removal 
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used during the fill operation is 49 pixels. No background interpolation 
is incorporated into the refinement process; consequently, the resulting 
disparity map does not achieve full density. An intuitive illustration of 
the overall refinement procedure is presented in Figure 2.5.  

2.4.1.5. Evaluation of the Block Matching Stereo Approach 

    For the evaluation of the proposed block-matching approach, 

experiments were conducted using the online KITTI benchmark [87], 

which consists of real-world road scenes and traffic scenarios. The 

proposed method was compared against several classical stereo 

approaches employing different cost functions, including the standard 

Census 7 × 9, Modified Census Transform, sparse Census, and weighted 

center-symmetric Census descriptors. In addition, the ranking of the 

proposed method relative to state-of-the-art approaches, as reported 

on the KITTI benchmark platform, is also presented. For all methods 

summarized in Table I, multi-block aggregation and the proposed 

refinement procedures were applied. The observed differences in 

reconstruction quality are primarily attributed to the LUT-based 

warping strategy used for descriptor computation. The comparison of 

disparity map density with respect to classical methods was performed 

on the training set using the publicly available ground-truth data. A 

quantitative comparison with classical rectangular descriptor-based 

approaches is reported in Table 2.1. 

    All experiments were carried out on a system equipped with an Intel 

i5-2500 CPU operating at 3 GHz. No hardware acceleration was 

employed. Limited parallelization was achieved using OpenMP for 

selected portions of the implementation. The evaluation was performed 

using an error threshold of 2 pixels. 

    Figure 2.6 illustrates a real-world example in which the Slanted Block 

Matching (SBM) approach outperforms the classical block-matching 

method. In this illustration, the bottom image corresponds to the left 

intensity image, the middle image shows the disparity map produced by 

the proposed approach, and the top image depicts the result obtained 

using a sparse Census method combined with multi-block matching 

aggregation. In the sparse Census approach, every second pixel is 

skipped, resulting in a sparse descriptor pattern, in contrast to the 

dense representation produced by the 7 × 9 Census descriptor. 
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Table 2.1: Evaluation with respect to the classical matching cost 
functions using KITTI Data-Set. 

Method Density (%) Out-All Error (%) 
Census 99.67 11.865 

WCS-Census 99.98 11.24 
MCT 99.68 11.21 
SBM 99.97 8.75 

Sparse Census 99.51 13.29 

    Figure 2.7 presents a qualitative comparison between the proposed 

method and the multi-block matching (MBM) approach using a dense 

7 × 9 Census descriptor. The bottom image corresponds to the intensity 

image from the KITTI dataset, the middle image depicts the disparity 

map generated by the proposed Slanted Block Matching (SBM) 

algorithm, and the top image shows the result obtained with the MBM 

Census-based method. The comparison highlights that the proposed 

 

 

 
Figure 2.6. The first image is the disparity map obtained using a 
sparse census, MBM, method, the second image depicts the result of 
SBM and the bottom image represents the left intensity image 
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approach achieves a more accurate reconstruction of the slanted 

surface on the right side of the scene. It should be noted that the same 

aggregation scheme is applied consistently across all evaluated images. 

    Table 2.2 shows the comparison with other methods present in the 

KITTI dataset from 2016 (when the current approach was developed 

and tested). This overview shows that our local stereo correspondence 

method achieves good results, even surpassing some semi-global 

approaches. The error metric shown is out all, the percentage of 

erroneous pixels out of all the pixels in the image, including the 

occluded ones. 

    The proposed algorithm achieves a runtime of approximately 0.3 

seconds per frame when evaluated on images from the KITTI dataset at 

their original resolution. The execution time decreases proportionally 

when operating on reduced image sizes. While the implementation can 

be further optimized to achieve higher processing speeds, runtime 

optimization was not within the scope of this work, as the primary 

focus was on improving the quality and robustness of the stereo 

matching results. 

 

 

 

Figure 2.7. The top image depicts the disparity map obtained 
using the census MBM approach, the second image is the result 
of our approach (SBM) and lastly is the left intensity image. 
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    The low memory footprint of the proposed approach is justified by 

the fact that it does not require storing the entire disparity space for 

cost volume optimization. Furthermore, the method operates 

independently on each frame and does not rely on retaining 

information from previous frames when computing the current 

disparity map, which further contributes to its memory efficiency. 

Table 2.2: Comparison with existing methods from the KITTI 
benchmark. 

The only additional memory overhead compared to classical block-

matching (BM) methods arises from storing the seven weighted center-

symmetric Census descriptor images—one corresponding to the fronto-

parallel case and six corresponding to slanted surface configurations—

for the right intensity image. The overall memory consumption scales 

linearly with the size of the input images. 

An alternative and intuitive way to assess the quality of a stereo 

reconstruction algorithm is through visual inspection of the three-

dimensional point cloud generated from the disparity map. In the 

presence of matching errors, such visualizations typically reveal 

artifacts such as spikes protruding from the reconstructed surface or 

large unreconstructed regions. To this end, a synchronized stereo image 

pair was captured using a set of Manta cameras. After rectification, the 

proposed algorithm was applied, and the resulting disparity map was 

used to generate a three-dimensional point cloud using the Point Cloud 

Library. The resulting reconstruction is illustrated in Figure 2.8. 

 

 
Position Method 

Performance on Kitty dataset 
Density Out-All error 

32 wSGM[88] 97.03% 8.72% 
33 AARBM[47] 85.80% 8.70% 
34 DispNetC[89] 100% 8.11% 

35 SBM 99.97 8.75% 
36 

AABM[90] 100% 
8.77% 

 
37 rSGM[58] 97.22% 9.24% 
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Figure 2.9. Pipeline of the fault tolerant disparity fusion approach 

     To illustrate the three-dimensional structure of the reconstructed 

scene, the point cloud was rotated and two snapshots were captured, 

demonstrating how the scene can be observed from different 

viewpoints. 

     For the evaluation of the proposed stereo–monocular fusion 

approach, the KITTI benchmark [87] was employed. This dataset 

comprises images from a wide range of driving scenarios and provides 

ground-truth depth measurements acquired using LiDAR sensors. In 

addition, for selected scenes, the dataset includes semantic and 

instance-level segmentation annotations, which further support the 

evaluation of perception algorithms in complex traffic environments. 

2.4.2 Stereo and Mono Depth Estimation Fusion for an Improved 
and Fault Tolerant 3D Reconstruction 

    The solution presented in this section constitutes an extension of 
classical depth perception methodologies by efficiently integrating 
monocular and stereo approaches to achieve a more robust and reliable 
depth estimation framework. The method, originally introduced in 

  

Figure 2.8. Rotation to the right and left of the 3D projected points 
obtained through the reconstruction process in PCL. 
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[349], is organized as follows. Section 2.4.2.1 provides an overview of 
the monocular depth estimation algorithm employed, followed by a 
description of the disparity refinement strategy. Section 2.4.2.3 is 
devoted to the fusion of monocular and stereo disparity maps with the 
objective of producing an enhanced depth representation. 
    The proposed system is designed to be fault tolerant, allowing it to 
operate reliably even in the presence of individual camera failures. A 
block diagram of the overall architecture is presented in Figure 2.6. 
After the left and right image frames are acquired, each is first validated 
to determine whether it contains meaningful visual information or 
consists primarily of noise. If both frames are deemed valid, they are 
processed by both the stereo and monocular reconstruction modules, 
and their outputs are subsequently refined and fused to generate a 
higher-quality depth map. If only a single frame is available, that frame 
is processed by the monocular depth estimation module, irrespective of 
whether it originates from the left or right camera. In the event that 
neither frame is valid, the system issues a warning indicating that depth 
estimation cannot be performed 

2.4.2.1 Monocular Depth Estimation 

    The monocular depth estimation module used to generate the 
disparity maps is based on the convolutional neural network (CNN) 
introduced in [86]. The network follows an encoder–decoder 
architecture comprising a total of 14 layers and is derived from a slightly 
modified version of VGG-16. Conceptually, the architecture is structured 
as an encoder–decoder system, where the encoder progressively 
downsamples the feature maps to extract increasingly abstract 
representations, and the decoder performs the corresponding 
upsampling to recover spatial detail. 
    The encoder consists of seven convolutional blocks. Within each block, 
convolutional filtering is first applied using a stride of 1 and appropriate 
padding in order to preserve spatial resolution, since a rapid reduction 
in image size would lead to a significant loss of visual information. This 
operation is followed by a strided convolution with stride 2, which 
halves the spatial dimensions of the feature maps. All encoder layers use 
ELU activation functions. The first convolutional layer employs a 7 × 7 
kernel with 32 filters, the second uses a 5 × 5 kernel with 64 filters, the 
third and fourth use 3 × 3 kernels with 128 and 256 filters, respectively, 
and the final three layers each use 3 × 3 kernels with 512 filters. 
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     The decoder is likewise composed of seven blocks. Each block first 
upsamples the incoming feature maps by a factor of two and then 
concatenates the result with the corresponding encoder feature maps of 
identical spatial resolution via skip connections. A convolution with 
stride 1 is subsequently applied to refine the features and recover 
information lost during downsampling. Depth reconstruction is 
performed using a bilinear sampler, applied symmetrically by warping 
the left image with the right disparity map and the right image with the 
left disparity map. 
    To enhance depth estimation accuracy, the model operates on the 
original input image as well as on three additional downscaled versions 
obtained using scale factors of 2, 4, and 8. The final disparity map is 
produced by fusing the four scale-specific disparity estimates through a 
cost function. This loss function comprises three components: a 
photometric reconstruction term comparing the reconstructed images 
with the original left and right images, a smoothness term that enforces 
local regularity of the disparity field, and a consistency term that 
encourages agreement between the left and right disparity maps. The 
smoothness term is formulated using the 𝐿1 norm of the disparity 
gradients and is modulated by the image gradients, reflecting the fact 
that depth discontinuities often coincide with intensity changes. 
    The model is implemented in TensorFlow and contains approximately 
30 million trainable parameters. Training is performed using the Adam 
optimizer over 50 epochs with a progressively decreasing learning rate: 
10−4 for the first 30 epochs, halved for the next 10, and halved again for 
the final 10 epochs. Data augmentation includes horizontal flipping, 
random color perturbations, gamma adjustments in the range [0.8, 1.2], 
and random per-channel intensity variations, followed by pixel value 
normalization. 
    Although this architecture was not developed as part of the present 
work, its key characteristics are summarized here for completeness, as it 
forms an integral component of the fault-tolerant three-dimensional 
reconstruction pipeline. 
    To further enhance the quality of the estimated disparities, refinement 
strategies are applied. In particular, the tree-based refinement method 
proposed in [95] is adapted for monocular depth estimation and 
implemented on the GPU to ensure real-time performance. 
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2.4.2.2 Speckle Filtering 

Speckles of erroneous disparity values may appear in the resulting 
disparity map due to repetitive patterns or textureless regions. To 
remove these artifacts and replace them with more plausible estimates 
derived from neighboring regions, a dedicated speckle removal 
procedure is employed, based on two successive traversals of the 
disparity image. 

During the first traversal, clusters of similar disparity values are 
identified and assigned unique labels. This labeling process considers a 
four-neighbor neighborhood—comprising the left, top-left, top, and top-
right pixels. Only disparity values that satisfy the condition defined in 
Equation (2.48) are grouped into the same cluster, ensuring that only 
sufficiently similar disparities are aggregated. 

  |𝐷𝑖𝑗 − 𝑓𝑖𝑟𝑠𝑡(𝐷𝑖𝑗
𝑛𝑒𝑖𝑔ℎ𝑏𝑜𝑢𝑟

)| < 𝑇                (2.48)  

      In Equation (2.48), 𝐷𝑖𝑗  denotes the disparity value of the currently 

unlabeled pixel, while first(𝐷𝑖𝑗
neighbour

) represents the first disparity 

value associated with an already labeled neighboring cluster. The 
parameter 𝑇is an empirically chosen threshold, set to 15, and ∣
𝑥 ∣denotes the absolute value of 𝑥. If none of the neighboring pixels 
satisfies the condition defined in Equation (2.48), a new cluster 
identifier is assigned to the unlabeled pixel. Conversely, if a neighboring 
pixel has already been labeled and the condition is satisfied, the 
unlabeled pixel inherits the same cluster identifier. When multiple 
previously labeled neighbors satisfy the condition, the current pixel is 
assigned the smallest cluster identifier, and all such neighboring 
clusters are marked as equivalent. 
    Following the establishment of equivalence relations among disparity 
clusters, a breadth-first search (BFS) algorithm is applied to identify all 
connected components and to relabel them consistently. Each newly 
formed cluster resulting from the BFS operation is assigned the minimal 
label among the merged clusters. This relabeling process also yields, as 
a byproduct, the area in pixels of each disparity cluster. A second pass 
through the disparity map is then performed, during which all disparity 
values belonging to clusters with an area smaller than 30 × 30 pixels 
are invalidated. 
    To fill the resulting invalidated regions, semantic and instance-level 
segmentation maps are employed. The disparity image is scanned from 
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left to right and from top to bottom, and for each pixel with an invalid 
disparity, the closest neighboring pixel with a valid disparity is sought, 
provided that both pixels belong to the same instance. In cases where 
instance information is unavailable—such as for road or vegetation 
regions—the semantic segmentation is used to validate the match. This 
process is iteratively applied across the entire disparity map until all 
invalid regions are addressed. Finally, the refined disparity map is 
smoothed using a 3 × 3 median filter to remove residual noise. 

2.4.2.3 Mono and Stereo Disparity Map Fusion 

    The fusion of stereo and monocular depth information provides both 
robustness and fault tolerance. In situations where one of the cameras 
in a stereo rig fails to acquire valid imagery or becomes unavailable due 
to hardware malfunction, the system must remain capable of 
reconstructing the scene, albeit with potentially reduced accuracy. 
Moreover, stereo vision systems may fail to recover depth in certain 
regions affected by repetitive patterns, textureless surfaces, or 
occlusions. In such cases, monocular depth estimation can supply 
complementary information and help fill unreconstructed areas. 
    To ensure low computational and memory requirements suitable for 
embedded platforms, a stereo reconstruction approach based on local 
block-matching algorithms, as described in the previous section, is 
employed. The processing pipeline begins with a validation step that 
determines whether the captured images are suitable for 
reconstruction. For this purpose, the histogram of the grayscale image 
is computed over a region of interest located in the lower part of the 
frame. If more than 70% of the pixel intensities fall below 10 or exceed 
230, the image is classified as invalid and excluded from further 
processing. If only one image is deemed valid, the scene is 
reconstructed solely using the monocular depth estimation method. If 
both images pass the validation test, stereo block matching is applied, 
and monocular depth estimation is also performed independently on 
each image. In this case, the left image is selected as the reference, and 
fusion is conducted using the monocular disparity map corresponding 
to the left view. 
    The next step evaluates the stereo-derived disparity map to identify 
unreconstructed regions. Whenever such regions are detected, they are 
provisionally filled using information from the monocular depth 
estimation map. Subsequently, the disparity maps produced by stereo 
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and monocular reconstruction are fused, with the aid of the semantic 
segmentation of the left image. 
    The fusion strategy is based on the observation that monocular depth 
estimation is particularly reliable for certain surface types, such as 
roads, walls, and objects located close to the ego vehicle. However, as 
disparity values decrease—that is, as objects become more distant—the 
monocular depth map becomes increasingly blurred and less accurate, 
whereas stereo reconstruction remains more reliable. Prior to fusion, 
the absolute difference between the stereo and monocular disparity 
values is evaluated, and only values whose difference falls below an 
empirically defined threshold of 10 are considered for combination. In 
addition, only monocular disparity values greater than 60 are used, as 
smaller values are deemed unreliable. 
    The actual fusion is performed through a weighted combination 
based on semantic class information, as defined in Equation (2.49). In 
this formulation, disp denotes the stereo disparity, 𝑤class is a class-
dependent weight determined experimentally, and maxDisp represents 
the maximum disparity. The weights for selected semantic classes are 
defined as follows: 𝑤road = 0.8, 𝑤building = 0.3, 𝑤car = 0.4, 𝑤pavement =

0.6, 𝑤sign = 0.3, 𝑤bicycle = 0.1, and 𝑤pedestrian = 0.1. For all remaining 

semantic classes provided by the KITTI segmentation—such as grass, 
sky, fence, tree, and discard—the stereo-derived disparity values are 
retained unchanged, as monocular estimates for these categories are 
considered unreliable 

                                                  𝑤𝑚 = 𝑤𝑐𝑙𝑎𝑠𝑠 ∗
𝑑𝑖𝑠𝑝

𝑚𝑎𝑥𝐷𝑖𝑠𝑝
                    (2.49) 

   The final disparity value at pixel location (𝑖, 𝑗)is computed according 
to Equation (2.50), where Δ𝑖,𝑗denotes the fused disparity. In this 

formulation, 𝑑𝑖,𝑗
𝛼  represents the disparity obtained from the local stereo 

reconstruction algorithm, while 𝑑𝑖,𝑗
𝛽

 corresponds to the disparity 

estimated by the monocular depth estimation method. 

                                            ∆𝑖,𝑗= (1 − 𝑤𝑚𝑖,𝑗) 𝑑𝛼𝑖,𝑗 + 𝑤𝑚𝑖,𝑗𝑑𝛽𝑖,𝑗       (2.50) 

2.4.2.4 Evaluation of the Stereo-Mono Fusion Method 

    The experimental platform used for implementation and evaluation 
consists of an Intel® Core™ i5-7300HQ CPU, 8 GB of DDR RAM, and an 
NVIDIA GeForce GTX 1050 GPU with 4 GB of GDDR5 memory. Neural 
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network training and inference are performed on the GPU, while parts of 
the CPU code are parallelized using OpenMP. The implementation is 
developed in C++ and Python and makes use of OpenCV, TensorFlow, 
and the Point Cloud Library. 
    For quantitative evaluation, an error threshold of 2 pixels is used in 
the error maps. Disparity images are assessed using the Out-All metric, 
which evaluates all pixels with available ground-truth depth, including 
occluded ones.  

Table 2.3 Comparison of the fusion with the individual algorithms 

 
 
 
 
 
 
 

Figure 2.10 illustrates qualitative results on a KITTI traffic scene, 
showing the outputs of the stereo algorithm, the monocular depth 
estimation method, and their fusion, together with the corresponding 
error maps, where white pixels indicate errors exceeding 2 pixels. Table 
2.3 summarizes the quantitative performance on the KITTI 2012 
training set for error thresholds of 2, 3, and 4 pixels. 

It should be noted that most of the observed errors are concentrated 
near object boundaries and within certain semantic classes, particularly 
vegetation—especially bushes—and fences. The results demonstrate 
that fusing information from the two disparity maps, obtained through 
fundamentally different reconstruction paradigms, leads to improved 
overall accuracy by effectively combining the complementary strengths 
of stereo and monocular methods.  

The overall runtime of the proposed system is approximately 100 ms 
per frame, with processing distributed between the CPU and GPU. The 
stereo reconstruction module operates exclusively on the CPU, whereas 
the monocular depth estimation component is executed on the GPU. 

Table 2.4 presents a comparison between the proposed approach and 
several state-of-the-art methods, evaluated using the Out-All error 
metric with a 2-pixel threshold. Additional disparity maps and their 
corresponding error visualizations produced by the proposed fusion 
approach on the KITTI stereo dataset are presented in Figures 2.11 and 
2.12. In both examples, the method demonstrates the ability to 

Method Disparity Evaluation Error 
2px 3px 4px Density 

Mono 18.202 13.940 9.649 100% 

Stereo 7.324 6.168 4.888 100% 

Proposed 
Fusion 

5.756 4.446 3.000 100% 
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reconstruct the scene with high accuracy despite the presence of 
multiple challenging conditions, including repetitive patterns, shadows, 
reflections, and unstructured surfaces. Nevertheless, one notable 
limitation of the current approach, which remains to be addressed in 
future work, is its reduced accuracy at object boundaries. 

        Table 2.4 Comparison with state of the art on KITTI 

 

 

 

 

 

 

 

 

 

    In Figure 2.10, image a presents the semantic segmentation, b is the 
original color image, c is the error map obtained for mono algorithm, d is 
the disparity map of the monocular depth estimation approach, f is the 
disparity map and e represents the error map of the local stereo 
algorithm, h represents the fused disparity map and g is the error map. 

Position Method Density Out-All 
Error 

129 FD-Fusion [91] 100% 5.73 % 
130 Proposed Fusion 100% 5.75% 
131 OSF [92] 99.98 % 5.79 % 
132 CoR [93] 100% 5.88% 
133 SPS-St [94] 100% 6.28% 

a.  b.  

c.  d.  

e.   f.  

g.  h.  

Figure 2.10. Comparison between the mono, stereo and proposed 
solution disparity maps. 
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Figure 2.12.  Disparity (middle) and error map (bottom) of the 
proposed method applied on an image illustrating a parking lot. 

 

 

 

Figure 2.11. Disparity map (middle) of the proposed fusion and its 
error map(bottom) using a 2-pixel threshold of a KITTI image (top). 

 



65 
 

Chapter 3. Multi-Object Tracking  

3.1 Introduction 
3.1.1 Generalities 

    Multi-object tracking (MOT) represents a fundamental component of 

contemporary autonomous and intelligent systems. In domains such as 

autonomous driving, robotic inspection, and large-scale automated 

surveillance, the ability to consistently estimate and maintain the states 

of multiple entities in dynamic environments is a prerequisite for safe 

and reliable system operation. In particular, autonomous vehicles 

require continuous estimates of the kinematic states of surrounding 

objects—including position, velocity, orientation, and higher-order 

motion descriptors—in order to support both motion planning and 

feedback control. 

    The perception–planning–control pipeline that underlies autonomous 
systems critically depends on the quality of environment perception. 
While raw sensor measurements provide partial and noisy 
observations of the physical world, actionable information can only be 
obtained through filtering, association, and temporal integration. In 
cluttered and dynamic environments populated by multiple interacting 
agents, this requirement becomes especially pronounced, as objects 
may appear, disappear, occlude one another, or exhibit complex motion 
patterns. 
     Within this context, MOT can be formally regarded as the problem of 
estimating a time-varying, unknown number of object states from a 
sequence of noisy and incomplete measurements. These measurements 
are typically obtained from heterogeneous sensing modalities such as 
cameras, RADAR, and LiDAR, each of which provides only a partial and 
indirect observation of the underlying scene. Consequently, MOT is 
inherently a stochastic inference problem, in which uncertainty arises 
both from sensor noise and from ambiguities in the correspondence 
between measurements and physical objects. 
    When the estimation process relies on a single sensing modality, it is 
commonly referred to as filtering, whereas the combination of 
information from multiple sensors constitutes sensor fusion. Regardless 
of the sensing configuration, the objective remains the same: to infer 
the posterior distribution over object states and object existence, 
conditioned on all available observations. This task is complicated by 



66 
 

the fact that relevant state variables are not directly observable. For 
example, although position and velocity are typically included in the 
state vector, a RADAR sensor provides only range, bearing, and radial 
velocity measurements, requiring the latent state to be inferred through 
a probabilistic measurement model. 
    Two principal paradigms dominate the MOT literature: tracking-by-
detection and tracking-before-detection. In tracking-by-detection 
systems, sensor data are first processed by dedicated detection 
algorithms that produce object hypotheses in the form of bounding 
boxes, point clusters, or parametric measurements. These detections 
are then associated across time and filtered to produce object 
trajectories. This paradigm has become dominant in vision-based and 
multimodal perception systems, owing to the availability of high-
performance object detectors and learned feature representations. 
    By contrast, tracking-before-detection is designed for scenarios in 
which individual targets generate weak or ambiguous sensor returns 
that cannot be reliably thresholded in a single scan. In this framework, 
raw sensor measurements are integrated over time prior to making 
discrete detection decisions. Target hypotheses emerge gradually as 
evidence accumulates across multiple observations, allowing the 
system to detect and track objects that would otherwise remain below 
the detection threshold in individual frames. This approach has a long 
tradition in RADAR and sonar processing and remains relevant for low-
signal or long-range sensing. 
    Historically, MOT originated in military RADAR systems developed 
during the Second World War, where the objective was to detect and 
track multiple hostile aircraft from noisy radar echoes. The 
fundamental principle—estimating target states from time-of-flight 
measurements of reflected electromagnetic energy—remains 
unchanged and continues to underpin modern surveillance, air-traffic 
control, and automotive perception systems. 
    The number, quality, and spatial distribution of detections generated 
for a given object depend strongly on both the sensing modality and the 
physical characteristics of the target. As a result, different classes of 
MOT systems may be distinguished based on whether they operate on 
sparse point measurements, dense image-based detections, or 
multimodal object hypotheses. In all cases, however, the central 
challenge remains the same: to robustly associate uncertain 
measurements with latent object states over time, while accounting for 
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missed detections, false alarms, occlusions, and changing motion 
dynamics. 
The tracking types that can be defined are: 

1. Point Object Tracking [101] 
    In this class of tracking models, each target is assumed to generate at 
most a single measurement at any given time instant; consequently, a 
target either produces one detection or remains unobserved.. 

2. Extended Object Tracking [102] 
   Extended Object Tracking [102] refers to a class of tracking models in 
which a single physical target may give rise to multiple measurements 
within a single observation cycle. In this setting, the spatial distribution 
of detections carries information about the geometric properties of the 
target, such as its shape and physical extent. 
    This paradigm is particularly relevant for sensing modalities such as 
LiDAR and RADAR, which frequently generate multiple returns from a 
single object. For instance, the point cloud produced by a LiDAR sensor 
for a road vehicle typically exhibits an L-shaped structure 
corresponding to the visible sides of the vehicle, from which its length 
and width can be inferred 

3. Group Object Tracking [103] 
   Group Object Tracking [103] addresses scenarios in which multiple 
individual targets are not tracked separately but are instead modeled 
and estimated as collective entities. In this framework, detectors may 
produce multiple observations corresponding to members of a group at 
each time instant; however, these measurements are clustered and 
associated with a common group-level representation. 
This approach is applicable across different sensing modalities and is 
particularly suited to the analysis of collective behavior or to situations 
in which reliable tracking of individual objects is impractical due to high 
density, severe occlusion, or limited sensor resolution. 

4. Tracking with Multipath Propagation [104] 
In this class of tracking scenarios, a single physical target may generate 
multiple detections within the same observation cycle as a result of 
multipath propagation effects. A representative example arises in over-
the-horizon radar (OTHR) systems, where electromagnetic signals 
transmitted toward the upper atmosphere are reflected by ionospheric 
layers, enabling the detection of objects that are not in the direct line of 
sight of the radar platform. 
An analogous phenomenon occurs in automotive RADAR sensing, 
where signals may reflect off ground structures such as manholes or 
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road surfaces and subsequently illuminate regions beneath or behind a 
vehicle. These indirect propagation paths can produce multiple 
spatially separated detections originating from the same physical 
object, thereby introducing additional ambiguity into the tracking 
process..  

5. Tracking with Unresolved Objects [105] 
   This paradigm, commonly referred to as tracking with merged 
measurements, describes situations in which multiple physical targets 
give rise to a single sensor observation. A typical example arises in 
automotive radar sensing when two vehicles traveling in close 
proximity with similar velocities produce overlapping returns that are 
reported as a single detection, often located spatially between the two 
vehicles. 
    Within the scope of this monograph, the focus is placed on point-
object tracking in a tracking-by-detection framework. Under this 
modeling assumption, the fundamental processing stages of a tracking 
algorithm following the acquisition of uncertain detector outputs can be 
systematically characterized as follows:: 

1. Track birth/State prediction for existing tracks 
2. Gating 
3. Data Association 
4. Filtering (State estimation) 
5. Track management 

   Track initiation (birth) denotes the creation of a new track hypothesis 
when a detection cannot be associated with any previously existing 
object. State prediction refers to the propagation of the current state 
estimate of each track through the assumed motion model in order to 
obtain a prior estimate for the next time step. Gating is employed to 
restrict the set of candidate detections considered for association with a 
given track, thereby reducing computational complexity and 
eliminating implausible matches. 
    Data association assigns measurements to track hypotheses based on 
a compatibility or matching score, while the filtering stage computes 
the posterior probability distribution of each object state given the 
associated measurements. Finally, track management governs the life 
cycle of tracks by confirming, maintaining, or terminating them, and by 
maintaining their trajectory histories once sufficient evidence of 
persistence has been accumulated. 
Despite several decades of intensive research, multi-object tracking 
remains an open and challenging problem. Although a set of canonical 
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processing stages has been established, no universally optimal solution 
exists. Consequently, practical tracking systems must be designed and 
adapted to the specific sensing modalities, environmental conditions, 
and application requirements under consideration. 

3.1.2 Multi-Object Tracking Challenges 

     In this subsection, the principal factors that influence the 
performance of multi-object tracking algorithms are examined. The 
discussion is framed with reference to an urban driving scenario in 
which a vehicle equipped with multiple perception sensors operates in 
a dynamic environment populated by numerous interacting objects. 

 The number of objects present within the sensor field of view 
(FOV) is generally unknown and time-varying. As objects move 
through the environment, they may enter or leave the FOV, 
thereby introducing uncertainty regarding the current number 
of targets. This dynamic process of appearance and 
disappearance is commonly referred to as object birth and 
object death, respectively. 

 Multi-object tracking is inherently limited to estimating only 
those objects that lie within the sensor’s field of view. The true 
states of the objects—such as their precise positions and future 
trajectories—are not directly observable and must therefore be 
inferred, implying that the object states are intrinsically 
uncertain.   

 Objects located within the sensor’s field of view may be partially 
or completely occluded by other objects, leading to missing or 
degraded measurements and increased ambiguity in the 
tracking process. 

 When multiple objects are in close spatial proximity, their sensor 
returns may overlap, resulting in fewer detections than the 
actual number of physical targets and thereby increasing the 
difficulty of correct data association.. 

 Owing to the imperfect nature of detection algorithms, two 
primary types of errors arise: missed detections, in which an 
existing object is not observed, and false detections, in which a 
spurious measurement is generated in the absence of a real 
object. 
 A missed detection occurs when an object that is present 

within the sensor’s field of view is not reported by the 
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detector. In safety-critical applications, such failures can 
have severe consequences. Missed detections may arise due 
to several factors, including: 
o Adverse environmental conditions, such as fog, rain, 

snow, or poor illumination, which degrade sensor 
signal quality and reduce detection reliability. 

o Target-specific properties, such as material 
composition, geometry, or surface characteristics, 
which may significantly reduce sensor reflectivity or 
visibility; for example, stealth aircraft in defense 
applications are designed to minimize RADAR 
detectability. 

o Occlusions, whereby objects are partially or fully 
blocked by other scene elements; in road traffic 
scenarios, pedestrians are frequently occluded by 
vehicles or other obstacles. 

 False detections, also referred to as clutter in the literature 
[106], correspond to measurements that do not originate 
from any physical object. Such spurious observations are 
problematic because an autonomous system may respond 
to them as if they represented real obstacles or agents. False 
detections may arise due to several factors, including: 
o Strong background reflections, in which stationary or 

environmental surfaces reflect sufficient 
electromagnetic energy to be interpreted by the 
RADAR as a target. 

o Visual ambiguities, where background structures or 
textures resemble objects of interest, leading vision-
based detectors to produce spurious detections. 

o Extraneous environmental returns, originating from 
irrelevant scene elements or sensor artifacts, which 
are incorrectly interpreted as object measurements. 

 Beyond the aforementioned challenges, multi-object tracking is 
fundamentally affected by the data association problem, which 
arises from the absence of explicit information about the origin 
of each measurement. In particular, it is unknown whether a 
given detection corresponds to a previously observed object, to a 
newly appearing target, or to spurious clutter. Inadequate 
handling of data association can lead to severe tracking failures 
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and, in safety-critical applications such as autonomous driving, 
may result in catastrophic outcomes. 

 Motion uncertainty constitutes an additional fundamental 
challenge in multi-object tracking. In urban environments, 
objects rarely follow simple or stationary motion patterns, and 
no single motion model can reliably describe the trajectories of 
all agents over time. As a result, prediction errors are inevitable 
and must be explicitly accounted for within the tracking 
framework.  

 Additional challenges arise from the characteristics of the 
sensing modalities themselves. Each sensor exhibits specific 
strengths and limitations that directly affect tracking 
performance, including measurement noise, limited spatial 
resolution, and modality-specific artifacts such as flat-field non-
uniformity in thermal cameras. 

 Calibration and acquisition inconsistencies in multi-sensor 
systems can severely degrade tracking performance. For 
example, when color information from cameras is used to 
augment the tracking of three-dimensional objects detected in 
LiDAR point clouds, inaccurate spatial calibration may lead to 
erroneous projection of 3D points onto the image plane. 
Moreover, temporal acquisition effects become significant when 
the platform or the observed objects are in motion: because a 
LiDAR scan is acquired sequentially over time, points belonging 
to a fast-moving vehicle may no longer correspond to its 
instantaneous image location by the time the scan is completed, 
thereby introducing additional spatial misalignment and 
association errors. 

3.1.3 Remarks Regarding the Statistics Used in MOT 

   The tracking methodologies presented in this book are formulated 

within a filtering framework, in which object states are inferred from 

measurements that are inherently noisy, incomplete, or corrupted. A 

comprehensive treatment of this probabilistic perspective on tracking 

can be found in standard references such as [107] and [108]. 

Quantities of interest—such as object states and sensor observations—
are modeled as random variables. Because these variables can assume a 
wide range of possible values, their evolution and mutual dependencies 
must be described using probabilistic inference principles. Among the 
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available statistical formalisms, Bayesian statistical theory [107] 
provides a particularly powerful and general framework for object 
tracking and underpins even the most advanced modern tracking 
algorithms. 
    The distribution of a random variable is characterized by a 
probability mass function in the discrete case and by a probability 
density function in the continuous case. Let Pr {𝑧} denote the probability 
mass function of a discrete random variable 𝑧; this function must satisfy 
the axioms listed in (3.1). 
 
                                       Pr{𝑧} ≥ 0 𝑎𝑛𝑑 ∑ Pr {𝑧}𝑧 = 1          (3.1) 

   The probability density function of a random variable z is denoted as 
p(z) and the requirements of a probability density function are 
presented in (3.2). 

                                            𝑝(𝑧) ≥ 0 𝑎𝑛𝑑 ∫ 𝑝(𝑧)𝑑𝑧 = 1                      (3.2) 

    In contrast to the discrete case, a probability density function 𝑝(𝑧) 
may exceed unity for certain values of 𝑧; the fundamental requirement 
is instead that its integral over the entire domain equals one. To 
characterize the dependence between two or more random variables, 
joint and conditional distributions are employed. The joint probability 
of two events 𝐴 and 𝐵, denoted 𝑝(𝐴 ∩ 𝐵), represents the probability 
that both events occur simultaneously, that is, the probability of their 
intersection. The conditional probability 𝑝(𝐴 ∣ 𝐵) denotes the 
probability of event 𝐴 occurring given that event 𝐵 has occurred. By 
contrast, the marginal probability 𝑝(𝐴) describes the likelihood of event 
𝐴 independent of any conditioning on other events. 
Within Bayesian statistics, two fundamental identities play a central 
role in formulating the tracking problem in probabilistic terms. The first 
is the product rule, which relates the joint probability density function 
of two random variables 𝑥 and 𝑧, denoted 𝑝(𝑥, 𝑧), to their conditional 
and marginal densities. Provided that the probability of 𝑥 is nonzero, 
the conditional density 𝑝(𝑧 ∣ 𝑥) is defined as in (3.3) and (3.4). 

                                        𝑝(𝑥, 𝑧) = 𝑝(𝑧|𝑥)𝑝(𝑥) = 𝑝(𝑥|𝑧)𝑝(𝑧)         (3.3) 

                                        𝑝(𝑧|𝑥) =
𝑝(𝑥,𝑧)

𝑝(𝑥)
                         (3.4) 

    By combining the product rule with the definition of conditional 
probability, Bayes’ theorem (3.5) is obtained. This fundamental identity 
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provides a mechanism for expressing one conditional probability, such 
as 𝑝(𝑥 ∣ 𝑧), in terms of the reverse conditional 𝑝(𝑧 ∣ 𝑥) and the 
associated marginal distributions. 

                                              𝑝(𝑥|𝑧) =
𝑝(𝑧|𝑥)𝑝(𝑥)

𝑝(𝑧)
          (3.5) 

   The second fundamental identity of the Bayesian framework is the law 
of total probability. This principle states that the marginal probability of 
a random variable can be obtained by marginalizing its joint 
distribution over all possible outcomes of the associated variables. Let 𝑥 
be a random variable taking values in a set 𝑆𝑥; for the discrete case, the 
law of total probability is expressed as in (3.6), while its continuous 
counterpart is given in (3.7). 

                        Pr{𝑧} = ∑ Pr {𝑥, 𝑧}𝑥∈𝑆𝑥 = ∑ Pr{𝑧|𝑥} Pr {𝑥}𝑥∈𝑆𝑥         (3.6) 

                𝑝(𝑧) = ∫ 𝑝(𝑥, 𝑧)𝑑𝑥 = ∫ 𝑝(𝑧|𝑥)𝑝(𝑥)𝑑𝑥
𝑥∈𝑆𝑥𝑥∈𝑆𝑥

        (3.7) 

    One of the most widely used probability distributions in tracking and 

sensor fusion is the Gaussian distribution. In many practical filtering 

and fusion algorithms, the system state is characterized by the mean 

vector (expected value) and the covariance matrix of a Gaussian 

density. Even when the true posterior distribution is non-Gaussian, it is 

often approximated by a Gaussian through its first- and second-order 

moments in order to obtain a tractable representation. 

The probability density function (pdf) of a multivariate Gaussian 
random variable with mean 𝜇 and covariance matrix Q is given in (3.8), 
where ∣⋅∣ denotes the matrix determinant. The Gaussian pdf is fully 
specified by its mean vector and covariance matrix: 

               𝑝(𝑥) = 𝒩(𝑥; µ, 𝑄) =
1

√|2 𝜋 𝑄|
exp (−

1

2
(𝑥 − 𝜋)𝑇𝑄−1(𝑥 − 𝜋))   (3.8) 

    In the context of autonomous systems, statistical models are 
employed to represent the quantities of interest. Let 𝑘 denote a discrete 
time index and x𝑘 the system state at time 𝑘. The motion or process 
model describes the temporal evolution of the state, specifying how the 
previous state x𝑘−1 transitions to the current state x𝑘, as expressed in 
(3.9).  

                  𝑝(𝑥𝑘|𝑥𝑘−1) = 𝑥𝑘 = 𝑓𝑘−1(𝑥𝑘−1, 𝑞𝑘−1)           (3.9) 

     As indicated in (3.9), the formulation of a motion model involves two 

complementary components. The first captures the deterministic 
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dynamics of the system, typically expressed through physical or 

kinematic models. The second accounts for uncertainty arising from 

unmodeled effects and random perturbations, which are represented 

by the process noise q𝑘−1 governing the variability of the state 

evolution between successive time steps. 

The term process model originates from control theory, where it is used 
to describe the underlying dynamics of a physical system. In the context 
of object tracking, it specifies how a vehicle or target is expected to 
move over time, thereby linking consecutive state estimates and 
constraining the set of physically plausible trajectories. 
To relate sensor observations to the underlying state vector, a 
measurement (or sensor) model is employed, as expressed in (3.10). 
This model maps the latent state to the observed measurement space 
while accounting for measurement noise. 
 

𝑧𝑘 = ℎ𝑘(𝑥𝑘, 𝑟𝑘)        (3.10) 

    In addition, a Markov assumption is introduced, according to which 

the measurement noise r𝑘 and the process noise q𝑘 are statistically 

independent of all other noise terms, including those associated with 

previous time steps. This property is also applied to the system state 

and measurements: the state at time 𝑘 is conditionally independent of 

all past states and observations given the immediately preceding state, 

since all relevant information is assumed to be encapsulated in the 

current state vector. Likewise, the current measurement z𝑘  is 

conditionally independent of all previous measurements given the 

current state. Because motion and measurement models are only 

approximations of the true physical processes, they cannot fully capture 

the complexity of real-world dynamics. For this reason, practical 

tracking systems often employ multiple motion models to better 

accommodate diverse and time-varying behaviors. 

    Once the motion and measurement models have been defined, the 
objective of the filtering process is to compute the posterior probability 
density of the state at each time step. Two general strategies can be 
employed: a non-recursive formulation, which conditions the state on 
the entire measurement history, and a recursive formulation, which 
updates the state estimate incrementally. Since the computational 
complexity of non-recursive methods grows rapidly with time, 



75 
 

recursive filtering approaches are preferred in most practical 
applications.  
    The essence of the recursive filtering framework is to compute the 
posterior state density 𝑝(𝐱𝑘 ∣ 𝐳1:𝑘) by propagating and updating the 
previously available posterior 𝑝(𝐱𝑘−1 ∣ 𝐳1:𝑘−1). This iterative estimation 
process is schematically illustrated in Figure 3.1. 

 

     As illustrated in Figure 3.1, the recursive computation of the 

posterior state density proceeds in two stages: prediction and update. It 

is assumed that, at time 𝑘 − 1, the posterior density 𝑝(x𝑘−1 ∣ z1:𝑘−1) is 

available. This distribution compactly summarizes the information 

about the state up to time 𝑘 − 1 given all measurements acquired so far. 

At the subsequent time step, the posterior density is propagated 
through the motion model to obtain the predicted (prior) density for 
time 𝑘. This prediction summarizes what is known about the current 
state based solely on past measurements and the assumed system 
dynamics. The predicted density is then combined with the new 
observation z𝑘  via the measurement model in the update step to obtain 
the posterior filtering density 𝑝(x𝑘 ∣ z1:𝑘). From this posterior 
distribution, a point estimate of the current state, denoted x̄𝑘∣𝑘, can be 
derived according to a chosen estimator. 
    A key advantage of the recursive formulation is that its computational 
complexity remains bounded over time, since only the previous 
posterior and the current measurement are required at each iteration. 
Because the prediction and update operations constitute recurring 
elements throughout the remainder of this book, the mathematical 
foundations of each step are detailed in the following. 
 
 

 

Figure 3.1. Recursive computation of the posterior density 𝑥𝑘 
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The Prediction Step 

    In the prediction step, the objective is to compute the predicted 
(prior) density 𝑝(x𝑘 ∣ z1:𝑘−1) from the posterior density 𝑝(x𝑘−1 ∣ z1:𝑘−1) 
The information about the previous state x𝑘−1, encapsulated by the 
measurements z1:𝑘−1, is propagated forward in time in order to infer 
the distribution of the current state x𝑘. 
    By expressing the current state in terms of the previous state and 
applying the law of total probability (3.7), the predictive density can be 
written in the form given in (3.11). 

                 𝑝(𝑥𝑘|𝑧1:𝑘−1) = ∫ 𝑝(𝑥𝑘 , 𝑥𝑘−1|𝑧1:𝑘−1) 𝑑𝑥𝑘−1      (3.11) 

    The resulting density can be factorized into two components, as 
shown in (3.12). Moreover, under the Markov assumption for the state 
sequence, the current state conditioned on the immediately preceding 
state is independent of all past measurements. Consequently, the 
transition density depends only on x𝑘−1 and not on the measurement 
history. 

∫𝑝(𝑥𝑘, 𝑥𝑘−1|𝑧1:𝑘−1) 𝑑𝑥𝑘−1 =

∫𝑝(𝑥𝑘|𝑥𝑘−1, 𝑧1:𝑘−1)𝑝(𝑥𝑘−1|𝑧1:𝑘−1)𝑑𝑥𝑘−1                      (3.12) 

As a result, the past measurements can be omitted from the conditional 
density, since they do not contribute additional information about the 
current state beyond that contained in the previous state. Accordingly, 
the term 𝑝(x𝑘 ∣ x𝑘−1, z1:𝑘−1) reduces to 𝑝(x𝑘 ∣ x𝑘−1), which corresponds 
to the motion model. The resulting expression for the predicted density 
𝑝(x𝑘 ∣ z1:𝑘−1), given in (3.13), is known as the Chapman–Kolmogorov 
equation. 
       𝑝(𝑥𝑘|𝑧1:𝑘−1) = ∫ 𝑝(𝑥𝑘|𝑥𝑘−1)𝑝(𝑥𝑘−1|𝑧1:𝑘−1)𝑑𝑥𝑘−1       (3.13) 

   This equation provides the recursive mechanism by which the 
predicted state density is computed within the filtering framework 

The Measurement Update Step 

    In the update step, the prior knowledge about the state x𝑘 obtained 
during the prediction phase is refined using the newly acquired 
measurement z𝑘 . The current observation is first isolated from the past 
measurement set, after which Bayes’ theorem (3.5) is applied to obtain 
the posterior expression given in (3.14). 



77 
 

𝑝(𝑥𝑘|𝑧1:𝑘) = 𝑝(𝑥𝑘|𝑧𝑘, 𝑧1:𝑘−1) =
𝑝(𝑦𝑘|𝑥𝑘, 𝑧1:𝑘−1)𝑝(𝑥𝑘|𝑧1:𝑘−1)

𝑝(𝑧𝑘|𝑦1:𝑘−1)
     (3.14) 

The denominator in this expression can be treated as a normalization 
constant. Moreover, conditioned on the current state, the present 
measurement is independent of all past observations, which allows the 
term 𝑝(z𝑘 ∣ x𝑘, z1:𝑘−1) to be replaced by the likelihood 𝑝(z𝑘 ∣ x𝑘), 
corresponding to the known measurement model. Consequently, the 
posterior state density is obtained as the product of the likelihood and 
the predicted density, as shown in (3.15).  

𝑝(𝑥𝑘|𝑧1:𝑘) ∝ 𝑝(𝑧𝑘|𝑥𝑘)𝑝(𝑥𝑘|𝑧1:𝑘−1)      (3.15) 

      A principal limitation of the Chapman–Kolmogorov equation is that 
it is generally difficult to evaluate in closed form, and the resulting 
predictive density may belong to a different distribution family than the 
prior. The Kalman filter [109], however, provides an exact and tractable 
solution to the filtering equations under specific modeling assumptions. 
Most notably, both the motion and measurement models are required 
to be linear, and all associated uncertainties must be Gaussian. 

3.2 Review of Data Association and Multi Object Tracking 
Methods 
3.2.1 Measurement Validation 

    Measurement validation, also known as gating, is employed to limit 
the number of candidate measurement-to-track associations by 
discarding combinations that are highly unlikely. By restricting the set 
of admissible associations, gating substantially reduces the 
computational burden of the data association stage. 
The fundamental principle of gating is to define a validation region, or 
gate, around the predicted position of each object and to consider for 
association only those measurements that fall within this region. 
Measurements that do not lie inside any validation gate are typically 
used to initiate new track hypotheses. At each time step 𝑘, a validation 
gate is characterized by a gate center, corresponding to the predicted 
measurement, and a gate volume, which defines adaptive bounds of the 
admissible region [110]. 
    From a statistical perspective, gating can be interpreted as a 
measurement selection procedure, in which only those observations 
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that are highly likely to correspond to a given predicted state are 
retained for further evaluation [108]. 
    When object state and measurement uncertainties are modeled as 
Gaussian distributions, the validation region is naturally represented by 
an ellipsoidal gate. In this case, the Mahalanobis distance between the 
predicted measurement and an observed detection is used to determine 
whether a given measurement lies within the validation gate of a 
particular track [111]. The corresponding measurement validation 
criterion is given in (3.16) [112].  

𝜗(𝑘, γ) = {z: [z − 𝑧̂(𝑘|𝑘 − 1)]
T

S(k)−1 [z −  𝑧̂(𝑘|𝑘 − 1)] ≤  γ}      (3.16) 

In this expression, 𝛾 denotes the gating threshold associated with the 
gate probability 𝑃𝐺 , which represents the probability that a 
measurement lying within the gate originates from the tracked object. 
The matrix S𝑘

−1 corresponds to the inverse of the innovation covariance, 
whose explicit form is derived in Section 3.2.5 in the context of Kalman 
filtering. For an 𝑛-dimensional measurement space, the volume of the 
validation region is given by (3.17) [113], where the constant 𝑐𝑛 
depends solely on the dimensionality of the measurement vector.  

𝑉𝑘 = 𝑐𝑛 γ
𝑛

2√|𝑆(𝑘)|                     (3.17) 

     The design of validation gates has been continuously refined to 
improve data association performance in the presence of clutter and 
has been adapted to suit different tracking paradigms. For example, in 
[114] an adaptive locally optimal validation algorithm is proposed 
within the data association filter framework, in which the gate is 
determined by maximizing a performance estimation function. In [115], 
a rectangular sigma-gate is introduced to discard measurements lying 
outside the validation region, thereby accelerating the probability 
hypothesis density (PHD) filter while simultaneously improving its 
accuracy relative to the standard formulation. This approach is based 
on the premise that measurements closer to the predicted state are 
more likely to originate from the target and contribute meaningfully to 
the estimation process, whereas distant measurements have negligible 
influence and can be excluded to mitigate the effects of clutter. 
For maritime surveillance applications, a non-elliptical gate based on 
detection dynamics was developed in [116], yielding improved target 
probability estimates at the cost of increased computational complexity. 
Extending the classical elliptical gating concept, a velocity-based 
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circular gate was proposed in [117]. In road traffic scenarios, where 
certain classes of road users exhibit limited abrupt motion changes, 
[118] introduces a motion-direction gate that selects only 
measurements consistent with the expected direction of travel. The 
effective validation region is then defined by the intersection of this 
directional gate with the ellipsoidal gate given in (3.18), thereby 
reducing false alarms and enhancing association reliability. 
    A centralized gating strategy is presented in [119], where the gate 
center is obtained by combining predicted measurements from multiple 
motion models at each time step. The performance of this approach can 
be further improved by estimating the gate size through a mixture of 
the associated covariance matrices. An alternative strategy employs 
multiple gate centers, each derived from a predicted measurement and 
its corresponding innovation covariance, so that all measurements 
falling within any of the gates are retained for subsequent processing. 
Although this approach is computationally demanding, it has been 
successfully applied to multipath data association in [120]. A 
compromise between these strategies is proposed in [119], where the 
gate center is computed in a centralized manner, while the gate volume 
is obtained by forming a weighted combination of innovation 
covariances. 
    Ultimately, the selection and design of a gating strategy must be 
tailored to the specific sensing modality and filtering framework 
employed in a given tracking system.  

3.2.2 Motion and Measurement Models 

    The performance of a filtering-based tracking system is strongly 
influenced by the choice of motion and measurement models, which 
must be carefully adapted to the specific tracking problem under 
consideration. Motion modeling characterizes the temporal evolution of 
the object state, describing how the state transitions from x𝑘to x𝑘+1. 
Real-world objects exhibit a wide range of motion behaviors: vehicles 
may travel at constant velocity, accelerate, or execute turns, while 
pedestrians often display highly variable and less predictable 
trajectories. Capturing these dynamics is essential for accurate state 
prediction. 
    In autonomous driving applications, the decisions of the ego vehicle 
are directly informed by predicted object trajectories, which makes the 
fidelity of motion modeling particularly critical. Accurate prediction 
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also facilitates subsequent stages of the tracking pipeline; for instance, 
by placing the predicted object state close to the corresponding 
measurement in the next frame, the data association problem becomes 
more tractable. 
    Despite its importance, no universally optimal motion model exists 
for describing the full diversity of traffic participant behaviors. By 
definition, motion and measurement models are approximations of 
reality and therefore inherently imperfect. They must strike a balance 
between representational accuracy and computational efficiency, since 
overly complex models may be impractical for real-time operation, 
while overly simplistic ones can degrade tracking performance. The 
optimal trade-off between model complexity and estimation accuracy 
depends on both the sensing configuration and the operational 
scenario. 

3.2.2.1 Motion models 

Two principal classes of motion models are considered in this book.: 
a. Translational Kinematics 

     These classes of motion models are grounded in Newtonian 
mechanics and assume either linear or uniformly accelerated motion. 
Their principal advantage lies in their simplicity and low computational 
cost, which makes them particularly attractive for real-time filtering 
implementations. Common representatives of this class include the 
constant velocity, constant acceleration, and random walk models. 
A key limitation of such models is their restricted ability to represent 
complex object dynamics, as they typically assume rectilinear motion 
and neglect rotational or articulated behavior. Consequently, objects 
are usually modelled as point masses moving through space, which may 
be insufficient for accurately capturing the kinematics of extended or 
highly manoeuvrable targets. 

b. Rotational Kinematics 

    The second class of motion models is more expressive and 
encompasses curvilinear dynamics, including pure rotations as well as 
combined rotational and translational motion. These models are 
particularly relevant when object orientation in two or three 
dimensions must be explicitly represented. Depending on which state 
variables are assumed to remain constant, several formulations can be 
distinguished within this category. Prominent examples include the 
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Constant Turn Rate and Velocity (CTRV) model, commonly used in 
aerial and vehicular tracking, and the Constant Turn Rate and 
Acceleration (CTRA) model. Both formulations assume independence 
between linear velocity and yaw rate. 
    To address this limitation, the Constant Steering Angle and Velocity 
(CSAV) model introduces a coupling between velocity and yaw rate 
through the steering angle. Under the additional assumption of constant 
velocity, this formulation yields the Constant Curvature and 
Acceleration model. With the exception of the CTRA model, which 
assumes motion along a clothoid, most curvilinear models are based on 
circular trajectories. In practice, many of these models require 
parameters that cannot be reliably inferred for externally observed 
vehicles, which restricts their applicability primarily to ego-vehicle 
modeling [122]. 
    A comprehensive overview of widely used motion models is provided 
in [123], and the importance of selecting an appropriate model for 
vehicular tracking performance is demonstrated in [124]. 
A further challenge arises from the fact that object motion evolves in 
continuous time, whereas sensors and digital filters operate at discrete 
time instants. Consequently, continuous-time motion models and noise 
processes must be transformed into discrete-time representations. This 
is typically achieved by first formulating the dynamics in continuous 
time and subsequently sampling them at discrete intervals. Two 
principal discretization strategies are commonly employed: the Euler 
discretization and the analytical solution for linear time-invariant 
systems, also referred to as the exact discretization, which is derived via 
Taylor expansion [125], [126]. The appropriate choice depends on the 
application context: Euler discretization is convenient for nonlinear 
systems or small sampling intervals, whereas the exact solution is more 
suitable when the time step between successive states is relatively 
large.  

a. Translational Kinematics 

1. The constant velocity (CV) model 

    The state vector of this model comprises the position and velocity of 
the object. Several equivalent parameterizations are possible; one such 
representation is given in (3.18). 

𝑥 = [𝑥 𝑣𝑥 𝑦 𝑣𝑦]
𝑇                    (3.18) 
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    In this model, the time derivative of position is defined as the velocity, 
while the time derivative of velocity is assumed to be zero. Accordingly, 
the velocity is modeled as constant, which motivates the name of the 
model. Since perfectly constant velocity is not realistic in practice, a 
stochastic noise term is introduced to allow small deviations from this 
idealized behavior. As a result, the velocity becomes nearly constant, 
with its variations represented by a zero-mean random process. The 
corresponding continuous-time state transition equation is given in 
(3.19). 

𝑥(𝑡 + 𝑇) = 𝐴(𝑡 + 𝑇)𝑥(𝑡) + 𝑞(𝑡) =  (

𝑥(𝑡) + 𝑇𝑣𝑥
𝑣𝑥

𝑦(𝑡) + 𝑇𝑣𝑦
𝑣𝑦

)+ 𝑞(𝑡)     (3.19) 

2. The constant acceleration (CA) model 

   Another representative of the translational motion model class is the 
constant acceleration (CA) model. This formulation extends the 
constant velocity model by augmenting the state vector with 
acceleration. In this case, the time derivative of the acceleration is 
assumed to be zero, up to a stochastic perturbation. 
Let the state vector be defined as in (3.20), where 𝑝(𝑡) denotes position, 
𝑣(𝑡) velocity, and 𝑎(𝑡) acceleration at time 𝑡. The corresponding 
discrete-time state transition equation is given in (3.21). 

                𝑥(𝑡) = [𝑝(𝑡), 𝑣(𝑡), 𝑎(𝑡)]                                                  (3.20) 

               𝑥𝑘+1 = [
1 𝑇

𝑇2

2

0 1 𝑇
0 0 1

] 𝑥𝑘 + 𝑞(𝑡)      (3.21) 

   The CA model is particularly appropriate for scenarios in which a 
vehicle undergoes sustained acceleration, such as when merging onto a 
highway. Alternative parameterizations of the state vector and 
corresponding transition equations for the CA model are discussed in 
[122]. 

3. Random Motion (RM) Model 
   

  This motion model is employed when a detection is likely to 
correspond to clutter, a stationary road element such as a traffic sign, or 
an object exhibiting small, irregular displacements, such as a 
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pedestrian. Spurious motion may also arise from over-segmented 
clusters caused by occlusions or shape variations across consecutive 
frames, which can create the appearance of random movement. To 
account for such cases, a random-motion (RM) or stationary model with 
relatively large process noise qis used. In this formulation, the state 
transition function is effectively the identity mapping, so that the 
predicted state equals the previous state up to stochastic perturbations. 
Let the state vector be defined as in (3.22). 
                               𝑥(𝑡) = [𝑥(𝑡) 𝑦(𝑡) 𝜃(𝑡) 𝑣(𝑡) 𝜔(𝑡)]𝑇      (3.22) 

   The transition function has the same expression as the state vector, to 
which a large motion noise is added (3.23). 

                                    𝑥(𝑡 + 𝑇) = 𝑥(𝑡) + 𝑞(𝑡)        (3.23) 

b. Rotational Kinematics 

1. Coordinated turn (CT) motion model 

This motion model is particularly suited to situations in which an 
object follows a smooth curved trajectory, such as during turning 
maneuvers [127]. It is especially applicable in radar-based tracking, 
where both position and velocity of surrounding vehicles can be 
directly observed. Unlike the constant velocity model, the constant 
turn (CT) model does not assume a fixed linear velocity. Instead, it 
postulates a constant yaw rate, corresponding to a fixed steering 
angle. Under this assumption, the vehicle is constrained to move 
along a circular arc. A convenient state representation for this model 
is given in (3.24), where 𝑝𝑥(𝑡) and 𝑝𝑦(𝑡) denote the Cartesian 

position, 𝑣(𝑡) the speed, 𝜙(𝑡) the heading angle, and 𝜔(𝑡) the yaw 
rate. 

            𝑥(𝑡) = [𝑝𝑥(𝑡), 𝑝𝑦(𝑡), 𝑣(𝑡), ∅(𝑡), 𝜔(𝑡)]
𝑇

      (3.24) 

   In the time continuous approach, the model is described using the 
transition function (3.25). 

                 

[
 
 
 
 
𝑝𝑥(𝑡)

𝑝𝑦(𝑡)

𝑣(𝑡)

∅(𝑡)

𝜔(𝑡) ]
 
 
 
 

=

[
 
 
 
 
𝑣(𝑡)cos (∅(𝑡))

𝑣(𝑡)sin (∅(𝑡))
0

𝜔(𝑡)
0 ]

 
 
 
 

+

[
 
 
 
 
0 0
0
1
0
0

0
0
0
1]
 
 
 
 

[
𝑞𝑐
𝑣(𝑡)

𝑞𝑐
𝜔 ]              (3.25) 
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The first two equations express that the object moves in the direction 
defined by the heading 𝜙(𝑡) with speed 𝑣(𝑡). The third equation 
specifies that the time derivative of 𝑣(𝑡) is zero, up to an additive noise 
term, reflecting small stochastic variations in speed. The evolution of 
the heading 𝜙(𝑡) and the yaw rate 𝜔(𝑡) follows dynamics analogous to 
those of a constant-velocity model. 
To obtain a discrete-time formulation suitable for filtering, either the 
Euler discretization or the exact analytical solution may be applied to 
the continuous-time model. 

2. Constant turn rate and velocity (CTRV) model 

    The Constant Turn Rate and Velocity (CTRV) model [128] and the 

Constant Turn Rate and Acceleration (CTRA) model belong to the class 

of curvilinear motion models and are capable of predicting vehicle 

trajectories during both straight-line motion and turning maneuvers. 

These models are particularly well suited for representing the 

kinematics of road vehicles whose motion includes smooth changes in 

direction. A typical state representation for these models is given in 

(3.26) and comprises the Cartesian position components, the speed (i.e., 

the magnitude of the velocity), the orientation 𝜙(𝑡), and the yaw rate 

𝜔(𝑡). 

                          𝑥(𝑡) = [𝑝𝑥(𝑡), 𝑝𝑦(𝑡), 𝑣(𝑡), ∅(𝑡), 𝜔(𝑡)]
𝑇

              (3.26) 

    The discrete-time process model used to predict the vehicle state at 
the next time step is given in (3.27). As implied by the model name, 
both the turn rate and the velocity (or acceleration, in the CTRA case) 
are assumed to remain constant between successive time instants, 
subject to additive stochastic perturbations. The terms 𝜈𝜙,𝑘 and 𝜈𝑎,𝑘 

denote zero-mean Gaussian process noise components that capture 
deviations from the idealized motion assumptions. 

 𝑥𝑘+1 = 𝑥𝑘 +

                 

[
 
 
 
 
 
𝑣𝑘

𝜔𝑘
(sin(∅𝑘 + 𝜔𝑘∆𝑡) − sin (∅𝑘))

𝑣𝑘

𝜔𝑘
(−cos(∅𝑘 + 𝜔𝑘∆𝑡) + cos(∅𝑘))

0
𝜔𝑘∆𝑡
0 ]

 
 
 
 
 

[
 
 
 
 
 
 
1

2
(∆𝑡)2 cos(∅𝑘) 𝜈𝑎,𝑘

1

2
(∆𝑡)2 sin(∅𝑘) 𝜈𝑎,𝑘

∆𝑡𝜈𝑎,𝑘
1

2
(∆𝑡)2𝜈∅,𝑘

∆𝑡𝜈∅,𝑘 ]
 
 
 
 
 
 

 (3.27) 
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The CTRV model is often referred to as the bicycle model, as it reduces 
the four-wheel kinematics of a vehicle to an equivalent two-wheel 
representation. This abstraction is generally sufficient for capturing the 
planar motion of road vehicles in tracking applications. 

3. Controlled turned rate and acceleration (CTRA) model 

    In comparison with the CTRV formulation, the CTRA model augments 
the state vector with an explicit acceleration component [122]. The 
resulting state representation is given in (3.28). 

                     𝑥(𝑡) = [𝑝𝑥(𝑡) 𝑝𝑦(𝑡) ∅(𝑡) 𝑣(𝑡) 𝑎(𝑡) 𝜔(𝑡)]
𝑇

                   (3.28) 

The continuous time transition function can be observed in (3.29).  

𝑥(𝑡 + 𝑇) = 𝑥(𝑡) + (

∆𝑥(𝑇)
∆𝑦(𝑇)
𝜔𝑇
𝑎𝑇
0
0

) + 𝑞(𝑡)                    (3.29) 

    In (3.29), the terms Δ𝑥(𝑇) and Δ𝑦(𝑇) denote the positional 
increments that are added to the previous state in order to obtain the 
updated position; their explicit expressions are given in (3.30) and 
(3.31). The term q(𝑡) represents the process noise. A detailed 
derivation of the process noise model for the CTRA formulation is 
provided in [129]. 

∆𝑥(𝑇) =
1

(𝜔)2
[𝑣(𝑡)𝜔 + 𝑎𝜔𝑇) sin (∅(𝑡)) + 𝜔𝑇) + a cos(∅(𝑡) +  𝜔𝑇) − 𝑣(𝑡)𝜔 sin∅(𝑡) −

a cos ∅(𝑡)              (3.30) 

∆𝑦(𝑇) =
1

(𝜔)2
[(−𝑣(𝑡)𝜔 − 𝑎𝜔𝑇) cos(∅(𝑡) +  𝜔𝑇) + a sin(∅(𝑡) 𝜔𝑇)  𝑣(𝑡) 𝜔 cos (∅(𝑡)) −

a sin (∅(𝑡))]                                                  (3.31) 

    The set of motion models discussed above is not exhaustive. 
Numerous additional formulations have been proposed in the literature 
[122, 130, 131, 132, 133], all of which can be broadly categorized into 
linear and rotational (curvilinear) kinematic models and are derived 
from the fundamental principles outlined here. It should be emphasized 
that no single motion model can adequately describe all possible object 
behaviors. Consequently, improved prediction performance is often 
achieved by combining multiple motion models within a unified 
framework, while carefully managing computational complexity to 
preserve the real-time capabilities of the tracking system. 
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3.2.2.2 Measurement Models 

     In contrast to motion models, measurement models are specific to 

the sensing modalities employed. They describe how the object state x𝑘 

is mapped to the corresponding observation z𝑘 , a relationship that can 

be expressed probabilistically as 𝑝(z𝑘 ∣ x𝑘). The deterministic 

component of this mapping is represented by the function ℎ𝑘(⋅), which 

relates the latent state to the expected measurement. 

     No universal measurement model exists that is applicable across all 
sensors; instead, each sensing technology requires a model that reflects 
its physical measurement process. As with motion models, 
measurement models incorporate additive noise, as shown in (3.32). 
This noise is typically assumed to be zero-mean Gaussian with 
covariance matrix R𝑘. 

                                               𝑧𝑘 = ℎ𝑘(𝑥𝑘) + 𝑟𝑘        (3.32) 

    The measurement function may be either linear or nonlinear, 
depending on the characteristics of the sensing modality. Autonomous 
systems typically rely on a diverse set of sensors, including cameras, 
LiDAR, RADAR, global navigation satellite systems (e.g., GPS), 
gyroscopes, and accelerometers. In the following, representative 
measurement models for several of these sensors are presented. 

LiDAR 
    A LiDAR sensor produces a point cloud in which each return 
corresponds to a three-dimensional spatial location. For simplicity, it is 
assumed that, after object detection has been performed on the point 
cloud, each object is represented by its planar position, with vertical 
motion neglected. Accordingly, the measurement vector is defined as 
𝐳𝑘 = (𝑝𝑥, 𝑝𝑦)

⊤. If the corresponding state vector is given by 𝐱𝑘 =

(𝑝𝑥, 𝑝𝑦, 𝑣𝑥 , 𝑣𝑦)
⊤, the linear measurement matrix 𝐇 that maps the four-

dimensional state to the two-dimensional observation space is given in 
(3.33) [134]. 

𝑧𝑘 = [
1 0 0 0
0 1 0 0

] 𝑥𝑘 + 𝑟𝑘       (3.33) 

RADAR 
     RADAR sensors are particularly valuable because, through the 

Doppler effect, they provide direct measurements of an object’s radial 

velocity, that is, the component of the velocity along the line of sight to 
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the sensor. Rather than delivering Cartesian position estimates, RADAR 

returns the range 𝜌(distance from the sensor), the bearing 𝜙(angle 

relative to the forward axis), and the radial velocity 𝜌̇. Using the same 

state vector x𝑘 = (𝑝𝑥, 𝑝𝑦, 𝑣𝑥, 𝑣𝑦)
⊤ and the measurement vector z𝑘 =

(𝜌, 𝜙, 𝜌̇)⊤, the nonlinear measurement function ℎ(x) that maps the state 

to the RADAR observation space is given by (3.34) [134]. 

ℎ(𝑥𝑘) =

(

  
 

√𝑝𝑥2 + 𝑝𝑦2

arctan (
𝑝𝑦

𝑝𝑥
)

𝑝𝑥𝑣𝑥+𝑝𝑦𝑣𝑦

√𝑝𝑥
2+𝑝𝑦

2  )

  
 

       (3.34) 

    It can be seen that, in the RADAR case, the measurement function ℎ(⋅) 
is nonlinear. Consequently, unlike the LiDAR formulation, no constant 
measurement matrix Hexists for this sensor model. 

Gyroscope 
     A gyroscope provides measurements of the system’s orientation and 
angular velocity, in particular the yaw rate. Consider a discrete-time 
state vector of the form x𝑘 = [𝑝𝑥, 𝑝𝑦, 𝑣, 𝜙, 𝜔]

⊤, analogous to that used in 

the constant-turn motion model. In this case, the gyroscope yields a 
noisy observation of the yaw rate 𝜔. The corresponding relationship 
between the state and the measurement is given in (3.35). 

                                       𝑧𝑘 = [0 0 0 0 1]𝑥𝑘 + 𝑟𝑘      (3.35) 

Wheel speed encoders 
   Wheel encoders are commonly used to measure motion in mobile 

robots and ground vehicles [135]. These sensors rely on either optical 

or magnetic principles to generate digital signals proportional to wheel 

rotation. Optical encoders consist of a patterned disk and a light source 

whose interruptions are detected by photodiodes, producing a 

sequence of pulses as the disk rotates. Magnetic encoders, in contrast, 

sense variations in a magnetic field induced by the movement of a 

ferromagnetic element. Owing to their higher speed, accuracy, and 

reliability, optical encoders are widely employed in industrial and 

robotic applications. 

Two main types of optical encoders are in common use: absolute and 
incremental. Absolute encoders provide a direct measurement of the 
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angular shaft position, whereas incremental encoders generate pulses 
for each incremental rotation of the shaft, thereby enabling the 
estimation of rotational velocity by counting pulses relative to a 
reference index [136]. 
    In tracking applications, wheel encoders typically provide a noisy 
measurement of the vehicle’s speed. For a state vector x𝑘 =
[𝑝𝑥, 𝑝𝑦, 𝑣𝑥, 𝑣𝑦]

⊤, the corresponding measurement function at time step 

𝑘is given in (3.36). 

                                         𝑧𝑘 = √𝑣𝑥2 + 𝑣𝑦2 + 𝑟𝑘      (3.36) 

   A broad variety of measurement models for different sensing 
modalities has been proposed in the literature [136]; however, a 
comprehensive survey of these formulations is beyond the scope of this 
book. In all models considered here, the measurement noise r𝑘 is 
assumed to follow a zero-mean Gaussian distribution with covariance 
R𝑘, that is, r𝑘 ∼ 𝒩(0, R𝑘). The measurement covariance matrix R𝑘 is 
typically derived from the technical specifications of the corresponding 
sensor. 

3.2.2.3 Clutter Model 

    A complete measurement model must also account for clutter, a term 

commonly used in the literature to denote false detections. Such 

spurious measurements may originate from sensor noise or from 

environmental structures that are incorrectly interpreted as objects by 

the sensing system. At each discrete time step 𝑘, the set of 

measurements can be viewed as a random permutation of true object-

generated detections, denoted 𝒪𝑘 , and clutter measurements, denoted 

𝒞𝑘. The resulting measurement matrix is therefore formed by 

permuting the columns corresponding to object detections and clutter, 
as expressed in (3.37), where Π(⋅) denotes a permutation operator. 

                                                     𝑍𝑘 = 𝞟(𝑂𝑘, 𝐶𝑘)      (3.37) 

    One of the most widely used models for clutter is the Poisson point 

process [137, 138]. The Poisson distribution is a discrete probability 

law that describes the number of occurrences of an event within a 

specified interval or spatial region. In the context of autonomous 

systems, this region is typically identified with the sensor’s field of 

view. The Poisson model is well suited to clutter modeling because it 
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satisfies two key assumptions that are generally valid for false 

detections. First, clutter measurements are assumed to occur 

independently, which is consistent with the common assumption that 

the elements of the clutter set 𝒞𝑘 are independent and identically 

distributed, often uniformly over the field of view. Second, the 

probability of an event occurring within a given region is assumed to be 

stationary over time, meaning that the expected clutter rate does not 

vary. The probability mass function of the Poisson distribution is given 

in (3.38). In this distribution, the mean and the variance coincide and 

are both equal to the parameter 𝜆, which represents the expected 

number of clutter measurements. 

                                           𝑃(𝑋 = 𝑥) =
𝜆𝑥𝑒−1

𝑥!
      (3.38) 

    A Poisson point process may be parameterized either by an intensity 
function 𝜆𝑐(c) or, equivalently, by the combination of a Poisson rate 𝜆̄𝑐 
and a spatial probability density function 𝑓𝑐(c), as expressed in (3.39).  

                                                {
𝜆̅𝑐 = ∫𝜆𝑐(𝑐)𝑑𝑐

𝑓𝑐(𝑐) =
𝜆𝑐(𝑐)

𝜆̅𝑐

              (3.39) 

    The resulting expression for the clutter distribution under the 

Poisson point process model, for the clutter set 𝒞𝑘 = {c𝑘
1, c𝑘

2, … , c𝑘
𝑚𝑘
𝑐

}, is 

given in (3.40), where 𝑚𝑘
𝑐  denotes the number of clutter measurements 

at time 𝑘. In the general case, the spatial density 𝑓𝑐(c) is not required to 
be uniform, allowing for nonhomogeneous clutter distributions. 

                                     𝑝(𝐶𝑘) = 𝑃𝑜(𝑚𝑘
𝑐 ; 𝜆̅𝑐)∏ 𝑓𝑐(𝑐𝑘

𝑖 )
𝑚𝑘
𝑐

𝑖=1               (3.40) 

Further details on the use of the Poisson point process for clutter modeling 

are provided in [138]. 

3.2.3 Different Data Association Approaches 

    One of the most challenging aspects of multi-object tracking is that 
the correspondence between measurements and objects is unknown. 
Given a measurement set 𝒵𝑘 of cardinality 𝑚𝑘 , which contains both true 
detections and clutter, the data association for object 𝑖with state x𝑘

𝑖  is 

denoted by 𝜃𝑘
𝑖 . This association variable is defined as in (3.41). 
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𝜃k
𝑖 = {

𝑗, 𝑖𝑓 𝑜𝑏𝑗𝑒𝑐𝑡 𝑖 𝑖𝑠 𝑎𝑠𝑠𝑜𝑐𝑖𝑎𝑡𝑒𝑑 𝑡𝑜 𝑚𝑒𝑎𝑠𝑢𝑟𝑒𝑚𝑒𝑛𝑡 𝑗    
0, 𝑖𝑓 𝑖 𝑖𝑠 𝑢𝑛𝑑𝑒𝑡𝑒𝑐𝑡𝑒𝑑 𝑎𝑛𝑑 𝑎𝑙𝑙 𝑣𝑒𝑐𝑡𝑜𝑟𝑠 𝑎𝑟𝑒 𝑐𝑙𝑢𝑡𝑡𝑒𝑟

                   (3.41) 

If 𝑛 tracks are present at time step 𝑘, the corresponding association 
vector Θ𝑘 is defined as in (3.42). 

                                           ϴk = [𝜃k
1 𝜃k

2… . 𝜃k
𝑖 …𝜃k

𝑛]              (3.42) 

    All tracking approaches considered in this book adopt the point-
object assumption. Under this hypothesis, each measurement is 
assumed to originate from a single source, which may correspond 
either to a real physical object or to clutter. In addition, each real object 
is assumed to generate at most one detection at each time step. Under 
this assumption, two association constraints are imposed to ensure a 
valid data association. For any association variable 𝜃𝑘

𝑖  belonging to the 
association vector Θ𝑘, each object must be either detected or missed at 
time 𝑘, as formalized in (3.43). 
 

                                   𝜃k
𝑖𝜖{0… 𝑚𝑘}, ∀ 𝑖 ∈ {1…𝑛}      (3.43)  

    The second constraint stipulates that no single measurement may be 
associated with more than one tracked object. Under the assumptions 
that the sensor, motion, and measurement models are linear and 
Gaussian, the exact posterior density can be expressed as a Gaussian 
mixture, with one mixture component corresponding to each feasible 
association at time 𝑘, as shown in (3.44). The coefficient 

𝑤̃(𝜃𝑘
𝑖
∣∣
∣ℎ ) represents a probability mass function that encodes the 

likelihood of a particular measurement-to-track association. The terms 

𝑤𝑘∣𝑘−1
ℎ  and 𝑝𝑘∣𝑘

(ℎ∣∣𝜃𝑘 ) denote, respectively, the weight of the predicted 

mixture component from the previous iteration and the updated 
posterior density obtained through the Bayesian recursion. 

                             𝑃𝑘|𝑘(𝑥𝑘) ∝ ∑ ∑ 𝑤̃𝜃𝑘∈ϴkℎ
𝜃𝑘|ℎ𝑤𝑘|𝑘−1

ℎ 𝑝𝑘|𝑘
ℎ|𝜃𝑘(𝑥𝑘)           (3.44) 

    Because the number of possible data associations grows 
combinatorially, the exact evaluation of all hypotheses becomes 
computationally intractable. Consequently, practical tracking systems 
avoid exhaustive enumeration and instead cast data association as an 
optimization problem, in which only a subset of highly probable 
hypotheses is retained. The selected subset, denoted 𝜃∗, consists of 
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those associations in Θ𝑘 that have the largest weights 𝑤̃(𝜃𝑘
𝑖
∣∣
∣ℎ ). From a 

mathematical perspective, this problem can be formulated by 
constructing a cost matrix, whose entry at row 𝑖 and column 𝑗 
represents the cost of associating measurement 𝑖 with track 𝑗. An 
accompanying assignment matrix, composed of binary elements, is then 
used to encode the association decisions: a value of 1 at position (𝑖, 𝑗) 
indicates that measurement 𝑖 is assigned to track 𝑗, whereas a value of 0 
indicates no association. The optimization objective is to select the 
assignment that minimizes the overall cost according to a specified 
criterion. Accordingly, for each track, the optimal association 𝜃∗ is 
obtained by minimizing the cost function defined in (3.45). 

                               𝜃∗ = argmin
𝜃∈ϴ

∑ −log (𝑤̃𝜃𝑘
𝑖 |ℎ)𝑛

𝑖=1               (3.45)                   

     The cost of associating a measurement with a tracked object can be 
computed in various ways, depending on the application and sensing 
modality. Two principal paradigms are commonly distinguished. In 
feature-based approaches, carefully designed descriptors are extracted 
from the measurements in order to characterize their similarity to 
predicted object states. In data-driven approaches, neural networks are 
employed to learn such features directly from data. Each paradigm 
offers distinct advantages and limitations with respect to robustness, 
generalization, and computational complexity. 

3.2.3.1 Feature Engineering-Based Tracking Methods 

     Most online multi-object tracking systems adopt a tracking-by-

detection paradigm, in which a detector generates object hypotheses 

and a data association mechanism links these hypotheses across 

consecutive frames. When computing similarity costs between 

detections and existing tracks, appearance and motion cues constitute 

the primary sources of information. 

    In appearance-based association, early approaches relied on distance 
measures between color histograms [139]. A related method was 
introduced in [140], where similarity was evaluated using the chi-
square distance between grayscale histograms and the cosine distance 
between spatio-temporal locations of detections and tracks. In [141], a 
more elaborate appearance similarity function was designed by 
combining multiple cues, including object dimensions and color 
histograms. Motion similarity was computed using the Euclidean norm, 
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and the resulting scores were fused with the appearance-based metric. 
The association problem was then solved using the Hungarian 
algorithm [142] after converting images to the HSV color space. 
     In [143], an aggregated local flow descriptor encoding the relative 
motion patterns of bounding box detections across frames was 
proposed and combined with additional features for data association. 
Similarly, [144] introduced a cost function based on multiple cues—
such as histogram of oriented gradients (HOG), bounding box width and 
height, and intersection-over-union (IoU)—to enable robust tracking of 
objects in thermal imagery. Bertozzi [145] addressed camera motion 
effects by applying image stabilization, followed by pedestrian 
detection based on warm, symmetric objects with specific size and 
aspect ratio constraints. Alternative thermal tracking approaches detect 
pedestrians as hot regions; for instance, the HotSpot tracker performs 
pixel-intensity thresholding and tracks detections using a Kalman filter 
with a global nearest-neighbor association strategy [146, 147]. 
     A weighted combination of positional, size, and appearance cues was 
proposed in [148]; however, the simplicity of the appearance model can 
lead to association failures under significant target overlap. Yu et al. 
[149] exploited edge features and their orientations, transformed into 
the Fourier domain, to achieve real-time tracking. Another thermal-
image-based tracker [150] employed edge features together with a 
high-dimensional intensity histogram descriptor to compute 
association costs. 

3.2.3.2 Data-Driven Tracking Methods 

    Recent literature has increasingly favored the use of deep 
convolutional neural networks (CNNs) for learning discriminative 
object representations in tracking applications. A common strategy is to 
employ metric learning, whereby the network is trained to map 
observations of the same object to nearby points in an embedding 
space, while representations of different objects are mapped farther 
apart. Formally, this implies that the distance between a reference 
sample and a positive instance (the same object observed at a different 
time) is minimized, whereas the distance to a negative instance (a 
different object) is maximized. This objective is typically achieved using 
contrastive loss [151] or triplet loss [152]. 
    To improve training efficiency and convergence, several optimization 
techniques have been proposed. Hard-negative mining [207] restricts 
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training to challenging positive and negative samples rather than full 
images, while group loss [153] leverages sets of samples from the same 
class within a training iteration to improve discrimination between 
positive and negative examples. 
    Within the tracking-by-detection paradigm, metric learning is 
commonly employed in two principal ways. In the first approach, object 
detection and feature embedding are performed by separate networks 
that are trained independently. An example is presented in [154], 
where object detections are generated using a Faster R-CNN detector 
fine-tuned on ImageNet, while appearance embeddings are extracted 
using a network inspired by GoogLeNet. Object affinity is computed 
using cosine similarity, and training employs a combination of softmax 
and triplet loss functions. 
    The second approach performs joint detection and embedding 
extraction within a single network architecture, enabling the sharing of 
low-level features and avoiding redundant computation. A 
representative example is given in [155], where a feature pyramid 
network (FPN) is employed to generate multi-scale predictions. High-
level semantic features are progressively upsampled and fused with 
lower-level features via skip connections. The network outputs three 
parallel heads corresponding to object classification, bounding-box 
regression, and dense appearance embeddings, with triplet loss used 
for metric learning. 
     Despite their effectiveness, purely data-driven methods may fail 
when training datasets do not adequately capture real-world 
variability. To address this limitation, hybrid approaches combining 
learned representations with engineered features have been proposed. 
For instance, in [156], spatio-temporal features learned via CNNs are 
combined with contextual cues using gradient boosting. The CNN inputs 
consist of optical flow and normalized LUV color channels, while 
contextual features encode relative changes in position, size, and 
velocity. 
     Broadly, metric-learning-based tracking approaches fall into three 
categories: (i) detection followed by embedding extraction, (ii) joint 
detection and embedding, and (iii) hybrid methods combining learned 
and engineered features. 
Several specialized solutions have been developed for robustness in 
challenging sensing conditions. The TCNN framework [157] maintains 
appearance stability during online learning through a tree-structured 
ensemble of CNNs. The SRDCFir tracker [158], an extension of SRDCF 
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for thermal imagery, introduces a regularization term that constrains 
filter coefficients to the target region, yielding a more discriminative 
appearance model. In addition to HOG features [159], SRDCFir 
incorporates channel-coded intensity and motion features. 
     An increasingly popular paradigm in visual and thermal tracking 
relies on similarity verification using Siamese networks [160]. These 
architectures consist of two identical branches with shared parameters 
that compute a similarity score between a track and a detection. Liu et 
al. [161] proposed a multi-layer fusion Siamese network for thermal 
imagery that integrates optical flow and combines shallow and deep 
features. Zhang et al. [162] introduced a multi-stage feature fusion 
network that combines a region proposal network with a spatial 
transformer for thermal object tracking. While SiamFC [160] achieves 
real-time performance, its lack of online adaptation limits accuracy. 
This limitation is addressed in DSiamM [163], which integrates 
correlation filters to enable online updates. 
    Other approaches decompose robustness and discrimination into 
separate processing stages. In [164], multiple Siamese AlexNet 
architectures [165] are trained independently and their outputs fused 
to enhance association reliability. In [166], a synthetic thermal dataset 
is generated from RGB imagery to enable end-to-end training of a 
Siamese model [167] for thermal feature extraction. 
Beyond bounding-box tracking, multi-object tracking and segmentation 
methods aim to assign a persistent instance mask to each object across 
frames. SiamMask [168] augments Siamese tracking with a binary 
segmentation task, producing class-agnostic masks in real time from a 
single bounding-box initialization. Another approach [169] extends 
Mask R-CNN with 3D convolutions to incorporate temporal context and 
an association head that produces embedding vectors for detection 
matching. MOTSFusion [170] combines tracking, segmentation, and 
dynamic object fusion by constructing short tracklets using optical flow 
and merging them into 3D object reconstructions, enabling localization 
under occlusion or missed detections. 
    Inspired by advances in natural language processing [171], 
transformer-based architectures have recently been adopted for 
detection and tracking. Transformers rely on self-attention and cross-
attention mechanisms [172] to model long-range dependencies and can 
operate directly on input sequences without handcrafted feature 
extraction [173]. Many transformer-based approaches perform joint 
detection and tracking in a single stage. For example, [174] introduces a 
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multitask regression-based framework, while JDE [175] uses a shared 
backbone for both detection and appearance embedding. TransTrack 
[176] propagates object identities across frames using a query–key 
mechanism. In [177], a transformer-based architecture is proposed for 
3D object tracking, where self-attention models intra-point-cloud 
relations and cross-attention fuses multimodal features. 
    Despite their promising performance, transformer models typically 
require substantial computational resources, both during training and 
inference. Their reliance on multi-GPU training and high-performance 
hardware makes them less suitable for deployment on edge devices or 
in systems with strict real-time constraints. 
    Finally, several works pursue end-to-end learning of data association. 
In [178], camera and LiDAR data are jointly exploited to produce 
accurate trajectories, with detection and tracking optimized together. A 
key contribution is the backpropagation of gradients through a linear 
programming layer during training. The matching cost integrates both 
appearance and motion cues using a Siamese CNN architecture. 

3.2.3.2 Optimization Algorithms for Data Association 

    After similarity scores between tracks and detections have been 

computed, the assignment cost must be minimized subject to two 

constraints. First, each tracked object must be associated either with 

exactly one detection or with a missed detection. Second, each detection 

may be associated with at most one track. All data association 

optimization methods share a common structure: they take as input a 

cost matrix and return an assignment matrix that encodes a valid set of 

associations minimizing the overall assignment cost. Two main classes 

of solvers are commonly distinguished. 

     The first class seeks a single globally optimal assignment for all 

tracks, that is, it finds the association 𝜃∗ such that 𝑤̃(𝜃∗∣∣ℎ ) ≥

𝑤̃(𝜃∣∣ℎ ), ∀𝜃 ∈ Θ.  Representative algorithms in this category include the 
Hungarian (Kuhn–Munkres) algorithm [142], the Auction algorithm 
[179], the Jonker–Volgenant–Castanon (JVC) algorithm [180], and the 
Ford–Fulkerson method [181]. 
     The second class of solvers computes not just a single solution but 
the best 𝑚 association hypotheses for a given set of tracks. The Murty 
algorithm [182] enumerates and ranks the 𝑚 lowest-cost assignments 
in ascending order of total cost. The Gibbs sampling approach [183], a 
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Markov chain Monte Carlo method, provides a computationally efficient 
but suboptimal alternative for generating multiple high-probability 
associations. Its main limitation is the lack of guarantees that the 
selected 𝑚 hypotheses include the globally optimal ones; some valid 
associations may be discarded to improve computational efficiency. 
Nevertheless, Gibbs sampling has been shown to produce competitive 
tracking performance in practice. 
     Numerous extensions and variants of these algorithms have been 
developed to address different optimization requirements in tracking 
systems [184, 185, 186]. 
     In [187], the data association problem is formulated as a minimum-
cost flow optimization. In this framework, each detection is represented 
by two nodes in a weighted directed graph, connected by observation 
edges and transition edges. Observation edges are assigned negative 
weights proportional to detection confidence, while transition edges 
encode positive costs that distinguish different object trajectories. A 
source node connects to detections when tracks are initiated, and a sink 
node is connected when tracks terminate. This formulation requires 
access to all frames and is therefore unsuitable for real-time operation. 
A real-time variant of this approach is proposed in [188], where a 
dynamic version of the successive shortest path algorithm is employed. 
However, this method does not explicitly handle occlusions and relies 
on a constant-position motion model, which is overly simplistic for 
complex traffic scenarios. 
 

3.2.4 Data Association Filters 

In multi-object tracking, the objective is to process the set of detected 
objects, represented by the measurement set 𝒵𝑘, and to estimate the 
posterior density of each object state. This posterior is expressed as a 
weighted mixture over all feasible data association sequences, where 
each weight represents the probability of a particular association 
hypothesis, and each component corresponds to a state density 
conditioned on that hypothesis, as shown in (3.46) [138]. 

            𝑝(𝑘|𝑘)  = ∑ 𝑤
(𝑘|𝑘)
𝜃1:𝑘 𝑝

(𝑘|𝑘)
𝜃1:𝑘 (𝑋𝑘)

𝜃1:𝑘 ∈Θ1:𝑘

= ∑ Pr[𝜃1:𝑘|𝑍1:𝑘] 𝑝[𝑋𝑘|𝜃1:𝑘 , 𝑍1:𝑘]                         (3.46)

𝜃1:𝑘 ∈Θ1:𝑘
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    Because the number of feasible data association hypotheses grows 
rapidly, evaluating the exact posterior density given by (3.46) is 
computationally intractable for real-time applications such as 
autonomous systems. Consequently, practical tracking algorithms rely 
on approximations that control this combinatorial growth. Two 
fundamental strategies are employed for this purpose: pruning and 
merging. 
    In pruning, hypotheses with low posterior probability are discarded. 
From a computational perspective, this corresponds to setting small 
mixture weights to zero and renormalizing the remaining weights. In 
merging, multiple hypotheses are combined into a single representative 
hypothesis, thereby approximating the mixture by a reduced set of 
components or even by a single density. This combination is typically 
performed by minimizing a suitable divergence measure, such as the 
Kullback–Leibler divergence [189, 190]. 
    In most practical systems, pruning and merging are applied jointly, 
with their relative emphasis determined by the accuracy and 
computational constraints of the application. Three representative 
algorithms are outlined below to illustrate different uses of these two 
strategies. 

Global Nearest Neighbour (GNN) 

    The Global Nearest Neighbor (GNN) filter [191] follows a greedy 

strategy in which only the association hypothesis with the largest 

weight, 𝜃∗, is retained, while all other hypotheses are pruned. The main 

advantage of this approach is its low computational complexity, which 

makes it suitable for deployment on resource-constrained embedded 

platforms. Under the GNN formulation, the posterior density is 

approximated by a single component corresponding to the sequence of 

optimal data associations selected up to time 𝑘, as expressed in (3.47). 

         𝑝
(𝑘|𝑘)
𝐺𝑁𝑁 (𝑋𝑘) = 𝑝

(𝑘|𝑘)
𝜃1:𝑘
∗   

(𝑋𝑘)                                 (3.47) 

     At each time step of the GNN recursion, the algorithm begins with a 

prediction step based on the Chapman–Kolmogorov equation. When 

Gaussian densities and linear-Gaussian motion models are assumed, 

this prediction is implemented using the Kalman filter for each track; 

the Kalman filter and its variants are discussed in the following section. 
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After the cost matrix has been computed, the update phase starts by 
determining the optimal data association. For each track, if a detection 
is assigned, a Bayesian measurement update is performed; if no 
detection is associated, the posterior density remains proportional to 
the predicted density. 
    In addition to its simplicity and low computational cost, the GNN filter 
performs well in scenarios characterized by high signal-to-noise ratio, 
high detection probability, low clutter rate, and small measurement 
uncertainty. 

Joint Probabilistic Data Association Filter (JPDA) 

    In the Joint Probabilistic Data Association (JPDA) algorithm [192], 
multiple association hypotheses are incorporated by merging their 
marginal contributions rather than selecting a single hypothesis. This is 
achieved by first computing the marginal association probabilities for 
each object across all feasible hypotheses. 
    The JPDA framework was designed to retain much of the 
computational efficiency of the GNN filter while exploiting information 
from multiple competing hypotheses instead of discarding them 
outright. As a result, the posterior density in JPDA is approximated by a 
single effective density, obtained by weighting the updates with the 
marginal association probabilities 𝛽1:𝑘, as shown in (3.48). 

𝑝
(𝑘|𝑘)
𝐽𝑃𝐷𝐴 (𝑋𝑘) = 𝑝(𝑘|𝑘)

𝛽1:𝑘 (𝑋𝑘)                    (3.48) 

     The marginal probability that object 𝑖is associated with detection 𝑗 at 

time 𝑘 is denoted by 𝛽𝑘
(𝑖,𝑗)

and is computed as given in (3.49). 

𝛽𝑘
𝑖,𝑗
= Pr(𝜃𝑘

𝑖 = 𝑗|𝑍1:𝑘−1) = ∑ 𝑤𝜃𝑘
𝜃𝑘∈Θ𝑘:𝜃𝑘

𝑖=𝑗      (3.49) 

    To mitigate the computational burden associated with summing over 
all valid association hypotheses, measurement gating is typically 
applied prior to the evaluation of marginal association probabilities, 
thereby reducing the number of admissible terms. 

    The posterior density for object 𝑖is then obtained as in (3.50), where 

𝑝𝑘∣𝑘−1
𝑖 (x𝑖) denotes the predicted (prior) density, and 𝑝𝑘∣𝑘

(𝑖,𝑗)
 represents 

the posterior density resulting from updating this prior with 

measurement z𝑘
𝑗
.  
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      𝑝
(𝑘|𝑘)
𝑖 (𝑋𝑘) = 𝛽𝑘

𝑖,0𝑝
(𝑘|𝑘 − 1)
𝑖 (𝑋𝑖) + ∑ 𝛽𝑘

𝑖,𝑗
𝑝
(𝑘|𝑘 − 1)
𝑖,𝑗

(𝑋𝑖)
𝑚𝑘
𝑗=1       (3.50) 

   Finally, for each object, the marginal posteriors are merged into a 
single density by minimizing the Kullback–Leibler divergence [190]. For 
linear-Gaussian models, the prediction step remains identical to that of 
the standard Kalman filter, whereas the update step is modified to 
account for multiple potential associations. Given the predicted mean 
and covariance, the updated mean 𝜇𝑘∣𝑘

𝑖  for object 𝑖is obtained by first 

computing an innovation 𝜀𝑘
(𝑖,𝑗)

 for each measurement 𝑗that lies within 

the validation gate of the track, as defined in (3.51). These innovations 
are then combined into a single effective innovation 𝜀𝑘 by forming a 
weighted sum, where the weights are the marginal association 
probabilities, as shown in (3.52). Finally, the posterior mean 𝜇𝑘∣𝑘

𝑖  is 

obtained by adding to the predicted mean the product of the Kalman 
gain and the effective innovation, as given in (3.53). 

𝜀𝑘
𝑖,𝑗
= 𝑧𝑘

𝑗
− 𝐻𝜇

(𝑘|𝑘 − 1)
𝑖              (3.51) 

   𝜀𝑘 = ∑ 𝛽𝑘
𝑖,𝑗
𝜀𝑘
𝑖,𝑗𝑚𝑘

𝑗=1         (3.52) 

   𝜇
(𝑘|𝑘)
𝑖 = 𝜇

(𝑘|𝑘 − 1)
𝑖 +𝐾𝑘

𝑖𝜀𝑘       (3.53) 

    The updated covariance is given by (3.54). The term 𝛽𝑘
(𝑖,0)

P𝑘∣𝑘−1
𝑖  

accounts for the probability of a missed detection and represents the 
contribution of the predicted covariance, that is, the covariance 
obtained when no measurement is available to update the state. 

                      𝑃
(𝑘|𝑘)
𝑖 = 𝛽𝑘

𝑖,0𝑃
(𝑘|𝑘 − 1)
𝑖 + (1 − 𝛽𝑘

𝑖,0)𝑃𝑘
𝑖̅̅ ̅ + 𝑃𝑘

𝑖̃       (3.54) 

    The term (1 − 𝛽𝑘
(𝑖,0)

) P̄𝑘
𝑖  represents the probability that the object is 

associated with one of the available detections and the corresponding 
covariance after the predicted covariance has been updated using the 
measurement information. The expression for P̄𝑘

𝑖  is given in (3.55). 

                     𝑃𝑘
𝑖̅̅ ̅ = 𝑃

(𝑘|𝑘 − 1)
𝑖 − 𝐾𝑘

𝑖 (𝐻𝑃
(𝑘|𝑘 − 1)
𝑖 𝐻𝑇 + 𝑅) (𝐾𝑘

𝑖)
𝑇

     (3.55) 

    The final term P̃𝑘
𝑖  is small when the gated measurements are highly 

consistent and clustered, and increases when they are more dispersed. 
Its analytical form is given in (3.56). 



100 
 

                     𝑃𝑘
𝑖̃ = 𝐾𝑘

𝑖 ([∑ 𝛽𝑘
𝑖,𝑗
𝜀𝑘
𝑖,𝑗
(𝜀𝑘
𝑖,𝑗
)
𝑇𝑚𝑘

𝑗=1 ] − 𝜀𝑘𝜀𝑘
𝑇) (𝐾𝑘

𝑖)
𝑇

      (3.56) 

   The JPDA algorithm is computationally efficient, although not as 

lightweight as the GNN filter. Its primary advantage lies in its superior 

performance in environments with lower signal-to-noise ratios and 

higher ambiguity. A notable limitation, however, is that JPDA may 

exhibit degraded performance when multiple objects are in close 

proximity, as the marginalization process can lead to track coalescence. 

Its computational cost is also higher than that of GNN due to the 

additional complexity involved in computing and merging marginal 

association probabilities. Numerous variants of JPDA have been 

proposed to approximate the marginal probability computations more 

efficiently, including Cheap JPDA [193], Nearest Neighbor Cheap JPDA 

[194], Suboptimal JPDA [195], and Fast JPDA [196]. More recent 

extensions and applications of the JPDA framework are reported in 

[197, 198]. 

Multiple Hypothesis tracker (MHT) 

   In the Multiple Hypothesis Tracking (MHT) algorithm, the central idea 

is to retain the 𝑚 highest-weight association hypotheses and discard all 

others. After updating these 𝑚hypotheses, a reduction step is applied to 

ensure that no more than 𝑁max hypotheses are maintained in the 

posterior mixture, thereby controlling computational complexity. This 

reduction is typically achieved through pruning and capping strategies. 

The motivation behind MHT is that maintaining multiple high-
probability hypotheses provides a more faithful approximation of the 
true posterior density than retaining only a single hypothesis. 
Accordingly, the posterior is represented as a mixture of hypotheses, as 
shown in (3.57), where each hypothesis ℎ𝑘  corresponds to a distinct, 
valid sequence of data associations. 

                          𝑝
(𝑘|𝑘)
𝑀𝐻𝑇 (𝑋𝑘) = ∑ 𝑤

(𝑘|𝑘)
ℎ𝑘 𝑝

(𝑘|𝑘)
ℎ𝑘 (𝑋𝑘)  

𝐻𝑘
ℎ𝑘=1

      (3.57) 

    Two principal variants of MHT are described in the literature: 

hypothesis-oriented (HO) MHT and track-oriented (TO) MHT. In 

practice, TO-MHT achieves performance comparable to HO-MHT and 

generally surpasses both JPDA and GNN in challenging scenarios. 
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Moreover, TO-MHT is more memory-efficient and computationally less 

demanding than its hypothesis-oriented counterpart. 

The main drawback of MHT-based approaches is their higher resource 
consumption relative to GNN and JPDA. In addition, unless the 
hypothesis cap 𝑁max is sufficiently large, there is no guarantee that the 
most probable association sequence is retained in the hypothesis set. A 
detailed treatment of the two MHT variants is beyond the scope of this 
book; the interested reader is referred to [199, 200, 201] for 
comprehensive discussions. 

3.2.5 Kalman Filters 

3.2.5.1 Linear Gaussian Models 

   The Chapman–Kolmogorov equation is computationally demanding, 
and after successive measurement updates the resulting posterior 
density may belong to a different distribution family than the one 
assumed at initialization. Only in a limited number of cases does the 
application of the filtering equations yield posterior distributions with 
closed-form analytical expressions. The general Bayesian filtering 
equations are summarized in (3.58) and (3.59). 

Prediction: 𝑝(𝑥𝑘|𝑦1:𝑘−1) = ∫𝑝(𝑥𝑘|𝑥𝑘−1)𝑝(𝑥𝑘−1|𝑦1:𝑘−1)𝑑𝑥𝑘−1      (3.58) 

Update:            𝑝(𝑥𝑘|𝑦1:𝑘) ∝ 𝑝(𝑦𝑘|𝑥𝑘)𝑝(𝑥𝑘|𝑦1:𝑘−1)                    (3.59) 

    There exists, however, one important class of models for which the 
recursive Bayesian filtering equations admit an exact closed-form 
solution, namely the class of linear Gaussian models. Under these 
assumptions, the Kalman filter provides an optimal solution to the 
filtering problem [138, 202]. 
     The Kalman filter [109] computes the filtering recursion analytically. 
At each time step, it first evaluates the predicted density                     
𝑝(x𝑘 ∣ z1:𝑘−1) = 𝒩(x𝑘;  x̂𝑘∣𝑘−1, P𝑘∣𝑘−1), and subsequently the posterior 
density 𝑝(x𝑘 ∣ z1:𝑘) = 𝒩(x𝑘;  x̂𝑘∣𝑘, P𝑘∣𝑘), which incorporates the current 
measurement. In both steps, only the mean and covariance—given by 
(3.60) and (3.61), respectively—need to be propagated. 
 

              𝑥̂(𝑘|𝑘 − 1) = 𝐴𝑘−1𝑥̂(𝑘 − 1|𝑘 − 1) + 𝑞𝑘−1              (3.60) 

                𝑃(𝑘|𝑘 − 1) = 𝐴𝑘−1𝑃𝑘−1|𝑘−1𝐴𝑘−1
𝑇 + 𝑄𝑘−1                                 (3.61) 
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The process noise q𝑘−1 is assumed to be zero-mean. In the update step, 
the predicted state is refined using the information provided by the 
current measurement. The posterior mean x̂𝑘∣𝑘 and covariance P𝑘∣𝑘 are 
computed according to (3.62) and (3.63). 

                          𝑥̂(𝑘|𝑘) = 𝑥̂(𝑘|𝑘 − 1) + 𝐾𝑘𝑣𝑘               (3.62) 

                     P(k|k) = P(k|k − 1) − KkSkKk
T                                                 (3.63) 

      The posterior mean is obtained by correcting the predicted mean 

with an additive innovation term. Likewise, the posterior covariance is 

computed by shrinking the predicted covariance according to the 

amount of information provided by the new observation. The degree of 

this reduction is governed by the relative uncertainty of the prediction 

and the measurement. In (3.62)–(3.66), K𝑘 denotes the Kalman gain, v𝑘 

the innovation, and S𝑘 the innovation covariance. Their explicit 

definitions are given in (3.64)–(3.66), where H𝑘 is the measurement 

model mapping the state space to the observation space, and R𝑘 is the 

measurement noise covariance. 

    The Kalman gain is small when the measurement uncertainty is large, 
ensuring that unreliable observations have limited influence and that 
the posterior estimate remains primarily driven by the predicted state. 

                                                   𝐾𝑘 = 𝑃(𝑘|𝑘 − 1)𝐻𝑘
𝑇𝑆𝑘

−1             (3.64) 

                                                  𝑣𝑘 = 𝑦𝑘 − 𝐻𝑘𝑥̂(𝑘|𝑘 − 1)                               (3.65) 

                                          𝑆𝑘 = 𝐻𝑘𝑃(𝑘|𝑘 − 1)𝐻𝑘
𝑇 + 𝑅𝑘       (3.66) 

    In the Kalman filter, the posterior mean is the only quantity that 
depends explicitly on the realized measurement values. By contrast, the 
posterior covariance is independent of the specific observation and 
depends only on the assumed noise statistics and model parameters. 
Consequently, while the state estimate adapts to the incoming data, the 
uncertainty of that estimate is governed solely by the model and noise 
characteristics. 

3.2.5.2 Non-Linear Models 

    If either the motion model used for state prediction or the 
measurement model is nonlinear, the resulting posterior density is no 
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longer Gaussian. Under such conditions, the standard Kalman filter is no 
longer applicable. In this subsection, two approaches for handling 
nonlinearities within the Kalman filtering framework are discussed. 

Extended Kalman Filter (EKF) 

    One way to address nonlinear motion or measurement models is to 

linearize them around the current state estimate. This is achieved by 

approximating the nonlinear function with a linear function that is 

tangent to it at the mean of the underlying Gaussian distribution. 

In the Extended Kalman Filter (EKF), this linearization is performed 
using a first-order Taylor expansion [202]. The nonlinear function is 
first evaluated at the current mean, and then approximated by a linear 
function whose slope is given by the Jacobian with respect to the state. 
Although the full Taylor expansion in (3.67) contains higher-order 
terms, only the terms up to the Jacobian are retained to obtain a linear 
approximation, while all higher-order components are neglected. 

                                   𝑓(𝑥) ≅ 𝑓(𝜇) +
𝜕𝑓(𝜇)

𝜕𝑥
(𝑥 − 𝜇)                    (3.67) 

The equations of the Extended Kalman Filter (EKF) [203] are 
structurally similar to those of the standard Kalman filter, as shown in 
(3.68) and (3.69). The key difference is that the linear state-transition 
and measurement matrices A𝑘−1 and H𝑘 are replaced by their 
corresponding Jacobian matrices, evaluated at the current state 
estimate. 

 𝑥𝑘 = 𝑓(𝑥𝑘−1, 𝑢𝑘) + 𝑤𝑘       (3.68) 

                                           𝑧𝑘 = ℎ(𝑥𝑘) + 𝑣𝑘                        (3.69) 

     The terms w𝑘  and v𝑘 denote the process and measurement noise, 

respectively, and are modeled as zero-mean multivariate Gaussian 

variables with covariance matrices Q𝑘  and R𝑘 . The vector u𝑘represents 

an optional control input. 

     A notable drawback of the EKF is that, because the linearization point 
changes at every time step, the Jacobian matrices must be recomputed 
continuously, which can be computationally expensive. Further 
algorithmic and mathematical details of the EKF in the context of object 
tracking are provided in [202]. 
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Unscented Kalman Filter (UKF) 

        To address nonlinear motion and measurement models, the 

Unscented Kalman Filter (UKF) [204] employs the unscented 

transformation. The objective of the UKF is to approximate a generally 

non-Gaussian predicted distribution by a Gaussian, that is, to determine 

a mean vector and covariance matrix that best represent the 

transformed state. 

    This is achieved through the use of sigma points. While propagating 
an entire probability density through a nonlinear function is 
analytically intractable, propagating a carefully selected set of 
representative points is comparatively straightforward. These sigma 
points are deterministically chosen around the state mean and along 
each state dimension at distances proportional to the standard 
deviation, hence their name. 
    Each sigma point is propagated through the nonlinear function, after 
which the mean and covariance of the transformed points are 
computed. Although this procedure yields only an approximation of the 
true transformed distribution, it has been shown to provide sufficiently 
accurate estimates for tracking applications. A commonly used heuristic 
for the number of sigma points is 2𝑛 + 1, where 𝑛 is the dimension of 
the state vector. The first sigma point X𝑘∣𝑘

0  corresponds to the state 

mean, as given in (3.70), while for each state dimension two additional 
points, defined in (3.71) and (3.72), are placed symmetrically about the 
mean.   
                                              𝑋𝐾|𝐾

0 = 𝑋𝐾|𝐾
∗         (3.70) 

𝑋𝐾|𝐾
𝑖 = 𝑋𝐾|𝐾

∗ + √(𝜆 + 𝑛𝑥)𝑃(𝑘|𝑘)      (3.71) 

𝑋𝐾|𝐾
𝑖 = 𝑋𝐾|𝐾

∗ − √(𝜆 + 𝑛𝑥)𝑃(𝑘|𝑘)                    (3.72) 

   The parameter 𝜆 controls the spread of the sigma points around the 

mean, with larger values producing a wider dispersion. The quantity 𝑛𝑥 

denotes the dimensionality of the state vector. Nonlinear noise terms 

that appear in the system equations can be incorporated directly into 

the augmented state, allowing sigma points to be generated for both the 

state and the noise variables. 
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    During the prediction step, the sigma points are propagated through 
the nonlinear transition function, and the resulting transformed points 
are used to compute the predicted mean and covariance. These 
quantities are obtained by weighted averaging of the propagated sigma 
points, as given in (3.73) and (3.74). 

      𝑋𝑘+1|𝐾 = ∑ 𝑤𝑖𝑋𝑘+1|𝑘,𝑖
𝑛𝜎
𝑖=1       (3.73) 

        𝑃𝑘+1|𝐾 = ∑ 𝑤𝑖(𝑋𝑘+1|𝑘,𝑖 − 𝑥𝑘+1|𝑘) (𝑋𝑘+1|𝑘,𝑖 − 𝑥𝑘+1|𝑘)
𝑇 

𝑛𝜎
𝑖=1          (3.74) 

    The weighting coefficients are designed to compensate for the 
dispersion of the sigma points so that the correct mean and covariance 
can be recovered. These weights are computed according to (3.75) and 
(3.76). The quantity 𝑛𝑎 denotes the dimension of the augmented state 
vector, which includes both the state variables and the associated noise 
terms. 

    𝑤𝑖 = 
𝜆

𝜆+𝑛𝑎
 , 𝑖 = 0        (3.75) 

   𝑤𝑖 = 
1

2(𝜆+𝑛𝑎)
 , 𝑖 = 2,… , 𝑛𝑎       (3.76) 

    In the measurement update step, when the measurement function is 
nonlinear, the same sigma-point-based procedure used in the 
prediction phase can be applied. To improve computational efficiency, 
the sigma points generated during the prediction step are typically 
reused for the update. Considering the nonlinear measurement model 
defined in (3.77), the transformed sigma points are propagated through 
this function to compute the predicted measurement statistics. 

𝑧𝑘+1 = ℎ(𝑥𝑘+1) + 𝑤𝑘+1      (3.77) 

The predicted measurement mean and measurement covariance are 
obtained from the transformed sigma points according to (3.78) and 
(3.79). Here, Z𝑘+1∣𝑘,𝑖 denotes the measurement sigma points, and R is 

the measurement noise covariance.  
𝑧𝑘+1|𝑘 = ∑ 𝑤𝑖𝑍𝑘+1|𝑘,𝑖

𝑛𝜎
𝑖=1       (3.78) 

𝑆(𝑘 + 1|𝑘) = ∑ 𝑤𝑖 (𝑍(𝑘 + 1|𝑘, 𝑖) − 𝑧(𝑘 + 1|𝑘, 𝑖)) (𝑍(𝑘 + 1|𝑘, 𝑖) −
𝑛(𝜎)
𝑖=0

𝑧(𝑘 + 1|𝑘, 𝑖))
𝑇

+ 𝑅                                                                                           (3.79) 

    Once a measurement becomes available, the state mean and 
covariance are updated using the same equations as in the standard 
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Kalman filter. The principal difference in the UKF lies in the 
computation of the Kalman gain, which requires evaluation of the cross-
covariance between the sigma points in the state space and their 
counterparts in the measurement space, as defined in (3.80) and (3.81). 

𝐾(𝑘 + 1|𝑘) = 𝑇(𝑘 + 1|𝑘)𝑆(𝑘 + 1|𝑘)
−1         (3.80) 

         𝑇(𝑘 + 1|𝑘) = ∑ 𝑤𝑖(𝑋𝑘+1|𝑘,𝑖 − 𝑥𝑘+1|𝑘)(𝑍𝑘+1|𝑘,𝑖 − 𝑧𝑘+1|𝑘)
𝑇2𝑛𝜎

𝑖=0      (3.81) 

    Owing to its lower computational cost relative to the EKF and its 
improved accuracy in handling nonlinear dynamics, the UKF is widely 
used for LiDAR-based object tracking in driving scenarios, where 
vehicles may exhibit diverse and complex motion patterns [205, 206]. 

3.2.6 Semantic Segmentation Datasets for Thermal Images 

   Because this book presents an enhanced multi-object tracking 

framework based on panoptic segmentation for thermal imagery, and 

because existing thermal semantic segmentation datasets do not meet 

the requirements of this approach, a new state-of-the-art thermal 

dataset was developed. To situate this dataset within the existing body 

of work, this section provides a concise review of the most relevant 

thermal semantic segmentation datasets reported in the literature. 

    Semantic segmentation plays a central role in environment 
perception, as it enables the pixel-level identification of objects and 
scene structures. It also provides valuable information for instance 
segmentation and for improving data association in multi-object 
tracking systems. Despite its importance, relatively few annotated 
datasets exist for the thermal domain, particularly in driving scenarios. 
The SODA dataset [208] contains 2,168 thermal images captured with 
an SC260 FLIR camera and annotated with 20 semantic classes across 
indoor and outdoor environments. The CrosIR dataset [209] provides 
thermal road-surface segmentation together with pedestrian bounding 
boxes and tracking identities. Wang et al. [210] introduced a driver-
view pedestrian thermal segmentation dataset comprising 1,031 
images at a resolution of 720 × 480, although this dataset is not 
publicly available. 
    In [211], a combined RGB–thermal dataset focused on low-
illumination and high-noise conditions is presented, containing 7,063 
images annotated into two semantic classes: pedestrians and 
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background. Xiong et al. [212] proposed a thermal semantic-
segmentation dataset for driving scenes consisting of 2,010 images with 
pixel-level annotations for ten semantic classes collected across diverse 
environments. 
    Another dataset is reported in [213], which includes 1,569 aligned 
RGB–thermal image pairs annotated into eight semantic classes, 
captured at a resolution of 640 × 480 using an InfRec R500 camera. 
Additional thermal datasets exist [213, 214], but they do not provide 
semantic segmentation labels. A broader comparative survey of 
semantic-segmentation datasets and methods is available in [215]. 

3.3 Advanced Data Association and Tracking Methods 

    This section reviews the principal enhancements in 2D and 3D multi-
object tracking. For the sake of clarity and continuity, several equations 
are restated where necessary, even if they were introduced in earlier 
sections. 

3.3.1 Data Association and Tracking of 3D LiDAR Objects 

    One of the most challenging components of the object-tracking 
pipeline is data association, which arises from the fact that the 
correspondences between detections and tracked objects are unknown. 
In multi-object tracking, the objective is to estimate the posterior 
density of the state of each object both accurately and efficiently. 
    Under the assumptions of linear-Gaussian motion and measurement 
models, the exact posterior density can be expressed as a Gaussian 
mixture, with one component for each feasible data-association 

sequence at time 𝑘, as shown in (3.82). The term 𝑝𝑘∣𝑘
(𝜃1:𝑘) denotes the 

state probability density conditioned on a specific association history, 

while 𝑤𝑘∣𝑘
(𝜃1:𝑘) is the corresponding probability mass that represents the 

likelihood of that association sequence. The summation 
∑𝜃1:𝑘∈Θ1:𝑘  indicates that the mixture spans all admissible associations 

within the validation region of the tracked object. 

                            𝑝(𝑘|𝑘) = ∑ 𝑤
(𝑘|𝑘)
𝜃1:𝑘 𝑝

(𝑘|𝑘)
𝜃1:𝑘 (𝑋𝑘)𝜃1:𝑘 ∈Θ1:𝑘       (3.82) 

   To achieve real-time performance, the solution adopts a Global 

Nearest Neighbor (GNN) strategy, in which only the best association 𝜃∗ 

is retained for each track and all other hypotheses are pruned. This 
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greedy selection yields a computationally efficient approximation that 

is compatible with the real-time constraints of autonomous driving 

systems. Under this assumption, the posterior density is approximated 

by a single-hypothesis density 𝑝𝑘∣𝑘
GNN(X𝑘), as given in (3.83), where 𝜃1:𝑘

∗  

denotes the sequence of optimal associations from time step 1 to time 

step 𝑘. 

                𝑝
(𝑘|𝑘)
𝐺𝑁𝑁 (𝑋𝑘) = 𝑝

(𝑘|𝑘)
𝜃1:𝑘
∗   

(𝑋𝑘)       (3.83) 

    To obtain reliable associations in the presence of measurement noise 
and feature uncertainty, correspondences between tracks and 
detections are determined using multiple complementary features, 
which are aggregated into a single association score. 

    State estimation is performed using Kalman prediction and update 
when the underlying densities are Gaussian; otherwise, nonlinearities 
are handled through sigma-point sampling within the Unscented 
Kalman Filter framework. The overall tracking pipeline is illustrated in 
Figure 3.2. To better capture the kinematics of road users, two motion 
models are employed: the constant velocity (CV) model and the 
constant turn rate and velocity (CTRV) model. 

3.3.1.1 Data Association Score 

    The data association score designed for this tracking framework is 
based on two complementary classes of features. The first class 
characterizes the appearance of each object, while the second captures 
the spatial and relational context between a track and its surrounding 
objects. Each descriptor and the rationale underlying its design are 
detailed in the following two subsections. 

 
Figure 3.2. The pipeline for multiple objects tracking scenario 
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    The inputs to the tracking system consist of 3D object bounding boxes 
extracted from the LiDAR point cloud, together with the associated 3D 
point measurements, RGB intensity images, and the semantic 
segmentation of the RGB imagery.   
    The first data association score presented in the next section, and the 
corresponding object tracking steps, has been published in [350], while 
the second data association approach together with its tracking process 
has been published in [351]. 

3.3.1.1.1 Aggregated Features Score Method 1 

    To compute appearance-based similarity between a track and a 
detection, multiple complementary cues are combined to ensure robust 
data association. Color and semantic information for each object are 
obtained by projecting the 3D LiDAR points belonging to each bounding 
box onto the corresponding RGB image and semantic segmentation 
map. For color representation, a three-channel reduced color histogram 
with eight bins per channel is constructed to encode the RGB 
appearance of each object, resulting in a compact 32-dimensional 
descriptor. Each projected point contributes a vote to the appropriate 
bin of the corresponding color channel.  
    The resulting histogram is then used to compute a color similarity 
score between LiDAR detection 𝑗 and track 𝑖, as defined in (3.84). 

𝐶𝐸𝑖,𝑗 = 𝑅𝑀𝑆(𝐿𝑖𝐷𝐴𝑅𝑗. 𝑅, 𝑇𝑟𝑎𝑐𝑘𝑖 . 𝑅) + 𝑅𝑀𝑆(𝐿𝑖𝐷𝐴𝑅𝑗. 𝐺, 𝑇𝑟𝑎𝑐𝑘𝑖 . 𝐺) +

𝑅𝑀𝑆(𝐿𝑖𝐷𝐴𝑅𝑗 . 𝐵, 𝑇𝑟𝑎𝑐𝑘𝑖 . 𝐵)                       (3.84) 

   The function RMS denotes the root mean square metric, defined in 
(3.85), where 𝑀 is the number of histogram bins, and Λ and Ω denote 
the histogram values of the tracked object and the corresponding 
detection, respectively. 

𝑅𝑀𝑆(Λ,Ω) =
1

𝑀
∑ (Λ(𝑖) − Ω(𝑖))

2𝑀−1
𝑖=0                                (3.85) 

    The 3D points associated with each detection are also projected onto 

the semantic segmentation image in order to infer the semantic class of 

the object. Owing to acquisition delays, motion, and sensor 

synchronization errors, the projected points do not always align 

perfectly with the true object region, as illustrated in Figure 3.3.  
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    To account for this uncertainty, the three most probable semantic 

classes together with their associated probabilities are extracted, as 

defined in (3.86).    

 

                𝐹𝐶𝑖,𝑗 = ∑ {
0,𝑤[𝑘] = −1                                           
|detectionj . 𝑃(𝑘) − 𝑡𝑟𝑎𝑐𝑘𝑖. 𝑃(𝑤[𝑘])|

2
𝑘=0      (3.86) 

    In (3.86), the index 𝑤[𝑘] indicates the position at which the semantic 

class of a detection matches that of the corresponding track. If no such 
match exists, 𝑤[𝑘] = −1. The absolute value of a variable 𝑎is denoted 

by ∣ 𝑎 ∣. 

    The color and semantic scores computed via (3.84) and (3.86) 
approach zero when the track and detection are identical or highly 
similar. Because appearance features derived from Camera–LiDAR 
fusion may become unreliable under adverse weather or illumination 
conditions, the proposed framework applies an inverse mapping to 
camera-based similarity scores. As a result, higher values correspond to 
greater similarity, while lower values indicate dissimilarity. 
     When visual information is degraded, the association score is instead 
computed from geometric features derived from the LiDAR data, 
including object area, width, length, and the intersection between the 
predicted track region and the measured detection. 

    To simplify the computation of geometric attributes, all objects are 
projected onto a 2D top-view plane, and the corresponding parameters 
are extracted from these planar representations. Objects whose 
projected areas differ significantly from that of the reference object are 
discarded a priori, which improves computational efficiency by 
eliminating implausible associations. 

 
Figure 3.3. Issues that can appear when projecting LiDAR points 
onto the semantic segmentation image due to lack of 
synchronization.  
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    The object size similarity between track 𝑖and detection 𝑗 is then 
computed as in (3.87), where 𝐴𝑇  denotes the area of the track and 𝐴𝐷  
the area of the detection.  

                                          𝑜𝑑𝑖,𝑗 =
𝑖𝑛𝑡𝑒𝑟𝑠𝑒𝑐𝑡𝑖𝑜𝑛2𝐷𝐴𝑟𝑒𝑎

|𝐴𝑇−𝐴𝐷|
       (3.87) 

    The LiDAR-based object orientation is also incorporated, based on the 
assumption that an object’s orientation cannot change abruptly 
between consecutive frames. The corresponding orientation similarity 
measure is defined in (3.88). 

         𝜔𝑆𝑖𝑚𝑖,𝑗 = |𝑑𝑒𝑡𝑒𝑐𝑡𝑖𝑜𝑛𝑗 . 𝑜𝑟𝑖𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛 − 𝑡𝑟𝑎𝑐𝑘𝑖 . 𝑜𝑟𝑖𝑒𝑛𝑡𝑎𝑡𝑖𝑜𝑛|     (3.88) 

   The final data association score between a track and a detection is 
obtained by summing the similarity measures defined in (3.84), (3.86), 
(3.87), and (3.88), and weighting this sum by the spatial proximity 
between the predicted track and the detection. This distance-based 
weight, denoted wd in (3.89), assigns greater importance to 
associations between objects that are spatially closer, reflecting their 
higher likelihood of correspondence. 

𝐴𝑆𝑐𝑖,𝑗 =
(|

1

𝐶𝐸𝑖,𝑗+0.0001
|+|

1

𝐹𝐶𝑖,𝑗+0.0001
|+𝑜𝑑𝑖,𝑗+𝜔𝑆𝑖𝑚𝑖,𝑗)

𝑤𝑑
       (3.89) 

     A positional descriptor is introduced to capture the local relational 

context between a track and a detection. The underlying assumption is 

that a detection and its corresponding track should exhibit similar 

spatial relationships with respect to their neighboring objects. 

Accordingly, a positional descriptor PD is computed as the sum of 
differences in color error (𝑐𝑒) and object dimension (𝑜𝑑) between an 
object and its neighbors within a radius of 10m. Specifically, for a 
candidate association between track 𝑖and detection 𝑗, the descriptor is 
first computed between detection 𝑗 and all tracks located within 10 m of 
that detection, excluding track 𝑖. The same descriptor is then computed 
between track 𝑖and all neighboring tracks within the same distance 
threshold. 
    If the track and detection correspond to the same physical object, the 
difference between their positional descriptors should be minimal. This 
formulation is expressed analytically in (3.90), where 𝑛𝑇  and 𝑚𝑇 denote 
the numbers of neighboring tracks within the specified radius around 
the detection and the track, respectively. Ideally, 𝑛𝑇  and 𝑚𝑇 should be 
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equal, indicating that both entities share a consistent local 
neighborhood structure. 

               𝑃𝐷𝑖,𝑗 = ∑ (|𝐶𝐸𝑖,𝑘| + |𝑜𝑑𝑖,𝑘|) − ∑ (|𝐶𝐸𝑗,𝑘| + |𝑜𝑑𝑗,𝑘|)
𝑚𝑇
𝑘=0

𝑛𝑇
𝑘=0    (3.90) 

    The value of the positional descriptor is incorporated into the 

aggregated similarity score to yield the final association cost. When no 

neighboring objects are available to compute this descriptor, a small 

penalty is added to the final score; this penalty was determined 

empirically and is set to 3.8. 

    To compute the optimal assignment between tracks and detections 
based on the features described above, the Hungarian algorithm is 
employed. The objective is to identify the set of associations that 
minimizes the total cost defined in (3.91). Here, 𝜃∗ denotes the set of 

optimal associations, and 𝑤(𝜃𝑖,𝑗) represents the aggregated association 
score between track 𝑖 and detection 𝑗. 

                          𝜃∗ = 𝑎𝑟𝑔𝑚𝑖𝑛∑ −log (𝑤𝜃𝑖,𝑗)𝑛
𝑖=0        (3.91) 

Supplementary visual results for the first aggregation method are 
provided in an online demonstration. 1 

3.3.1.1.2 Aggregated Features Score Method 2 

   An alternative aggregation function is also employed. In addition to 
the features described above, this formulation incorporates a 
comparison between the dimensions of the most visible object facades 
of the detection and the track. The corresponding geometric descriptor 
is defined in (3.92), where 𝐴𝐷 and 𝐴𝑇  retain the same meanings as in 
(3.87), and 𝐷𝑓 and 𝑇𝑓 denote the lengths of the most visible facades of 
the detection and the track, respectively. 

𝛽 = |𝐴𝐷 − 𝐴𝑇| + |𝐷𝑓 − 𝑇𝑓|                    (3.92) 

    The resulting association score is computed as given in (3.93), where 
𝑤𝑑 denotes the Euclidean distance between the predicted track position 
and the detection, and 𝛼 is a weighting factor set to 0.2. All remaining 
terms retain the same definitions as in the first aggregated-feature 
scoring method. 

                                                        
1 https://www.youtube.com/watch?v=RrUhclmXNWQ 
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 𝐴𝑔𝑆𝑐𝑖,𝑗
𝐼 =  𝛼𝑤𝑑𝑖,𝑗 + (1 − 𝛼)(𝑜𝑑𝑖,𝑗 + 𝛽 +  𝑅𝑀𝑆(Λ,Ω) + 𝐹𝐶𝑖,𝑗)          (3.93) 

     After being placed in the assignment matrix, the aggregated scores 

are converted into association probabilities. Following the computation 

of the optimal assignment between tracks and measurements, 

associations with probabilities below 0.3 are regarded as unreliable. 

Tracks involved in such low-confidence associations are therefore 

subjected to a second association stage using an alternative feature 

aggregation function, as defined in (3.94). 

    In this second stage, the dimensions of the validation gate are 
expanded by a factor of two along each axis, thereby increasing the 
search region for potential correspondences. 

𝐴𝑔𝑆𝑐𝑖,𝑗
𝐼𝐼 = 𝛼𝑤𝑑𝑖,𝑗 + (1 − 𝛼)(𝑜𝑑𝑖,𝑗 + 𝛽)             (3.94) 

     An optimal assignment algorithm is executed again to determine the 
associations between tracks and detections for those tracks that 
exhibited low-confidence matches in the first stage. Associations whose 
probabilities remain below 0.3 after this second evaluation are treated 
as unassigned in the current frame. 
    The combination of a two-stage association strategy with an enlarged 
validation gate substantially improves tracking performance, 
particularly in systems operating at frame rates below 10 FPS. 
 

3.3.1.2 The Tracking Process 

    The lifecycle of a track is represented by a state-transition diagram 
comprising the states Initialized, Processed, Updated, Drifting, and 
Absolute Death. Each track evolves through these five states during 
online operation, depending on the availability and quality of associated 
measurements. The transitions between states are illustrated in Figure 
3.4. 

 
Figure 3.4. Transition between track states 
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     Each tracked object maintains an internal representation that 
aggregates multiple sources of information, including RGB appearance, 
geometric attributes, semantic labels, orientation, velocity, spatial 
localization, object size, and the history of past associations. This 
information is continuously updated as new measurements become 
available and serves as the basis for both state estimation and data 
association. 
    When a new object hypothesis is generated by the detector, it is first 
processed by the track manager and assigned to the Initialized state. At 
this stage, no output is produced for the corresponding object, since it 
cannot yet be determined whether the detection represents a true 
physical target or clutter. Tracks in the Initialized state are therefore 
not displayed. If a track fails to obtain a valid association in the 
subsequent frame, it transitions into the Drifting state, where it remains 
temporarily unmatched and is also not rendered. 
    When a detection is successfully associated with a track based on the 
similarity score computed by the data association module, the track 
enters the Processed state. From this state, the object may either be 
associated again in the following frame, in which case it progresses 
further along its lifecycle, or it may fail to receive an association and 
return to the Drifting state, where it remains available for possible 
future matches. When a track is successfully associated in two 
consecutive frames, it transitions into the Updated state. A track 
remains in the Updated state as long as it continues to be matched with 
incoming detections. Once a track has been updated at least three times 
while in this state, it is considered stable and is made visible to 
downstream perception modules. 
    If no valid association is found for a track during several consecutive 
frames, the track enters the Drifting state. The number of frames for 
which a track may remain in this unassociated state while still being 
retained in the system is referred to as the track history and is directly 
related to the frame rate of the perception pipeline. At higher frame 
rates, such as those exceeding 10 FPS, longer history windows can be 
tolerated, since the probability of reacquiring a valid measurement 
within a short time interval is high. In the present system, which 
operates at frame rates below 10 FPS, the history threshold is set to 
three frames in order to prevent excessive growth of state uncertainty. 
This design reflects the fact that, when no measurement is available to 
update a track, the uncertainty of the predicted state increases over 
time. At lower frame rates, this uncertainty grows more rapidly, which 
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reduces the likelihood of correct future associations. However, tracks 
are not immediately removed when no association is found, as real-
world objects may be temporarily occluded or may briefly leave the 
sensor’s field of view. 
    While in the Drifting state, a track may transition back to Initialized, 
Processed, or Updated, depending on both the number of frames spent 
drifting and the number of previously successful associations. If a track 
enters the Drifting state from the Updated state, it has already 
accumulated at least three confirmed associations. In this case, if a valid 
association is obtained within three frames, the track returns directly to 
the Updated state. If fewer than three confirmed associations exist, or if 
the track has remained in the Drifting state for between three and eight 
frames, a successful association leads to the Processed state. If the track 
has drifted for between nine and fourteen frames before being 
associated again, it re-enters the Initialized state, reflecting the reduced 
confidence in its identity. 
    The terminal state of the lifecycle is Absolute Death. A track 
transitions into this state when it has remained unassociated for more 
than fifteen frames while in the Drifting state, or when more than two 
seconds have elapsed since its last valid association. Once a track enters 
the Absolute Death state, it is removed from the list of active tracks. 
Future object states are predicted using a combination of two motion 
models: the Constant Turn Rate and Velocity (CTRV) model and the 
Constant Velocity (CV) model. The use of multiple motion models is 
motivated by the diversity of motion patterns exhibited by road users 
and by the limited frame rate of the perception system, which makes 
reliance on a single kinematic model insufficient. 
    Under the CTRV model, the state vector includes the two-dimensional 
position, speed, yaw angle, and yaw rate of the object, reflecting planar 
vehicle motion. Under the CV model, the state vector consists of the 
two-dimensional position and Cartesian velocity components. State 
prediction for the CTRV model is performed using the Unscented 
Kalman Filter, which is well suited for handling the nonlinearities of 
curvilinear motion, whereas the CV model is propagated using a 
standard linear Kalman filter. Since both models employ linear 
measurement functions, a common update mechanism can be applied.    
    The interaction and mixing of the multiple motion models are 
addressed in the section on multi-object tracking and segmentation. 
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3.3.1.3 Filtering Meta Parameters 

   Parameters such as the width, height, and orientation of a 3D 

bounding box are referred to as meta-parameters. These quantities are 

often subject to pronounced fluctuations, primarily due to imperfect 

LiDAR sensor synchronization and inaccuracies in point-cloud 

segmentation during 3D object detection. 

    To address this issue, a dedicated meta-parameter filtering module is 
introduced, providing a clear separation between the estimation of 
positional states and object-dimension attributes. By fusing the outputs 
of the main tracking module with those of the meta-parameter filter, a 
more reliable estimate of the object orientation can be obtained. 
Moreover, following the mixing stage of the interacting multiple-model 
framework, several iterations may be required before the state 
becomes fully consistent with the selected motion model. The 
collaboration between the two modules is therefore essential for 
mitigating oscillations in orientation that may arise from frequent 
model switching. 
    The state vector of the meta-parameter filter comprises the two-
dimensional position, the Cartesian velocity components, object width 
and length, yaw angle, and yaw rate, as defined in (3.95).  

                                 𝑋𝑘 = [𝑥 𝑦 𝑥̇ 𝑦̇ 𝜓 𝜓̇ 𝑤 𝑙]                                                   (3.95) 

     The state-transition equations for the individual components of the 
meta-parameter model are given in (3.96)–(3.100). An intuitive 
overview of the complete framework, incorporating both the primary 
tracking module and the meta-parameter filtering component, is 
provided in Figure 3.5. 

      𝑥 = 𝑥 + 𝑥̇ ∗ 𝑡                      (3.96) 

                                  𝑦 = 𝑦 + 𝑦̇ ∗ 𝑡                     (3.97) 

                                               𝜓 = 𝜓 + Δ𝑡𝜓̇        (3.98) 

𝑤𝑘+1 = 𝑤𝑘+1 + (𝑤𝑘+1 − 𝑤𝑘)      (3.99) 

                                           𝑙𝑘+1 = 𝑙𝑘+1 + (𝑙𝑘+1 − 𝑙𝑘)      (3.100) 

   The meta-parameter module employs a Kalman filter to perform state 

prediction and update, following a constant-velocity motion model. As 

illustrated in Figure 3.5, the combination strategy receives as inputs the 



117 
 

predicted yaw angle from the main tracking module and the 

corresponding prediction from the meta-parameter filter. The 

positional discrepancies between these predictions and the LiDAR 

measurement are then evaluated. 

The final orientation estimate is computed as a weighted fusion of the 
filtered yaw values produced by the two modules. The weight assigned 
to each estimate is inversely proportional to its deviation from the 
measurement, such that predictions closer to the observed data receive 
higher influence. The resulting fused orientation 𝜓𝑓 is defined in 

(3.101). 
                                        𝜓𝑓 = 𝑤1𝜓𝑚𝑒𝑡𝑎 + 𝑤2𝜓𝐶𝑇𝑅𝑉     (3.101) 

    A variant of the above fusion strategy was also investigated, in which 
the weighting factors were determined by the maturity level of each 
module. In this context, maturity was defined by the number of 
successful associations accumulated by each module over time. Under 
this scheme, the tracking processes of the main tracker and the meta-
parameter filter were performed independently, after which an 
additional association stage was applied between the resulting track 
sets.  
    In practice, this alternative formulation led to inferior performance in 
terms of both computational efficiency and tracking accuracy.     
Representative results of the LiDAR-based object tracking system using 
the second aggregation score method are shown in Figures 3.6 and 3.7, 
where the cuboids corresponding to tracked objects are highlighted in 
red in the bottom-right panel. 

 
Figure 3.5 Components of the tracking module  
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    In the top-right panel of Figure 3.6, the cuboids corresponding to raw 
measurements are shown in blue, whereas the top-left panel presents a 
top-view representation of all detected objects, with cuboid colors 
indicating their semantic classes. The pink cuboids overlaid beneath 
certain detections denote the corresponding tracked objects. In the 
present tracking framework, the following semantic categories are 
considered: person, rider, car, truck, bus, train, motorcycle, bicycle, pole, 
and traffic sign. 
    The motion vectors of the two vehicles passing in front of the ego 
vehicle are clearly visible. Because the ego vehicle is stationary at the 
intersection, static objects do not exhibit apparent motion vectors. The 
bottom-left panel of Figure 3.6 visualizes the object identifiers and track 
histories, with distinct colors assigned to each track ID. 
Figure 3.7 presents results for static-vehicle tracking. In the left panel, 
tracked objects are displayed in pink, each with an associated motion 
vector and a unique identifier, while other detections are shown in 
different colors. The location of the ego vehicle is indicated by the small 
green and red cross at the center of the image. The occasional overlap 
between tracked objects and measurements is an artifact of the ADTF 

 
Figure 3.6 Tracking of dynamic and static objects. Top-left: bird’s-
eye-view 3D representation of the scene. Top-right: projection of 3D 
detections onto the RGB image (blue). Bottom-right: projected 
tracks (red). Bottom-left: trajectories of tracked objects, with 
consistent coloring per object instance. 



119 
 

visualization tool. In the right panel, tracks are rendered in red and 
measurements in blue, projected onto the front-view image. 
   The material presented in the preceding sections has been previously 
published and is available in [350] and [351]. 

3.3.1.4 Evaluation of the Advanced 3D Object Tracking Metods 

3.3.1.4.1 Evaluation of Aggregated Features Score Method 1 

    This section evaluates the performance of the proposed framework 

using the Multiple Object Tracking Accuracy (MOTA) and Multiple 

Object Tracking Precision (MOTP) metrics. The experiments were 

conducted on a system equipped with an Intel i5-2500 CPU running at 

3.0 GHz. The average processing time of the tracking pipeline is 80 ms 

per frame. The main characteristics of the 16-layer LiDAR sensor used 

for object detection are summarized in Table 3.1. The proposed 

framework was evaluated on 3,000 frames containing objects from 

multiple semantic classes. Tracker performance is quantified using 

MOTA, which aggregates true positives, false positives, false negatives, 

and identity switches, as defined in (3.102). 

 
Figure 3.7. Tracking of static objects. Left: top-view 3D 
representation of measurements and tracks with associated motion 
vectors. Right (top and bottom): projection of measurements (blue) 
and tracks (red) onto the RGB image. 
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Table 3.1 LIDAR Characteristics 

Features 

Time of flight distance measurement with 

calibrated reflectivities 

16 channels 

Measurement range up to 100m 

Accuracy +/- 3cm 

Dual returns 

Field of view (vertical): 30° (+15° to -15°) 

Angular resolution (vertical): 2° 

Field of view (horizontal/azimuth): 360° 

Angular resolution (horizontal/azimuth): 0.1° 

- 0.4° 

Rotation rate: 5 - 20 Hz 

The variable 𝑡 denotes the time index, and GT refers to the ground-
truth annotations. Notably, the MOTA value can become negative when 
the total number of tracking errors exceeds the number of correctly 
detected objects. 

       𝑀𝑂𝑇𝐴 = 1 −
∑ 𝐹𝑁𝑡+𝐹𝑃𝑡+𝐼𝐷𝑆𝑊𝑡𝑡

∑ 𝐺𝑇𝑡𝑡
     (3.102) 

    In contrast, the MOTP metric, defined in (3.103), measures the 

average localization error between correctly associated tracks and the 

corresponding ground-truth objects. It quantifies the mean spatial 

overlap between true positive tracks and their detections.  

𝑀𝑂𝑇𝑃 =
∑ 𝑑𝑡,𝑖𝑡,𝑖

∑ 𝑐𝑡𝑖
     (3.103) 

    In (3.103), 𝑐𝑡 denotes the number of matched track–target pairs in 

frame 𝑡, and 𝑑𝑡,𝑖 represents the bounding-box overlap between tracked 

object 𝑖and its corresponding ground-truth instance. The quantitative 

results are reported in Table 3.2. 

    The evaluation sequence was recorded on the Volkswagen campus 

and includes both clear and rainy weather conditions. The tracking 

method forms part of a larger perception pipeline and has been 

configured to meet the operational requirements of that system. 
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Table 3.2 Tracking results 

Metrics Value 

MOTA 86.86 % 

MOTP 85.39 % 

IDSW (sum) 130 

Total Frames 3000 

Total Objects 14317 

The results demonstrate a high level of tracking accuracy and 
precision. The largest miss rates are observed for fragmented objects, 
which exhibit intermittent variations in size, shape, semantic 
classification, and position. As expected, overall tracking performance is 
strongly influenced by the quality of the input detections and semantic 
segmentation. 

Table 3.3 presents a comparative evaluation against the classical 
GNN [191] and JPDA [192] algorithms, adapted to driving scenarios and 
tested on the same dataset. 

 Figure 3.8 illustrates the motion vector of an approaching vehicle 
together with its trajectory in the right-hand panel, where each object 
identity is indicated by a distinct color. Figure 3.9A shows a different 
scenario in which the ego vehicle is located at an intersection adjacent 
to a parking area. In the upper panel of this figure, the semantic 
segmentation is overlaid on the corresponding intensity image. The 
lower panel visualizes the trajectories of targets approaching the ego 
vehicle with approximately the same speed magnitude but in the 
opposite direction. Figure 3.9B presents the corresponding 3D cuboid 

 

Figure 3.8. Motion vector and target ID trail 
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tracks and detections, together with their associated motion vectors, for 
the same scene shown in Figure 3.9A. 

Table 3.3 Tracking comparison. 

Name MOTA (%) MOTP (%) 

Proposed 

Solution 1 

86.86 85.39 

JPDA 78.3 77.5 

GNN 72.13 70.84 

 

3.3.1.4.2 Evaluation of Aggregated Features Score Method 2 

    The same MOTA and MOTP metrics described in the previous 

subsection are used to evaluate the second aggregation method. 

A.  

B.  

Figure 3.9. A: Semantic segmentation overlaid with target 
trajectories and object identities. B: 3D cuboid tracks (pink) and 
detections (blue) for the same scene. 
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Table 3.4 Performance Characteristics of the tracking using the second 

data association function 

Method MOTA MOTP IDSW Running time 
(ms) 

Proposed 86.12% 91.01% 75 0.3 

   The dataset used for the evaluation reported in Table 3.4 consists of 
real-world driving scenes acquired under diverse and challenging 
conditions, including varying weather, and is annotated with ground-
truth data. The results demonstrate a high level of tracking accuracy 
and precision. The largest miss rates are observed for large objects that 
exhibit sporadic fluctuations in size, semantic classification, and spatial 
localization across consecutive frames. As in the previous evaluation, 
overall tracking performance is strongly dependent on the quality of the 
underlying 3D object segmentation. 

Table 3.5 Comparison with solutions from the KITTI benchmark. 

   Table 3.5 presents a comparison of the proposed tracking framework 
with other methods reported in the literature on the KITTI car dataset, 
using MOTA, MOTP, and runtime as evaluation criteria. As noted 
previously, the proposed association and tracking approach supports 
multi-class object tracking, rather than being restricted to vehicles 
alone. 

3.3.2 Data Association and Tracking of 2D Thermal Camera Objects 

   Owing to their ability to operate reliably under adverse 
environmental conditions—such as rain, fog, and snow—thermal 
cameras have attracted considerable interest in the automotive domain. 
Unlike RGB cameras, thermal sensors do not require external 
illumination and are not affected by glare from oncoming headlights. 
Moreover, their capacity to detect pedestrians and animals at long 
distances provides additional reaction time for accident avoidance. 

No. Solution Name MOTA MOTP Running 
Time 

1. Proposed Solution 2 77.05% 81.65% 0.35s 
2. MDP [227] 76.59% 82.10% 0.9s 
3. CIWT [228] 75.39% 79.25% 0.3s 
4. DCO-X [229] 68.11% 78.85% 0.9s 
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However, thermal imagery typically exhibits lower spatial resolution 
and contains less visual detail than RGB or monochrome images. This 
limited information content significantly complicates the design of 
appearance-based data association functions for multi-object tracking, 
particularly when combined with the inherent ambiguities already 
present in the tracking pipeline. 
     In the literature, two principal approaches have been explored to 
address data association in multi-object tracking: data-driven methods, 
based on learning and neural networks [157, 159, 160, 161], and 
feature-engineering approaches [143, 145, 146]. Data-driven methods 
automatically learn discriminative representations from training data 
once the network architecture has been defined and trained. A major 
limitation of such approaches, however, is the risk of track drift, 
whereby a tracker may become permanently associated with an 
incorrect detection that resembles patterns seen during training but 
does not correspond to the true target. This issue is further exacerbated 
when objects are partially occluded and such cases are 
underrepresented in the training set. 
     In feature-engineering approaches, suitable descriptors are selected 
and explicitly designed to distinguish between objects, and 
corresponding cost functions are constructed based on these features. 
An optimal assignment algorithm, such as the Hungarian method [142], 
is then used to associate tracks with detections by minimizing the 
overall cost. While this paradigm avoids the pitfalls of model overfitting, 
it requires careful selection and tuning of features for each sensor 
modality. 
    From a computational perspective, feature-engineering methods are 
generally faster than data-driven solutions and typically do not require 
GPU acceleration or specialized hardware to achieve real-time 
performance. 

3.3.2.1 Camera Setup 

   To obtain a robust pedestrian-tracking solution capable of operating 
under diverse conditions, data were collected across a wide range of 
weather and illumination scenarios, including daytime and nighttime 
operation, as well as sun, snow, fog, and other challenging 
environments. 
The sensing platform consists of a FLIR PathFindIR thermal camera 
equipped with a VOx microbolometer operating in the 8–14 µm spectral 
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Figure 3.10 Position and mounting of the thermal camera on the 

vehicle. 

range. The sensor produces images with a native resolution of 320 × 
240 pixels and employs a 19 mm focal-length lens, providing a field of 
view of 36° (horizontal) and 27° (vertical). The camera is hermetically 
sealed and IP67-rated, allowing operation under adverse 
environmental conditions without degradation due to dust or water 
ingress. Its thermal time constant is 12 ms. 
    Although the camera outputs an analog PAL signal, a digital video 
converter (EZMaker 7, AVerMedia) is used to acquire the thermal 
imagery in digital form. During this conversion process, the images are 
automatically upscaled to a resolution of 640 × 480 pixels. 
The camera was mounted on the roof of a vehicle using a magnetic 
tripod and positioned symmetrically with respect to the vehicle’s lateral 
axis. The mounting configuration is shown in Figure 3.10. The camera 
was located 2,555 mm behind the front of the vehicle and at a height of 
1,788 mm above ground level. 
    The input to the tracking system consists of a set of object detections 
represented by bounding boxes, each associated with a semantic class 
label and a corresponding classification probability. The output of the 
system is a set of tracked objects, each assigned a unique identity and a 
filtered trajectory. 

    The implemented tracking system adopts a point-target tracking 

paradigm within a tracking-by-detection framework. This choice is 

motivated by the need for a computationally efficient, real-time solution 

that can be readily deployed on embedded platforms, such as the 

NVIDIA Jetson family. In addition, the structure of the available input 

data—namely, frame-wise object detections—naturally lends itself to a 

tracking-by-detection formulation. Pedestrian detection in thermal 

imagery is performed using a YOLO-based architecture augmented with 
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spatial pyramid pooling. This detector was selected based on its strong 

classification performance reported in previous work [217]. 

3.3.2.2 Gating 

    The presence of clutter makes it difficult to discriminate between true 
sensor measurements and false alarms. In addition, computing an 
association score between every track and every detection in a frame is 
computationally expensive. To reduce the number of candidate 
associations, a measurement validation gate is therefore employed. This 
gate is centered on the predicted track position and restricts the 
association process to detections that fall within a predefined validation 
region. The validation gate is characterized by two elements: the gate 
center, given by the predicted state X̄𝑘, and the gate volume 𝑉𝑘. In the 
case of ellipsoidal gating, the validation region is defined by (3.104). 

(𝜒𝑘
𝑖 − 𝑥̅𝑘)

𝑇
𝑆𝑘
−1(𝜒𝑘

𝑖 − 𝑥̅𝑘) ≤  𝛾    (3.104) 

    In (3.104), 𝜒𝑘
 𝑖 denotes the 𝑖-th measurement that lies within the 

validation gate, S𝑘 is the innovation covariance (as also defined in 
[248]), and 𝛾 is a constant probability threshold whose value is 
obtained from the chi-squared distribution. The volume of the 
validation gate is given analytically in (3.105), where 𝑐 denotes a 
scaling factor 

                                                 𝑉𝑘 = 𝑐𝛾
1

2|𝑆𝑘|
1

2      (3.105) 

     An intuitive visualization of the gating process is provided in Figure 
3.11. Thermal cameras periodically suspend image acquisition for 
several milliseconds due to flat-field correction, a process required for 
sensor recalibration. During these intervals, moving objects may not be 
detected, which causes their actual positions to deviate from the 
tracker’s predicted states and increases the apparent measurement 
error. 
     To account for this effect, the proposed framework adapts the 
validation gate size by employing two different values of the scaling 
factor 𝑐 in (3.105). The thermal camera signals an impending flat-field 
correction by displaying a small white rectangle in the lower-right 
corner of the acquired image; detecting this marker enables the system 
to switch between the two gate configurations. Under normal operating 
conditions, the formulation in (3.106) is used, whereas after a flat-field 



127 
 

correction, the expanded gate defined in (3.107) is applied to 
accommodate the increased positional uncertainty. 

                            𝑐 = 2(𝑤 + ℎ)     (3.106) 

            𝑐 =
2𝑤ℎ

3
      (3.107) 

     In these equations, 𝑤 and ℎ denote the width and height of the track’s 
bounding box, respectively, ensuring that the validation gate scales 
proportionally with the object’s spatial extent. The two formulations 
used to compute the scaling factor 𝑐were determined empirically.            

    After the gating step, only detections that fall within the validation 
region of a track are considered for association. A similarity cost is then 
computed between the track and each of the gated detections. 

3.3.3 Feature Engineered Solution for Thermal Object Tracking 

3.3.3.1 Data Association Overview 

   The similarity cost between the 𝑖-th track and the 𝑗-th detection, 
denoted 𝜀(𝑖, 𝑗), is defined as the sum of two components: an appearance 

score 𝑎(𝑖, 𝑗) and a motion score 𝑚(𝑖, 𝑗), as given in (3.108). Each 

component is itself a weighted combination of several feature-based 

similarity measures specifically designed for the thermal imaging 

domain. The individual similarity terms are described in the following 

subsections. 

𝜀(𝑖, 𝑗) = 𝑎(𝑖, 𝑗) + 𝑚(𝑖, 𝑗)     (3.108) 

    Feature-engineering approaches offer the advantage of providing 
explicit insight into the role and purpose of each extracted descriptor. 
This transparency enables precise control over the contribution of 

 
Figure 3.11. Items of the measurement validation gate 
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individual features to the overall association score and facilitates 
systematic tuning. Moreover, the resulting cost function is interpretable 
rather than a black box, allowing new features to be incorporated when 
previously unmodeled effects are identified. 
    In contrast, neural-network-based solutions typically lack such 
interpretability and flexibility. When confronted with scenarios that 
were not adequately represented in the training data, a learned model 
may fail to generalize or may incorrectly associate tracks with visually 
similar but unrelated detections. 
The principal challenge in designing feature-based similarity functions 
lies in introducing new terms that address specific failure modes 
without degrading the performance of existing components. To ensure 
that each added feature yields a net improvement, all representative 
evaluation sequences are reprocessed whenever the cost function is 
modified, thereby verifying that previously resolved cases remain 
correctly handled. 
 

3.3.3.2 Appearance Score 

    The appearance score is a fundamental component of multi-object 
tracking, as it enables the discrimination of distinct objects in close 
proximity and supports the re-identification of the same object across 
successive frames. Nevertheless, object appearance may vary over time 
due to viewpoint changes, partial occlusions, or non-rigid deformations. 
In the thermal domain, although infrared emission is independent of 
ambient illumination, the combination of clothing materials and the 
emissivity of human skin produces characteristic thermal patterns that 
are often distinctive for each individual. These patterns, however, may 
still vary with posture, motion, and environmental conditions. 
Consequently, an effective appearance model must simultaneously 
capture both the uniqueness and the temporal variability of each 
pedestrian’s thermal signature. In the present work, this challenge is 
addressed by constructing an appearance score that integrates multiple 
complementary visual descriptors within a weighted aggregation 
framework. The task of appearance-based discrimination is inherently 
more difficult in thermal imagery than in RGB imagery, owing to the 
reduced availability of color and fine-grained texture cues. 
    The resulting appearance similarity between a track 𝑖 and a detection 
𝑗 is therefore defined as a combination of several visual features, as 
formalized in Eq. (3.109): 
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𝜗(𝑖, 𝑗) = 𝑤ℎ𝐿ℎ𝐿(𝑖, 𝑗) + 𝑤𝜇𝑠𝜇𝑠(𝑖, 𝑗) + 𝑤𝜎𝑠𝜎𝑠(𝑖, 𝑗) + 𝑤ℎ𝑠ℎ𝑠(𝑖, 𝑗) + 

         𝑤𝑤𝑠𝑤𝑠(𝑖, 𝑗) + 𝑤𝑐𝑠𝑐𝑠(𝑖, 𝑗) + 𝑤𝑜𝑠𝑜𝑠(𝑖, 𝑗)                   (3.109) 

   The individual components of Eq. (3.110) are defined as follows. The 
term ℎ𝐿(𝑖, 𝑗) denotes the dissimilarity between the uniform Local 
Binary Pattern (LBP) descriptors computed over the region of interest 
(ROI) of track 𝑖and detection 𝑗. The quantity 𝜇𝑠(𝑖, 𝑗) represents the 
difference in mean pixel intensity within the respective ROIs, while 
𝜎𝑠(𝑖, 𝑗) corresponds to the difference in intensity variance. The terms 
ℎ𝑠(𝑖, 𝑗) and 𝑤𝑠(𝑖, 𝑗) denote the differences in height and width of the 
bounding boxes associated with track 𝑖 and detection 𝑗, respectively.     
    The overlap score 𝑜𝑠(𝑖, 𝑗) measures the spatial overlap between the 
track and the detection, and 𝑐𝑠(𝑖, 𝑗) represents the difference between 
the semantic class confidence stored in track 𝑖from its most recent 
associated detection and the class confidence of the current detection 𝑗. 
The components of Eq. (3.109) are combined through a weighted 
aggregation scheme, where 𝑤ℎ𝐿 , 𝑤𝜇𝑠 , 𝑤𝜎𝑠 , 𝑤ℎ𝑠 , 𝑤𝑤𝑠 , 𝑤𝑐𝑠 , and 𝑤𝑜𝑠 denote 

the relative weights assigned to the corresponding distance measures. 
These weights were determined empirically by analyzing their 
contribution across more than 160 recorded sequences encompassing a 
wide range of environmental conditions, including variations in 
temperature, illumination, and time of day. The adopted values are: 
𝑤ℎ𝐿 = 10,𝑤𝜇𝑠 = 285,𝑤𝜎𝑠 = 8,𝑤ℎ𝑠 = 10,𝑤𝑤𝑠 = 10,𝑤𝑐𝑠 = 550,𝑤𝑜𝑠 = 95. 

     These values are not unique, and small perturbations do not 
significantly affect the overall performance of the tracking system. For 
clarity and reproducibility, several weights were rounded to the nearest 
multiple of five without degrading the accuracy or stability of the 
proposed tracking framework. 
       The textural characteristics of each detection are represented by a 
uniform Local Binary Pattern (LBP) histogram computed over its region 
of interest. Because the texture of a pedestrian in thermal imagery is 
expected to vary only gradually across consecutive frames, this 
descriptor provides a stable and discriminative cue for measuring 
similarity between a track and a candidate detection. The LBP operator 
encodes the local texture around each pixel into a binary pattern, as 
defined in Eq. (3.110), thereby yielding a compact representation of 
local intensity variations that is well suited for appearance-based 
association. 

                                         𝐿𝐵𝑃𝑃,𝑅 = ∑ 𝑠(𝑔𝑝 − 𝑔𝑐)2
𝑝𝑃−1

𝑝=0                             (3.110) 
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 Let 𝑃 denote the number of sampling points located on a circle of 
radius 𝑅. The function 𝑠(𝑥) takes the value 0 when 𝑥 ≥ 0 and 1 
otherwise, while 𝑔𝑝 and 𝑔𝑐 represent the intensity values of the 𝑝-th 

neighbouring pixel and the central pixel, respectively. In the proposed 
framework, a 3 × 3 neighbourhood is employed, which allows all 
possible binary patterns within the region of interest to be encoded into 
a 256-bin histogram. To improve computational efficiency, robustness, 
and memory usage, a uniform Local Binary Pattern (LBP) histogram is 
adopted. A binary pattern is classified as uniform if it contains at most 
two bitwise transitions between 0 and 1 when traversed circularly 
[218]. For a 3 × 3 neighbourhood, although 256 distinct LBP codes are 
theoretically possible, only 58 of them are uniform, which leads to 59 
distinct labels when a single bin is reserved for all non-uniform 
patterns. A precomputed lookup table is used to accelerate the feature 
extraction process by enabling fast mapping of each binary code to its 
corresponding uniform-pattern bin during histogram voting. An 
intuitive illustration of the construction of the uniform LBP histogram is 
provided in Fig. 3.12.   

   The term ℎ𝑢LBP(𝑖, 𝑗) is computed by applying a root-mean-square 

(RMS) distance to the uniform Local Binary Pattern histograms 

associated with track 𝑖and detection 𝑗, as defined in (3.111). 

                     ℎ𝑢𝐿𝑏𝑝(𝑖, 𝑗) = √
1

59
∑ (ℎ𝑢𝐿𝑏𝑝(𝑖)𝑘 − ℎ𝑢𝐿𝑏𝑝(𝑗)𝑘)2
59
𝑘=1        (3.111) 

    A generic similarity function that combines the various extracted 

features is defined in (3.112). The absolute value of a scalar quantity 𝑎 

is denoted by the operator ∣ 𝑎 ∣. 

 𝐹(𝑥, 𝑦) = |𝑥 − 𝑦|                  (3.112) 

 
Figure 3.12. Creation of the uniform local binary pattern histogram 
using the LBP codes extracted for the region of interest. 
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    Within the appearance similarity measure, two additional descriptors 

are employed: the mean and the standard deviation of the pixel 

intensities within the region of interest (ROI). For a given object 

instance, these quantities are not expected to vary significantly between 

consecutive frames, since pedestrians do not undergo abrupt changes in 

temperature that would substantially alter their thermal texture. The 

standard deviation characterizes the local contrast within the ROI, 

whereas the mean reflects the overall intensity level, both of which are 

indicative of the amount of thermal radiation emitted by the pedestrian. 

By applying the generic similarity function defined in (3.112) to the 

mean intensity values of the detection and the corresponding track, the 
similarity term 𝜇𝑠(𝑖, 𝑗) in (3.113) is obtained. 

     µs(i,j) = F(µs(i),µs(j))             (3.113) 

     The variance-based appearance term 𝜎𝑠(𝑖, 𝑗) is computed in an 

analogous manner to 𝜇𝑠(𝑖, 𝑗) in (3.113), by applying the generic 

similarity function 𝐹(⋅) to the variance values 𝜎𝑠(𝑖) and 𝜎𝑠(𝑗) associated 

with the track and the detection, respectively. The expressions used to 

compute the mean 𝜇𝑠(𝑖) and the variance 𝜎𝑠(𝑖) within the region of 

interest are given in (3.114) and (3.115). Here, ℎ and 𝑤 denote the 

height and width of the ROI, respectively, while Image refers to the 

portion of the far-infrared image defined by the object’s bounding box. 

µ𝑠(𝑖) =
1

𝑀
(∑ ∑ 𝐼𝑚𝑎𝑔𝑒(𝑘, 𝑟))𝑤−1

𝑟=0
ℎ−1
𝑘=0 )   (3.114) 

                      𝜎𝑠(𝑖) =  √
1

𝑀
(∑ ∑ (𝐼𝑚𝑎𝑔𝑒(𝑘, 𝑟)  −  µ𝑠(𝑖))

2𝑤−1
𝑟=0

ℎ−1
𝑘=0 )  (3.115) 

    The height and width of a pedestrian constitute salient physical 
attributes that can contribute to the re-identification process. These 
attributes are captured by the bounding boxes associated with each 
detection and, given the sufficiently high frame rate of the system, 
variations of the same object instance across consecutive frames can be 
reliably observed. While height and width are effective cues for 
discriminating between pedestrians with distinct physical 
characteristics, they are not, by themselves, sufficient when multiple 
objects exhibit similar dimensions. For this reason, these attributes are 
incorporated as components of the overall appearance-based 
association score. The height similarity term ℎ𝑠(𝑖, 𝑗) between a track 𝑖 
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and a detection 𝑗 is computed by applying the generic similarity 
function 𝐹 from (3.112) to the corresponding heights of the two 
instances. The width similarity term 𝑤𝑠(𝑖, 𝑗) is defined analogously, 
using the width of the respective bounding boxes. 
    The classification confidence provided by the pedestrian detector is 
also integrated into the aggregated appearance cost. Empirically, the 
difference between the classification probabilities associated with the 
same pedestrian across consecutive frames was found to be small. By 
applying the similarity function 𝐹 from (3.112) to the classification 
probability of the current detection and the probability stored in the 
track from the most recent successful association, the classification 
similarity term 𝑐𝑠(𝑖, 𝑗) is obtained. This term takes values in the interval 
[0, 1], with values closer to zero indicating higher similarity. The 
inclusion of this feature is motivated by the observation that 
pedestrians located at larger distances may exhibit similar classification 
scores despite corresponding to different physical entities. 
    The final component of the appearance-based cost function is a size-
and-location similarity term. This term combines spatial proximity and 
scale consistency between a track and a detection. Specifically, the size-
based cost 𝑜𝑠(𝑖, 𝑗) incorporates both the localization of the detection 
relative to the predicted position of the track and the similarity between 
their bounding-box areas, as defined in (3.116). Here, 𝐴𝑖  denotes the 
area of the bounding box associated with track 𝑖, 𝐴𝑗  denotes the area of 

the detection 𝑗, and 𝐴∩ represents the two-dimensional intersection 
area between the two bounding boxes. 

𝑜𝑠(𝑖, 𝑗) =
|𝐴𝑗−𝐴𝑖|

𝐴∩
     (3.116) 

3.3.3.3 Motion Score 

   In certain scenarios, appearance-based cues alone may be insufficient 
to reliably discriminate between visually similar pedestrians in thermal 
imagery. In such cases, motion characteristics provide an additional and 
often decisive source of information. For this reason, motion 
consistency is incorporated into the overall data-association similarity 
measure. The analytical expression of the motion-based similarity term 
𝑚(𝑖, 𝑗), defined for a track 𝑖 and a detection 𝑗, is given in (3.117). The 
weighting coefficients appearing in this formulation were determined 
empirically, following the same experimental procedure adopted for the 
appearance-based terms. In the present implementation, the values 
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𝑤dst = 85 and 𝑤𝜎𝑚 = 20 were found to provide a suitable balance 

between spatial displacement and motion-uncertainty contributions. 

𝑚(𝑖, 𝑗) = 𝑤𝑑𝑠𝑡𝑑𝑠𝑡(𝑖, 𝑗) + 𝑓𝑐(𝑖, 𝑗) + 𝑤𝜎𝑚(𝜎𝑚(𝑖, 𝑗)𝑥 +  𝜎𝑚(𝑖, 𝑗)𝑦)    (3.117) 

    Object motion provides essential cues about the expected position of 

a target in subsequent frames. Consequently, the Euclidean distance 

between the centers of the two-dimensional bounding boxes of track 

𝑖and detection 𝑗, expressed in image coordinates, is used as the first 

component of the motion-based similarity measure. 

A second component is derived from optical flow, which captures the 

relative motion between a track and a detection. Although dense optical 

flow methods are computationally expensive and often yield imperfect 

results, and sparse optical flow approaches—while faster—tend to be 

unreliable in complex scenes, aggregated motion information over a 

region of interest can still provide valuable cues about an object’s 

movement pattern. Even if pixel-level trajectories are noisy, their 

collective behavior within a region often remains consistent for the 

same object across consecutive frames. 

    To exploit this property, the optical flow method described in [219] is 

applied, after which several processing steps are performed to extract 

representative motion attributes from the region of interest. First, the 

flow vectors are quantized into 36 angular bins, with each vector 

contributing a vote to the bin corresponding to its direction. Next, the 

mean magnitude and mean direction are computed for each bin. The 

bin receiving the highest number of votes is then selected, and its 

corresponding mean magnitude and direction are taken as the 

characteristic flow attributes of the region. 

    Empirical observations across multiple sequences indicate that real-

world objects rarely undergo abrupt changes in their motion patterns 

between consecutive frames. This temporal coherence motivates the 

definition of the flow-based component of the motion similarity term, 

which is formalized in equation (3.118). 

  

                                       𝑓𝑐(𝑖, 𝑗) = 𝐹(𝜃𝑖 , 𝜃𝑗)𝑤𝜃 + 𝐹(𝜗𝑖, 𝜗𝑗) 𝑤𝜗                 (3.118) 

    The flow direction is denoted by 𝜃, while the flow magnitude is 
represented by 𝜗. The function 𝐹(⋅) is defined in (3.111), and the 
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weighting coefficients 𝑤𝜃 = 40 and 𝑤𝜗 = 15 were determined 
empirically. 
    The final component of the motion similarity score, 𝜎𝑚, quantifies the 
deviation of the candidate detection from the current motion pattern of 
the tracked object along the 𝑥 and 𝑦 directions. This term is introduced 
in order to penalize large departures from the expected trajectory of 
the object. The underlying assumption is that, when the recent motion 
history of a pedestrian over the last five frames is considered, the 
subsequent displacement is likely to follow a similar trend, with only 
minor deviations for a correct association. Accordingly, the last five 
positions of each tracked object are stored and used to model its short-
term motion behavior. 
    The analytical expression of this variation-based distance is given in 
equation (3.119), and it is applied independently to the horizontal and 
vertical components of the two-dimensional motion. In this 
formulation, 𝑋𝑖 denotes a detection, while 𝑍𝑗(𝑘) represents the 𝑘-th 

stored past position of track 𝑗. 

                      𝜎𝑚(𝑖, 𝑗) = |𝑋𝑖 − √
1

5
∑ (𝑍𝑗(𝑘) − 𝑍𝑗(𝑘 + 1))

2
4
𝑘=0 |          (3.119) 

    It should be noted that the weighting coefficients selected for the 
appearance- and motion-based similarity terms are not unique. 
Alternative parameterizations are possible; however, the values 
adopted here were found to yield the best empirical performance for 
the considered application. 

3.3.3.4 Track Selection, Update and Refinement 

      After the motion- and appearance-based similarity terms have been 

computed for a given detection 𝑖 and track 𝑗, they are combined to form 

the final association cost 𝑐(𝑖, 𝑗), as defined in (3.108). This cost is 

evaluated for all tracks maintained in memory against all detections in 

the current frame that fall within the corresponding covariance ellipse 

of each track. The resulting affinity values are organized into a cost 

matrix, which serves as input to the Hungarian algorithm [142] for 

determining the optimal assignment between detections and tracks in 

the current frame. If the association cost corresponding to a given 

track–detection pair exceeds a predefined threshold, that association is 

rejected and the detection is instead used to initialize a new track. 
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      After all feasible correspondences between tracks and 
measurements have been established, three possible outcomes can be 
identified: a track may be matched to a detection, a detection may 
remain unassigned, or a track may remain unmatched. When a valid 
track–detection association is obtained, the track state and all its 
associated parameters are updated using the information provided by 
the new measurement. Unassigned detections are used to initialize new 
tracks. 
    Newly initialized tracks are first maintained in an unstable state and 
are not immediately displayed. A track is promoted to a stable state 
only after it has been successfully associated with detections over a 
predefined number of consecutive frames (five frames in the present 
implementation), at which point it is considered reliable and becomes 
visible in the tracking output. A fundamental requirement of any 
tracking system is the ability to maintain object identities even in the 
absence of detections over several consecutive frames, which may 
occur due to detector failures, occlusions, or adverse imaging 
conditions. To address this, each track is associated with a history 
counter that records the number of frames during which no valid 
measurement has been assigned to that track.  

 
Figure 3.13 a) Pedestrian fully detected and tracked b) pedestrian 
begins to get occluded; c) pedestrian is fully occluded but continues 
to be tracked; d) pedestrian is occluded we can observe parts of him 
between the trees, the detector is unable to detect him, but due to 
the tracking algorithm his identity is maintained; e) Pedestrian 
reappears and is detected and tracked. 
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    When a track becomes temporarily unmatched, its state in 
subsequent frames is propagated using the prediction step of the 
Kalman filter, based on the motion pattern estimated so far. If the track 
remains unassociated for several frames, it enters a drifting state, in 
which it is no longer displayed but is retained in memory in anticipation 
of a possible future re-association. Only after a prolonged period 
without successful association is the track permanently removed. 
Tracks that leave the region of interest are explicitly flagged for 
termination and subsequently deleted. 
    In the proposed implementation, the values of the history and drifting 
counters are adapted to the operating conditions, particularly the 
camera frame rate and illumination. For night-time scenarios, the 
history and drifting thresholds are set to 20 and 15 frames, 
respectively, whereas for daytime operation they are set to 25 and 15 
frames. These thresholds apply only to tracks that have already been 
classified as stable. Tracks that have not yet reached stability are 
removed more aggressively, namely after 5 consecutive unassociated 
frames at night or 7 frames during daytime operation. 

 

Figure 3.14. In the top left, object detections are shown, with their 
corresponding motion vectors. In the top right, the detections are 
projected in a grid. In the bottom left each track is represented with 
a unique id and color and in the bottom right the tracked objects are 
depicted as well as the motion trail corresponding to the path of 
each pedestrian. 
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     Figure 3.13 illustrates a representative scenario in which a 
pedestrian becomes temporarily occluded by trees; nevertheless, the 
proposed method preserves the object’s identity until it reappears and 
is again detected by the object detector. Figure 3.14 depicts another 
challenging case in which two pedestrians cross paths. The proposed 
approach successfully maintains the correct identity of each individual 
during and after the overlap, avoiding identity switches. In the bottom-
right panel of Figure 3.14, the trajectory history of each pedestrian is 
visualized as a short trail, rendered in the same color as the 
corresponding bounding box to facilitate visual association. 
Supplementary visual results illustrating the performance of the 
proposed method are provided in an online demonstration2 

3.3.3.5 Evaluation of Feature Engineered Tracking Approach 

    The YOLO-based pedestrian detector was initially trained on the 

FLIR-ADAS dataset [214] and subsequently fine-tuned using the 

CROSSIR dataset [209]. Starting from the pretrained weights reported 

in [217], the network was further trained on the pedestrian annotations 

of the present dataset. The fine-tuning procedure was carried out for 

2000 training iterations. 

  The model achieving the highest mean average precision was selected 
for evaluation. During training, only pedestrian samples with a 
minimum bounding-box width of 30 pixels and without occlusions were 
considered. To assess the performance of the proposed far-infrared 
tracking approach relative to state-of-the-art methods, experiments 
were conducted on the PTB-TIR benchmark dataset [230], which 
consists of multiple thermal image sequences with manually annotated 
ground truth.  The center location error (CLE) is defined as the average 
Euclidean distance between the estimated position of a tracked object 
and its corresponding ground-truth location. A track is considered 
successful at a given frame if the CLE falls below a predefined threshold, 
which is set to 20 pixels in the PTB-TIR benchmark. The precision score 
is then computed as the percentage of frames in which the tracker 
meets this success criterion. In addition to the dataset itself, the 
benchmark provides evaluation results for a wide range of tracking 
algorithms on the same sequences, enabling a comparative analysis of 
the respective strengths and weaknesses of different approaches. 

                                                        
2 https://youtu.be/fwTrUwWSXDA 
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   For the evaluation of the proposed method on PTB-TIR, only those 
sequences depicting pedestrians observed from a vehicle-mounted 
thermal camera were selected, since the tracked has been designed for 
such use case. 

Table 3.6 Comparative evaluation for various tracking solutions with 

respect to the Precision metric 

Method Tracking Precision Score 

ECO [231] 89.8% 
SRDCF [232] 88.8% 

DeepSTRCF [233] 88.8% 
OURS 85.6% 

Staple [234] 83.6% 
MLSSNet [235] 83.4% 

CFNet [236] 83.3% 
VITAL [237] 82.8% 

ECO-HC [238] 82.4% 
TADT [239] 77.9% 

MCFTS [240] 77.6% 

 

Figure 3.15.  Plot of precision results on the PTB-TIR benchmark 
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   The performance of the presented method on the benchmark is 

reported in Figure 3.15 under the label OURS, alongside several 

representative approaches from the literature. It is noteworthy that the 

proposed solution does not rely on hardware acceleration and employs 

a feature-engineered data association strategy. This design choice 

enables the contribution of each feature to be analyzed individually, 

while maintaining full transparency over the feature extraction and 

association stages. The numerical results corresponding to the most 

relevant methods shown in Figure 3.15 are also summarized in Table 

3.6. The method presented in this section can be found in [209] 

3.3.4 Robust Data Association Using Fusion of Data-Driven and 

Engineered Features 

    The methods presented in the previous section serve as the baseline 

for the approach introduced in this section. Building upon this 

foundation, the proposed methodology extends and refines the earlier 

solution with the objective of improving its robustness and overall 

reliability. 

3.3.4.1 Introducing a New Engineered Texture Descriptor  

    It is first observed that the texture characteristics of an object exhibit 

limited variation across consecutive frames; consequently, texture 

constitutes a reliable cue for measuring the correspondence between 

tracks and measurements. To more effectively capture the structural 

texture properties of each object, a composite appearance descriptor is 

introduced, which integrates the Histogram of Oriented Gradients 

(HOG) descriptor with the Uniform Local Binary Pattern (ULBP) 

descriptor. The use of such engineered features enhances the 

adaptability of the proposed tracking framework to previously unseen 

scenarios, while maintaining interpretability and control over the 

contribution of each component. 

    For the construction of this descriptor, the gradient magnitude Gand 

orientation θare first computed from the image derivatives IXand IY, as 

defined in (3.120). The image is subsequently partitioned into non-

overlapping cells of size 10 × 10 pixels. For each cell, a histogram with 

nine orientation bins is generated. Each pixel within the cell contributes 
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Figure 3.16 Construction of the proposed texture descriptor. Top-
left: original image. Top-right: pixel-wise gradient orientation map. 
Bottom-left: dominant orientation per 10 × 10 cell. Bottom-right: 
LBP encoding of the orientation map, used to generate the uniform 
LBP histogram. 

a weighted vote to the corresponding histogram bin, where the vote is 

determined by the gradient orientation and weighted by the gradient 

magnitude. This procedure enables the descriptor to capture both local 

edge orientation distributions and their relative strengths, thereby 

providing a compact yet discriminative representation of object texture. 

                          |𝐺| =  √𝐼𝑋
2 + 𝐼𝑌

2;   𝜃 = arctan (
𝐼𝑋

𝐼𝑌
)         (3.120) 

Subsequently, each cell is processed independently, and the dominant 
gradient orientation is assigned to the cell by selecting the histogram 
bin with the highest accumulated value. This operation yields a coarse 
orientation map that summarizes the prevailing edge directions within 
each local region. The resulting representation is then further 
processed using the Local Binary Pattern (LBP) operator, as defined in 
(3.121), in order to encode local texture variations and enhance 
robustness to illumination and contrast changes.  

                                   𝐿𝐵𝑃𝑃,𝑅 = ∑ 𝑠(𝑔𝑝 − 𝑔𝑐)2
𝑝𝑃−1

𝑝=0      (3.121) 

   The number of neighbouring pixels considered on a circular 

neighbourhood of radius 𝑅 is denoted by 𝑃, while the thresholding 

function 𝑠(⋅) is defined as 𝑠(𝑥) = 0 if 𝑥 > 0, and 𝑠(𝑥) = 1 otherwise. 

   In the present formulation, 𝑔𝑝 represents the gradient orientation of 

the neighbouring pixel 𝑝, whereas 𝑔𝑐 denotes the gradient orientation 

of the central pixel. 
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     In the proposed approach, a 3 × 3 neighbourhood is employed, which 
theoretically allows the representation of all local texture 
configurations within the region of interest using a 256-bin histogram. 
However, in order to reduce memory requirements, improve 
computational efficiency, and increase robustness to noise, a uniform 
Local Binary Pattern (LBP) histogram is adopted, following the 
formulation introduced in [218]. For the considered neighbourhood 
configuration, 256 distinct binary patterns are possible, of which only 
58 satisfy the uniformity criterion. Consequently, the descriptor can be 
compactly represented using a histogram with 59 bins. 
    To further improve runtime performance, the voting process for each 
LBP code is implemented using a precomputed lookup table, thereby 
avoiding repetitive bitwise evaluations. The resulting uniform LBP 
histogram is denoted by 𝜃LBP. An intuitive illustration of the main 
processing stages involved in the computation of this descriptor is 
provided in Figure 3.16. 
    It is worth noting that the image resizing operation may introduce 
minor artefacts, such as vertical stripe patterns. However, empirical 
observations indicate that these artefacts do not significantly affect the 
robustness or overall performance of the proposed algorithm. 
Finally, the similarity between the input image associated with track 
𝑖and the measurement 𝑗, with respect to the proposed texture 
descriptor, is computed by applying a root mean square (RMS) distance 
metric to the corresponding uniform LBP histograms 𝜃LBP of the track 
and detection, as formalized in equation (3.122).  

           𝜏(𝑖, 𝑗) =  √
1

59
∑ (𝜃𝐿𝐵𝑃(𝑘)𝑖 − 𝜃𝐿𝐵𝑃(𝑘)𝑗)

259
𝑘=1                  (3.122) 

3.3.4.2 The Data-Driven Object Association Score 

    Designing a data association function for object tracking can be 
effectively addressed through similarity learning techniques. In this 
context, a similarity function 𝛾(𝑖, 𝑗) is defined to compare a thermal 
image corresponding to a measurement 𝑗with a candidate image of 
identical spatial resolution associated with track 𝑖. The function is 
designed to produce low similarity scores for images originating from 
the same object instance and high scores otherwise. 
    This section focuses on the implementation of the similarity function 
𝛾(𝑖, 𝑗) using deep convolutional neural networks. In the domain of 
convolutional neural networks, similarity learning is most commonly 
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realized through Siamese network architectures. Such architectures 
process pairs of input images by applying an identical transformation 
𝜙(⋅) to each input and subsequently combining the resulting 
representations using a comparison function 𝑔(⋅), as formalized in 
equation (3.123). 
    When the function 𝑔(⋅) is interpreted as a distance or similarity 
metric, the transformation 𝜙(⋅) can be regarded as an embedding 
function that maps the input images into a feature space in which 
similarity relationships are preserved. 

                                               𝛼(𝑖, 𝑗) = 𝑔( 𝜑(𝑥), 𝜑(𝑦))                  (3.123) 

To improve the effectiveness of appearance-based similarity estimation 
for thermal image tracking, a family of Siamese network architectures is 
introduced. The term family is used to emphasize the structural 
similarity shared by the proposed networks. In contrast to conventional 
Siamese-based approaches, which typically compute similarity using 

 
Figure 3.17. Architecture of the proposed data driven cost based on 
a family of Siamese Networks. These networks work on the whole 
image and on parts of it improving the robustness of the TIR tracker. 
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the entire detected object region, the proposed framework evaluates 
similarity through multiple Siamese networks trained on both the full 
object detection and on selected object subregions. This design choice, 
illustrated in Figure 3.17, enhances robustness in the presence of 
partial occlusions, as it enables reliable similarity estimation even when 
only portions of the object remain visible. 
      To this end, two complementary network architectures are 

considered. The first operates on the full object detection region, while 

the second evaluates selected subregions of the same detection. These 

network-based appearance descriptors are applied exclusively to 

detections whose spatial resolution exceeds a minimum size of 19 × 50 

pixels (width × height). For detections below this threshold, data 

association relies solely on the feature-engineered association score. As 

a preprocessing step, each detected image patch is normalized to a fixed 

resolution of 200 × 200 pixels. 

    Although thermal infrared emission is independent of external 
illumination, variations in clothing materials and their emissivity 
properties result in distinctive thermal textures and structural patterns 
for individual pedestrians. The apparent temperature of a target is 
influenced by environmental conditions, as the measured radiance 
depends on target emissivity, reflectivity, and ambient thermal context. 
Nevertheless, this variability does not significantly impact tracking 
performance, as the sensor operates at a sufficiently high frame rate 
and the appearance descriptors associated with each track are updated 
at every time step. Consequently, the appearance characteristics of a 
given target remain relatively stable across consecutive frames, 
enabling reliable computation of association scores. 
    To capture both texture structure and appearance variability, a 
convolutional neural network is employed to generate an embedding 

 
Figure 3.18. Graphical depiction of the embedding function 𝜑 used 
for generating the features for the input image. 
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function 𝜙, which serves as an appearance descriptor for pedestrian 
tracking. The network architecture comprises eight layers, as illustrated 
in Figure 3.18. The first stage consists of a convolutional layer with 96 
filters of size 3 × 3, followed by a ReLU activation, max pooling, and a 
dropout rate of 25%. 
    This is followed by a second convolutional layer with 128 filters of 
size 3 × 3, again followed by ReLU activation, max pooling, and 25% 
dropout. A third convolutional layer applies 12 filters of size 3 × 3, 
followed by ReLU activation, max pooling, and dropout with the same 
rate. The convolutional layers are succeeded by two fully connected 
layers: the first comprises 128 neurons with ReLU activation and a 
dropout rate of 10%, while the second consists of 50 neurons with 
ReLU activation. 
    The appearance similarity between two detections is quantified by 
computing the Euclidean distance between their corresponding 
embedding vectors. Network training is carried out using a contrastive 
loss function, defined in (3.124). In this formulation, the label tensor 
𝑌indicates whether an image pair corresponds to the same object (𝑌 =
0) or to different objects (𝑌 = 1); 𝐷 denotes the Euclidean distance 
between the associated embeddings; and margin is a constant enforcing 
a minimum separation between dissimilar samples, set to 1in the 
current configuration 

                                      𝐿𝑜𝑠𝑠 =
𝑌𝐷2+(1−𝑌)max(𝑚𝑎𝑟𝑔𝑖𝑛−𝐷,0)2

2
                 (3.124) 

   To construct the training data for the part-based appearance model, 
each input image is partitioned into four non-overlapping regions of 
equal size, corresponding to the top-left, top-right, bottom-left, and 
bottom-right quadrants. Appearance similarity in this formulation is 
evaluated at the level of image parts rather than the full detection, 
enabling improved robustness in scenarios involving partial occlusions 
or local appearance variations. 
    For each of the four regions, a dedicated Siamese network is 
employed to estimate the similarity between the corresponding part of 
the track image and that of the measurement image. Let 𝑝denote one of 
the four image partitions. The part-based similarity function ℎ(𝑥𝑝, 𝑦𝑝), 

defined in (3.125), evaluates the correspondence between part 𝑝of 
images 𝑥 and 𝑦. This formulation follows the same general structure as 
the similarity function introduced in (3.123); however, it relies on a 
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part-specific embedding function 𝜙𝑝, which is optimized to capture 

localized texture and structural cues. 
    The final appearance-based association score is obtained by 
aggregating the similarity contributions from all four image parts. 
Specifically, the overall similarity is computed as the sum of the 
individual part-level similarity scores, as expressed in equation (3.126). 
This aggregation strategy allows the association mechanism to remain 
effective even when only a subset of the object regions is reliably 
observable 

                                ℎ(𝑥𝑝, 𝑦𝑝) =  𝑔( 𝜑𝑝(𝑥𝑝), 𝜑𝑝(𝑦𝑝))                 (3.125) 

                                     𝛽(𝑖, 𝑗) =  ∑ ℎ(𝑥𝑝, 𝑦𝑝)
4
𝑝=1                   (3.126) 

   The part-based appearance models are trained using the same 
contrastive loss formulation as the full-detection model and follow an 
analogous architectural principle. Variations are introduced in the 
dimensionality of the embedding space and in the configuration of the 
convolutional layers. In particular, the final fully connected layer of 
each part-based network comprises 30 neurons. All convolutional 
layers employ a kernel size of 3 × 3, while the number of filters is set to 
112 in the first layer, 96 in the second, and 12 in the third. 
    Each part-based network produces an appearance similarity score 
corresponding to a specific subregion of the detection. These scores are 
aggregated to form a part-based appearance similarity component, 
which complements the similarity score obtained from the full-
detection model. 
     The data-driven appearance similarity score is computed as a 
weighted combination of the full-detection similarity score and the 
aggregated part-based similarity score, as defined in equation (3.127). 
The weighting coefficients w1 = 100 and w2 = 25 were determined 
empirically through validation experiments and reflect the relative 
contribution of global and part-based appearance information to the 
final association cost. 

                                  𝛾(𝑖, 𝑗) = 𝛼(𝑖, 𝑗)𝑤1 +  𝛽(𝑖, 𝑗)𝑤2                (3.127) 
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3.3.4.3 Combining the Data Driven and Feature Engineered Scores 

 
    The appearance similarity score between track 𝑖and measurement 𝑗, 
obtained by jointly combining the feature-engineered descriptors and 
the data-driven appearance embeddings, is defined in equation (3.128). 
The weighting coefficient 𝑤3is set to 300 and was selected empirically 
based on extensive experimental evaluation across multiple operating 
scenarios. The term 𝜗(𝑖, 𝑗) was introduced previously in equation 
(3.109). 
     It is worth emphasizing that all weighting coefficients employed in 
the proposed association formulation exhibit stable behavior with 
respect to the evaluated datasets. In particular, no parameter retuning 
was required when transitioning between different scenarios or when 
processing thermal imagery acquired with the same sensor 
configuration. 

                               𝜇(𝑖, 𝑗) =  𝜗(𝑖, 𝑗) + 𝑤3 𝜏(𝑖, 𝑗) +  𝛾(𝑖, 𝑗)                       (3.128) 

   An optimal assignment algorithm [142] is employed to determine the 

most consistent correspondences between the set of active tracks and 

the measurements available in the current frame. Following the 

assignment step, three possible outcomes are identified: (i) a track is 

successfully associated with a measurement, (ii) a track remains 

unmatched, or (iii) a measurement remains unmatched. In the case of a 

successful track–measurement association, the state of the track and all 

associated attributes are updated using the newly acquired 

measurement information. Conversely, an unmatched measurement 

initiates the creation of a new track, which is initially marked as 

unstable. Such a track is promoted to a stable state and becomes eligible 

for visualization only after being consistently associated over five 

consecutive frames. 

    A fundamental requirement of a robust tracking system is the ability 
to maintain object identities despite temporary detection failures 
caused by occlusions, sensor noise, or missed detections. To this end, 
each track is augmented with a history counter that records the number 
of consecutive frames in which no association has occurred. During 
these intervals, the future state of the object is predicted based on its 
previously estimated motion pattern. If a track remains unmatched 
beyond a predefined number of frames, it transitions into a drifting 
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Figure 3.19. Pedestrians in a parking lot. The proposed tracking 
solution can track pedestrians of different sizes, even when they 
are partly occluded. 

state, in which it is no longer displayed but is retained in memory to 
allow potential re-identification. Tracks that remain unassociated 
throughout the drifting stage are eventually removed from the active 
track set. 
    Accordingly, stable tracks are not discarded immediately upon losing 
associations. Instead, their states continue to be propagated using a 
Kalman filter operating under a constant-velocity motion model. In the 
proposed configuration, the history counter threshold is set to 20 
frames, while the drifting counter threshold is set to 15 frames. Tracks 
that fail to obtain any association within the first five frames after 
initialization are removed immediately, as they are likely to correspond 
to spurious detections. 

     An illustrative example of the tracking behavior is provided in Figure 
3.19. The figure depicts a scenario in which two pedestrians are tracked 
while approaching a vehicle, and a third pedestrian in the background is 
successfully maintained despite partial occlusion by vegetation. The 
bottom-right panel illustrates the trajectory history of each pedestrian, 
while the bottom-left panel displays the tracked objects along with their 
unique identifiers. The top-left panel shows the raw detections 
generated by the object detector, and the top-right panel presents the 
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Figure 3.21. Multiple pedestrians are tracked. No ID switch appears 
among the tracked objects. 

 

Figure 3.20. Pedestrians overlap as they are crossing the street. 
The tracker can maintain the correct object ID. 

corresponding detections projected onto a virtual image plane. In the 
right-hand panels, both detections and tracks are visualized within a 
two-dimensional grid that also depicts the camera field of view.  
Supplementary visual results are provided online3 

   The bounding box of each object has a unique color to highlight its 
unique identity.  

                                                        
3 https://youtu.be/j9PtbbBCgog 

https://youtu.be/j9PtbbBCgog
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    Figure 3.20 illustrates a representative scenario in which two 

pedestrians intersect their trajectories. Despite the temporary overlap 

between the individuals, the tracking framework preserves the correct 

identity of each pedestrian and avoids erroneous identity switches. 

Figure 3.21 presents a more complex scene involving multiple 
pedestrians walking along a sidewalk. Although the individuals are in 
close proximity to one another and gradually appear smaller as their 
distance from the ego vehicle increases, no identity switches are 
observed among the tracked objects. The four visualizations shown in 
Figure 3.21 follow the same convention as those presented in Figure 
3.19. Specifically, the top-left panel displays the detection bounding 
boxes along with the corresponding flow vectors, while the top-right 
panel depicts the detections within the camera field of view. The 
bottom-left panel shows the tracked pedestrian bounding boxes 
annotated with their unique identifiers, and the bottom-right panel 
illustrates the tracked bounding boxes projected onto a virtual image, 
including the trajectory history represented as motion trails behind 
each tracked object. 

3.3.4.4 Evaluation of Feature Engineered and Data Driven Fusion 

Tracking Approach 

    The tracking framework was implemented using a combination of 
C++ and Python. All experimental evaluations reported in this section 
were conducted on a workstation equipped with an Intel i7-4770K CPU 
operating at 3.5 GHz, 8 GB of RAM, and an NVIDIA GeForce GTX 1080 Ti 
GPU. The developed tracker achieved an average processing time of 25 
ms per frame when executed on the combined CPU–GPU configuration, 
excluding the object detection stage. The data-driven association 
component was executed on the GPU, whereas the feature-engineered 
association module was implemented on the CPU. 
    For training the neural network models, the dataset introduced in 
Section 3.3.6.1 was employed. In addition, the original dataset was 
augmented using several data augmentation strategies, including 
horizontal flipping, salt-and-pepper noise injection, motion blur 
simulation, Gaussian noise addition, image sharpening, and contrast 
normalization. The resulting dataset was partitioned into training, 
validation, and test subsets, comprising 70%, 10%, and 20% of the data, 
respectively. Each model was trained for 40 epochs using a learning 
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rate of 0.0005, with root mean square propagation (RMSProp) 
employed as the optimization algorithm. 
    The classification accuracy obtained on the test set was 98.34% for 
the model operating on the full detection image. For the part-based 
similarity models, the achieved accuracies were 96.82% for the top-left 
region, 96.61% for the top-right region, 95.92% for the bottom-left 
region, and 96.01% for the bottom-right region. 
The pedestrian detection component integrated into the tracking 
pipeline was based on a YOLO architecture [244], which was initially 
trained on the FLIR-ADAS dataset [214] and subsequently fine-tuned on 
the CrossIR dataset [209], acquired using a PathFindIR thermal camera. 
The CrossIR dataset contains samples captured under diverse 
illumination conditions (daytime and nighttime), weather scenarios 
(sunny, rainy, and foggy), and temperature regimes (cold and warm), 
thereby providing a representative range of real-world operating 
conditions. 
    To quantitatively assess tracking performance, the proposed 
framework was evaluated using the PTB-TIR benchmark dataset [230], 
which consists of multiple thermal image sequences annotated with 
frame-level ground truth information. One of the primary evaluation 
metrics provided by this benchmark is the Center Location Error (CLE), 
defined as the average Euclidean distance between the estimated target 
position and the corresponding ground truth location. A tracking result 
is considered successful at a given frame if the CLE remains below a 
threshold of 20 pixels, as specified by the benchmark protocol. 
    In addition, the PTB-TIR benchmark provides comparative results for 
a variety of state-of-the-art tracking approaches, enabling a systematic 
performance analysis across different methods. For the evaluation 
presented in this work, only sequences acquired using vehicle-mounted 
thermal cameras were considered, in order to maintain consistency 
with the intended application domain of intelligent transportation 
systems.  
    The performance of the proposed tracking framework with respect to 

the Center Location Error (CLE) metric, evaluated on all automotive-

related sequences from the PTB-TIR benchmark, is illustrated by the 

precision plot shown in Figure 3.22. The numerical values and graphical 

results presented in Figures 3.22 and 3.23 were obtained using the 

official PTB-TIR Evaluation Toolkit, which is described in detail in 
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Figure 3.22. Position precision plot on the PTB-TIR benchmark 

[230]. For improved readability and quantitative comparison, the 

values depicted in Figure 3.22 are additionally reported in Table 3.7. 

           Table 3.7 Evaluation with respect to the precision metric 

 
 
 
 
 
  
 
 
 
 
 
         In addition to the CLE-based precision metric, the PTB-TIR 
benchmark also provides an overlap-based performance measure, 
which quantifies the spatial intersection ratio between the predicted 
bounding box and the corresponding ground-truth annotation. A 
tracking result is considered successful at a given frame if the overlap 
ratio exceeds a predefined threshold. The success plot aggregates these 
measurements over varying overlap thresholds in the interval [0, 1] and 

Method Tracking Precision 
Score 

DeepSTRCF [233] 88.8% 
Proposed 86.2% 
MLSSNet [235] 83.4% 
CFNet [236] 83.3% 
VITAL [237] 82.8% 
TADT [239] 77.9% 
MCFTS [240] 77.6% 
HDT [245] 75.8% 
HCF [246] 75.6% 
SiamFC [160] 74.5% 
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is commonly used to rank tracking methods based on localization 
accuracy. The success plot corresponding to the evaluated sequences is 
presented in Figure 3.23. 

    Compared to the highest-ranked methods reported in the benchmark, 
the proposed tracking approach was explicitly developed under the 
practical constraints imposed by automotive applications. In particular, 
the framework demonstrates robustness in scenarios involving partial 
occlusions and maintains tracking performance in previously unseen 
environmental conditions that were not represented in the training 
dataset. Furthermore, unlike several benchmark methods that focus 
exclusively on single-target tracking, the proposed solution supports 
full multi-object tracking capabilities, thereby addressing the 
requirements of real-world intelligent transportation systems. 
      Furthermore, the proposed solution exhibits a relatively low 
implementation complexity, does not require large-scale training 
datasets, and can be readily extended through the integration of 
additional feature representations. For improved clarity and 
quantitative comparison, the numerical values corresponding to Figure 
3.23 are also reported in Table 3.8. 
    In addition to the evaluation metrics discussed above, the proposed 

tracking framework was further assessed using the standard MOTA and 

MOTP metrics. 

 
Figure 3.23 Plot that measures the overlapping score between the 
tracked object and ground truth 
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    The MOTA metric, previously defined in (3.102), provides an 

aggregate measure of tracking performance by accounting for all major 

error sources, including false positives, missed detections, identity 

switches, and mismatches across all frames. The maximum attainable 

MOTA value is 1, which corresponds to an ideal tracker with zero 

errors.  

Table 3.8 Evaluation with respect to the success score 
 

 

 

 

 

 

 

 

    The MOTP metric, defined in (3.103), quantifies the spatial precision 
of the tracker by measuring the alignment accuracy between the 
estimated bounding boxes and the corresponding ground-truth 
annotations. 
    For the computation of MOTP, a distance measure is evaluated 
between all matched track hypotheses and the corresponding ground-
truth bounding boxes and normalized by the number of successfully 
matched objects to obtain an average localization error. These values 
are subsequently accumulated over all frames of the evaluation 
sequence in order to derive the final MOTP score. 
    The fundamental distinction between the two metrics lies in their 
evaluation focus: MOTP quantifies the spatial accuracy of bounding box 
localization for correctly associated targets over time, whereas MOTA 
summarizes overall tracking performance by accounting for association 
errors, missed detections, false positives, and identity inconsistencies, 
including unmatched tracks. 
    An identity switch (IDSW) event occurs when a tracked object is 
incorrectly reassigned a new identity after temporary loss, or when two 
object identities are erroneously swapped as a result of an incorrect 
association between tracks and detections. Table 3.9 reports the 
evaluation results of the proposed tracking framework in terms of 

Method Tracking Success Score 
DeepSTRCF [233] 67.6% 
Proposed 59.8% 
TADT [239] 56.4% 
VITAL [237] 56.3% 
CFNet [236] 53.9% 
MLSSNet [235] 53.4% 
SiamFC [160] 50.2% 
MCFTS [240] 49.3% 
HDT [245] 44.6% 
HCF [246] 44% 
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MOTA, MOTP, and IDSW for the multi-pedestrian tracking scenario on 
the CrossIR dataset [209]. 

      Table 3.9 Evaluation with respect to different metrics  

 

 

   
   
 
    The proposed tracking framework demonstrates reliable association 
between detections and track hypotheses and enables robust multi-
pedestrian tracking in thermal imagery under diverse environmental 
conditions, including adverse weather and partial occlusions. By 
integrating data-driven similarity measures with feature-engineered 
association scores, the system attains increased adaptability to 
previously unseen traffic scenarios, thereby enhancing overall 
robustness and generalization capability. 
    To quantitatively assess the contribution of the tracking component 
to detection performance, several evaluation metrics are introduced. An 
object is considered correctly identified if the positional deviation from 
the corresponding ground-truth annotation does not exceed 10 pixels 
along either the horizontal or vertical image axis. Precision is defined as 
the ratio between the number of correctly identified objects and the 
total number of ground-truth objects in a given frame. Recall is 
computed as the ratio between the number of correctly identified 
objects and the total number of detected objects in that frame. Accuracy 
is defined as the proportion of correctly identified objects relative to the 
total number of ground-truth objects. 
    The detector and tracker were evaluated on more than 100 real-
world traffic sequences containing multiple pedestrians and exhibiting 
a wide range of illumination and weather conditions. The evaluation 
results reported in Table 3.9 were obtained on the CrossIR dataset 
introduced in [209]. This evaluation was conducted in order to analyze 
the performance of the proposed tracking framework in complex multi-
object scenarios and under challenging environmental conditions. 
It is well known that object detectors may fail to provide consistent 
detections in the presence of occlusions, clutter, or reduced image 
quality. The objective of this evaluation was therefore to demonstrate 
the ability of the tracking module to compensate for intermittent 

Method MOTA MOTP IDSW 
Proposed 86.14% 88.63% 134 
Base Solution 81.36% 83.17% 143 
TADT 80.3% 81.7% 121 
MLSSNet 79.8% 82.3% 269 
SiamFC 76.4% 82.1% 343 
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detection failures by maintaining object identities across frames, even 
when the detector temporarily fails to identify pedestrians reliably. 
Comparative results are summarized in Table 3.10. The proposed 
approach builds upon the baseline tracking solution introduced in the 
previous section, which relies exclusively on feature-engineered 
association scores.  

Table 3.10 Ablation study with respect to several metrics 

    An ablation study is presented to quantify the individual contribution 
of each proposed component. In particular, the results highlight that the 
fusion of data-driven similarity measures with feature-engineered 
association costs, when integrated into the baseline framework, yields 
consistent improvements across all reported evaluation metrics.        
    As can be seen, the proposed solution improved the performance of 
the object detector, leading to better overall results. Furthermore, it is 
worth noting that the feature engineered score can also be applied to 
other object classes, such as vehicles; but, illustrating this was out of the 
scope of the paper.  The method from this section can be found at [352]. 

3.3.5 Multi-Object Tracking Segmentation and Validation (MOTSV) 

3.3.5.1 Pipeline and Validation Scheme 

    This section introduces a unified framework for panoptic perception 
in thermal imagery, capable of performing both semantic and instance 
segmentation, as well as multi-object tracking based on bounding boxes 
and instance-level masks. The proposed pipeline incorporates an 
additional validation stage aimed at verifying both detection reliability 
and class-label correctness for the object categories of interest. This 

 Average 
Precision 

Average 
Accuracy 

Average Recall 

Object Detector 75.98% 66.47% 98.67% 
Base Solution 80.01% 76.4% 95.8% 
Base with only 
Data Driven Score 

86.15% 79.22% 93.21% 

Base with only 
Engineered Score 

83.25% 78.43% 93.71% 

Base with all 
Fused Scores 
(proposed) 

88.61% 80.02% 94.8% 
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Figure 3.24. The proposed multi-object tracking and segmentation 
for thermal images pipeline 

 

validation mechanism is motivated by the fact that classification 
outputs may be affected by noise and uncertainty, while object 
detectors are inherently susceptible to errors such as false positives 
and missed detections. 
    Furthermore, the tracking component is configured to operate only 
on a predefined subset of semantic classes rather than on all objects 
present in the scene. Consequently, a dedicated validation module plays 
a critical role in filtering detections and ensuring that only relevant 
object instances are propagated to subsequent processing stages. 
   The framework integrates three data-driven modules for validation-
related tasks and a model-based approach for data association and 
temporal tracking. The outputs of the learning-based components and 
the model-driven tracking module are subsequently fused to produce 
the final panoptic representation at both bounding-box and pixel-mask 
levels. An overview of the proposed processing pipeline is illustrated in 
Figure 3.24. 

    It is important to emphasize that the primary focus of this work lies 
on the integration and fusion of segmentation, validation, and tracking 
components rather than on the design of the object detection 
architecture itself. As a result, the detection module can be readily 
replaced with alternative state-of-the-art detectors without affecting 
the overall structure of the proposed pipeline. 
    In the presented implementation, semantic segmentation is 
performed using ERFNet [220], which achieves real-time performance 
with an average inference time of approximately 8 ms on GPU for input 
images of resolution 640×480 pixels. The network was trained to 
recognize 25 semantic classes relevant to the considered driving 
scenarios. 
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    A dual-detector configuration based on YOLOv5 [221] and YOLACT 
[222] is employed for instance-level object detection. The use of two 
independent detection models is motivated by the requirements of the 
validation stage, whose primary objective is to mitigate classification 
and localization errors introduced by individual detectors. To enable 
reliable validation, each object instance is required to be independently 
analyzed by at least three distinct processing components. In the 
proposed framework, these components consist of the detections 
generated by YOLOv5, the instance masks produced by YOLACT, and 
the semantic labels obtained from the ERFNet-based segmentation 
module. 
    The YOLOv5x architecture is used as the primary detector and was 
trained on the FLIR ADAS dataset, which was adapted to include only 
the object categories relevant to the targeted application domain. 
Specifically, the training dataset was restricted to the following classes 
of interest: car, bus, truck, person, cyclist, motorcycle, bicycle, traffic 
sign, and traffic light (semaphore). 
A known limitation of the YOLACT model is related to its sensitivity to 
the confidence threshold. When the detection confidence threshold is 
set above 50%, a significant portion of relevant object instances may be 
missed. Conversely, reducing this threshold below 50% substantially 
increases the number of false positives. To address this trade-off, the 
YOLACT detection threshold is deliberately set to a low value of 10%, 
thereby maximizing recall at the cost of introducing additional 
candidate detections. 
    Subsequently, an intersection-over-union (IoU) based filtering 
procedure is applied to associate YOLACT detections with those 
generated by YOLOv5. For each object detected by YOLOv5, the two 
YOLACT instances exhibiting the highest IoU values are retained as 
candidate matches. To enable efficient retrieval, the indices of the 
associated detections are stored in a lookup table. Only associations 
exceeding a predefined IoU threshold, set to 0.8 in the presented 
implementation, are considered valid and propagated to the subsequent 
validation and fusion stages. 
    During the validation stage, semantic consistency between the 
YOLOv5 detections and the candidate instances produced by YOLACT is 
evaluated. For each YOLOv5 detection, the semantic label is first 
compared with the class of the YOLACT instance exhibiting the highest 
Intersection over Union (IoU) score. If no correspondence is found, the 
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comparison is repeated using the second-best YOLACT candidate. When 
a semantic match is identified, the object hypothesis is considered valid.     
     In cases where both YOLACT candidates satisfy the semantic 
consistency criterion, the instance associated with the larger IoU value 
is selected for subsequent processing. 
If the semantic label cannot be validated using the YOLACT outputs, an 
additional verification step is performed using the semantic 
segmentation results. Specifically, the class predicted by YOLOv5 is 
compared with the dominant semantic category extracted from the 
segmentation map within the region of interest (ROI) defined by the 
YOLOv5 bounding box. 
    To efficiently extract this dominant class, a GPU-accelerated 
histogram computation is implemented using the CUDA framework. 
The semantic category corresponding to the histogram bin with the 
highest vote count is selected as the segmentation-based label for the 
object hypothesis. 
    An object detection is considered semantically valid if at least two of 
the three independent classification sources—YOLOv5, YOLACT, and 
semantic segmentation—agree on the assigned class label. Conversely, 
when all three predictions differ, the semantic category of the object is 
marked as unknown. 
    In the final stage of the validation procedure, remaining YOLACT 
detections with confidence scores exceeding 50% that have not been 
previously associated with any YOLOv5 detections are examined. For 
these instances, semantic consistency is assessed by comparing the 
YOLACT-predicted class label with the dominant semantic category 
extracted from the segmentation map within the corresponding region 
of interest (ROI). 
     In a similar manner, YOLOv5 detections that have not been matched 
during the earlier validation steps are also processed. Their semantic 
labels are verified using the semantic segmentation output by analyzing 
the dominant class distribution within the bounding box ROI. 
    At the conclusion of the validation pipeline, a consolidated set of 
object bounding boxes with verified semantic labels is obtained. For 
detections associated with YOLACT instances, the corresponding 
instance segmentation masks are directly adopted. In cases where no 
instance mask is available, object masks are generated by extracting 
pixels belonging to the validated semantic class within the bounding 
box region from the semantic segmentation map. 





























https://youtu.be/Bit3DkKeyK4?si=rI7JnVAPDLr4-i0F
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   The resulting dataset is suitable for training data-driven appearance 
embedding models and similarity learning frameworks, and can be 
directly applied to pedestrian re-identification and data association 
tasks in multi-object tracking pipelines. 
   The main characteristics and statistical properties of the dataset are 
summarized in Table 3.13. It is worth noting that some cropped samples 
exhibit lower spatial resolution compared to datasets acquired with 
higher-resolution thermal sensors [226]. This effect is primarily caused 
by the large distance between pedestrians and the vehicle-mounted 
thermal camera at the time of acquisition. 
   The dataset has been made publicly available to facilitate 
reproducibility and further research, and can be accessed at 5 

                Table 3.13: The characteristics of the dataset 
 

 

 

 

 

 

3.3.6.2 Semantic Segmentation Dataset used for MOTSV 

    Semantic segmentation represents a fundamental component of 
perception systems for autonomous driving, as it enables a structured 
understanding of the surrounding environment and supports higher-
level tasks such as object detection and multi-object tracking. In 
particular, semantic information extracted from thermal imagery can 
significantly enhance robustness under adverse illumination and 
weather conditions.  
    The thermal semantic segmentation dataset introduced in this work 
was acquired using three different long-wave infrared camera models: 
FLIR PathFindIR, FLIR Tau 2, and FLIR Vue Pro. The dataset consists of 
approximately 3,500 real-world thermal images with a native 
resolution of 640×480 pixels. All images were manually annotated over 
multiple years, following a rigorous quality control procedure to ensure 
labelling accuracy and consistency. 

                                                        
5 https://users.utcluj.ro/~mmp/DatasetPaper/ 

Attribute Value 
Video Sequences Used 160 

Total Extracted Image Samples 26153 
Pedestrian Instances 207 

Camera Position Vehicle Mounted 
Pixel Resolution 8bpp 

Original Image Resolution 640x480 

https://users.utcluj.ro/~mmp/DatasetPaper/
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Data acquisition was conducted across all seasons and under a wide 
range of environmental conditions relevant to driving scenarios, 
including daytime and nighttime operation, clear weather, rain, fog, as 
well as cold and warm temperature regimes. Furthermore, the dataset 
was collected in three different urban environments, capturing diverse 
scene layouts, viewpoints, traffic densities, and partial occlusions. All 
images correspond exclusively to outdoor driving scenarios. Each 
annotation was carefully verified and refined whenever inconsistencies 
or labelling artifacts were identified. 

    The dataset includes pixel-level annotations for the following 
semantic classes, together with their corresponding RGB encoding 
scheme: road (128, 64, 128), sidewalk (244, 35, 232), building (70, 70, 
70), live fence (190, 153, 153), fence (160, 100, 0), pole (153, 153, 153), 
traffic light (250, 170, 30), traffic sign (220, 220, 0), vegetation (107, 
142, 35), sky (70, 130, 180), person (227, 15, 60), cyclist (255, 0, 0), 
animal (160, 180, 75), car (90, 92, 216), truck (0, 0, 70), bus (0, 60, 
100), motorcycle (0, 0, 230), bicycle (119, 11, 32), lane markings (255, 
140, 0), curb (64, 0, 0), other object (0, 74, 111), unknown (11, 11, 11), 
wall (0, 0, 0), parking space (250, 170, 160), and terrain/field (152, 251, 
152). In addition to the class definitions listed above, the annotation 
process followed a set of consistent labeling guidelines to ensure inter-
annotator consistency across the dataset. This procedure contributed to 
minimizing class ambiguities and maintaining homogeneous annotation 
quality across acquisition sessions and annotators. 

 

 

 
Figure 3.30. Sample images from the proposed dataset 
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Representative samples from the thermal semantic segmentation 
dataset are illustrated in Figure 3.30.    
    It should be noted that, out of the total 3,500 images included in the 
proposed dataset, 200 samples were additionally annotated from the 
FLIR ADAS thermal dataset [214], as these sequences contained scene 
configurations and environmental conditions that were not sufficiently 
represented in the remaining data. The main characteristics of the 
resulting dataset are summarized in Table 3.14. 

Table 3.14. Attributes of the proposed semantic segmentation dataset 

Attribute Value 

Video Sequences Used 200 
Total Annotated Images 3500 

Number of Semantic Classes 25 
Camera Position Vehicle Mounted 
Pixel Resolution 8 bpp 

Image Resolution 640 X 480 
Time of the day Day/Night 

Seasons Covered 4 (Spring, Summer, Autumn, 
Winter) 

  Table 3.15 summarizes a comparative evaluation of the previously 

described thermal semantic segmentation dataset in relation to existing 

publicly available datasets reported in the literature. All considered 

datasets provide annotated data acquired in automotive driving 

scenarios, enabling a consistent and fair comparison. 

Table 3.15 Comparative Evaluation of Semantic Segmentation Datasets 

Dataset Nr of 
Images 

Semantic 
Classes 

Nr of 
cameras 
used 

Image 
Resolution 

Seasons 

Proposed 3500 25 3 640x480 4 
SODA [208] 2168 20 1 640x480 Not 

Specified 
CrosIR [209] 376 1 1 640X480 1 
MFNet [213] 1569 8 1 640X480 Not 

Specified 
SCUT-
Seg[212] 

2010 10 1 576 X 720 2 
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Chapter 4. Sensor Fusion 

4.1 Introduction 

4.1.1 Generalities 

    Perception of dynamic environments constitutes a fundamental and 
highly demanding component of autonomous driving and advanced 
driver assistance systems. The reliable detection and interpretation of 
all traffic participants, with particular emphasis on vulnerable road 
users, represent critical prerequisites for the effective operation of core 
subsystems such as collision avoidance, localization, and trajectory 
planning. The inherent complexity of real-world environments, 
combined with the diverse and often unpredictable behavior of road 
participants, significantly increases the difficulty of designing robust 
and dependable perception frameworks. Autonomous systems are 
therefore required to operate under a wide range of challenging 
scenarios, including densely populated urban environments 
characterized by the simultaneous presence of multiple static and 
dynamic entities, such as vehicles, pedestrians, cyclists, and other 
objects. 
    To address these challenges, modern perception architectures rely on 
heterogeneous sensing technologies and measurement modalities, 
which provide complementary and redundant representations of the 
surrounding environment. In the literature, the term modality is 
commonly employed to denote the distinct acquisition frameworks 
associated with different sensor types. However, data acquired from a 
single sensing modality is generally insufficient to provide a complete 
and reliable representation of the environment, particularly in the 
presence of adverse weather conditions, partial occlusions, or sensor-
specific limitations. 
    Sensor fusion aims to overcome these limitations by integrating 
incomplete and imperfect information obtained from multiple 
complementary sensors in order to derive a more comprehensive and 
consistent interpretation of the scene. While the use of multiple sensing 
sources improves robustness and reliability, it also introduces a series 
of additional challenges that extend beyond the processing of individual 
sensor streams. These challenges include, but are not limited to, cross-
sensor data association, selection of appropriate fusion architectures, 
management of false alarms and missed detections, accurate spatial and 
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temporal calibration, and the efficient combination of heterogeneous 
information under varying environmental conditions. 
    Although the concept of sensor fusion has been extensively studied, 
recent advances in sensing technologies, computational hardware, and 
data processing methodologies have enabled real-time multi-sensor 
fusion to become a practical and scalable solution for autonomous 
systems. As discussed in the previous chapter, sensor fusion can also be 
formulated as a state estimation and filtering problem, in which 
measurements from multiple sensors are jointly exploited to estimate 
the system state over time. Consequently, several principles and 
algorithmic strategies commonly employed in multi-object tracking are 
directly applicable to sensor fusion frameworks, enabling consistent 
and temporally coherent perception of dynamic environments. 
 The general pipeline of a sensor fusion system contains the following 

steps: 

 Data Acquisition 

 Registration (spatial and temporal alignment) 

 Gating 

 Filtering (data association and tracking) 

 Track management (logical analysis of results) 

 Temporal and spatial integration 

   The fusion of data originating from multiple sensing sources offers 

several significant advantages when compared to the use of a single 

sensing modality. First, when multiple homogeneous sensors are 

deployed (for instance, multiple radar units), the optimal combination 

of their observations enables a more accurate and reliable estimation of 

object attributes, such as position and velocity. Although similar 

improvements can be achieved by integrating measurements from a 

single sensor over time, the use of multiple redundant sensors 

accelerates the convergence toward accurate estimates and additionally 

provides fault tolerance in the event of sensor degradation or failure. 

    A second major advantage arises from the fusion of heterogeneous 

sensors that measure the same physical quantities using different 

sensing principles. For example, three-dimensional object position can 

be estimated using both radar and LiDAR sensors; however, by jointly 

processing the measurements from these complementary modalities, a 

more precise and robust position estimate can be obtained. Such 

redundancy is particularly beneficial under adverse environmental 
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conditions, where the performance of individual sensors may degrade 

differently. 

    The third advantage relates to enhanced observability achieved 

through the combination of complementary sensing capabilities. By 

extending the set of observable properties beyond those provided by 

individual sensors, multi-sensor fusion enables a more comprehensive 

representation of the environment. A representative example is the 

joint use of radar and forward-looking infrared (FLIR) imaging sensors 

for aerial target monitoring [249]. While the imaging sensor provides 

accurate angular information, the radar system supplies reliable range 

measurements. The integration of these complementary observations 

yields a more precise and stable localization of the target than would be 

possible using either sensor independently. 

    Furthermore, the effective fusion of complementary sensor data 

facilitates improved object identification and tracking performance. By 

incorporating sensor-specific features into data association and 

tracking frameworks, the system can achieve more robust identity 

preservation and reduce ambiguities in complex multi-object scenarios. 

4.1.2 Common Sensors used in Autonomous Systems and Their 

Properties 

    In sensor fusion applications, multiple complementary sensing 
modalities are employed to perceive the surrounding environment. The 
use of heterogeneous sensors provides redundancy, which increases 
system reliability by offering fallback capabilities in the event of sensor 
malfunction or degradation. At the same time, sensor complementarity 
enables robust operation across diverse environmental conditions and 
traffic scenarios. Moreover, the availability of redundant measurements 
originating from different sensing principles contributes to reducing 
uncertainty in estimated quantities, such as object position, velocity, or 
orientation. 
    Among the most commonly deployed sensors in autonomous and 
advanced driver assistance systems are cameras, LiDARs, RADARs, 
ultrasonic sensors, Global Positioning System (GPS) receivers, and 
Inertial Measurement Units (IMUs). Each of these sensing technologies 
provides distinct types of information and exhibits specific operational 
characteristics, advantages, and limitations. 
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automotive applications typically exceed 20 kHz, placing them beyond 
the range of human auditory perception. These acoustic waves are 
capable of propagating through various media and may penetrate 
certain materials that are opaque to visible light. 
When interacting with moving targets, ultrasonic waves may also 
exhibit Doppler frequency shifts, enabling limited motion-related 
measurements. Nevertheless, the comparatively low propagation speed 
of sound imposes inherent latency constraints on SONAR systems, 
making them less suitable for long-range or high-speed sensing tasks. In 
addition, sensor performance is sensitive to environmental conditions, 
as contaminants such as dust, ice, or moisture on the transducer surface 
can significantly degrade signal quality. 
    Signal attenuation further limits the effective operational range of 
ultrasonic sensors. As acoustic waves propagate, their intensity 
decreases with distance, resulting in weaker reflected signals and 
reduced detection reliability. Consequently, SONAR sensors are 
primarily deployed in short-range applications, such as parking 
assistance and low-speed maneuvering. Surface characteristics of target 
objects also influence reflection behavior. Highly smooth or wet 
surfaces may cause specular reflections, redirecting acoustic energy 
away from the receiver and leading to weak or ambiguous echo 
responses that can be difficult to distinguish from background noise 
[259]. 

GPS  

    The Global Positioning System (GPS) [260], also known as NAVSTAR 
(Navigation System with Timing and Ranging), was initially developed 
in 1973 through a joint military initiative with the objective of enabling 
precise navigation for maritime and defense applications. At present, 
the GPS constellation comprises approximately 31 operational satellites 
deployed in medium Earth orbit, with orbital planes inclined at 
approximately 55 degrees relative to the equatorial plane. 
    GPS is part of the broader class of Global Navigation Satellite Systems 
(GNSS), which also includes GLONASS (Russia), BeiDou (China), and 
Galileo (Europe). These satellite constellations are configured to ensure 
that, at any given time and geographical location, a minimum of four 
satellites are visible to the receiver. Three satellites are required to 
determine the three-dimensional position of the receiver, while the 
fourth enables precise synchronization of the receiver clock through 
signal time-of-flight estimation. 
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    Each satellite periodically transmits navigation messages at a data 
rate of approximately 50 bits per second. These messages consist of 
three main components. The first component contains satellite health 
status and time information. The second component, referred to as the 
ephemeris, provides high-precision orbital parameters for the 
transmitting satellite. The third component, known as the almanac, 
contains coarse orbital information for the entire satellite constellation 
and is transmitted in segmented form. A complete almanac download 
requires approximately 12.3 minutes. 
    Based on the availability of navigation data, GPS receivers operate 
under different initialization modes. During a cold start, the receiver 
must acquire the full almanac and ephemeris information, resulting in 
acquisition times that may exceed 10–15 minutes. A warm start occurs 
when almanac data are already available and only ephemeris updates 
are required, leading to significantly reduced acquisition times. In the 
case of a hot start, both ephemeris and almanac information are up to 
date, allowing position estimates to be obtained within a few seconds. 
Assisted GPS (A-GPS) further reduces initialization time by retrieving 
navigation data through cellular networks. Position information is 
commonly transmitted using the NMEA 0183 communication protocol. 
Positioning accuracy can be enhanced through the use of augmentation 
systems. The Wide Area Augmentation System (WAAS) employs a 
network of ground reference stations that estimate correction 
parameters, which are subsequently transmitted via geostationary 
satellites to end users. Differential GPS (DGPS), in contrast, directly 
broadcasts correction data from nearby reference stations to local 
receivers using terrestrial communication channels such as radio links 
or cellular networks. Both approaches significantly improve positioning 
accuracy by compensating for atmospheric delays, clock errors, and 
orbital uncertainties. 
    In automotive applications, GPS serves as a fundamental component 
for global localization, navigation, and mapping, and is frequently 
employed for generating ground truth reference trajectories in 
perception and tracking experiments. However, GPS performance is 
inherently limited in environments with restricted satellite visibility, 
such as tunnels, urban canyons, or dense foliage. In such scenarios, 
inertial measurement units (IMUs) and dead-reckoning techniques are 
commonly integrated to maintain continuous vehicle localization. 
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IMU 

    Global positioning systems provide absolute localization information 
in the form of latitude, longitude, and altitude estimates. However, in 
high-dynamic scenarios, such as those encountered by autonomous 
vehicles operating at elevated speeds or requiring high-rate state 
updates, GPS measurements alone are insufficient to meet both 
accuracy and temporal resolution requirements. Furthermore, GPS 
performance degrades significantly in environments with limited 
satellite visibility, such as urban canyons, tunnels, underground parking 
structures, or areas with dense surrounding infrastructure. In such 
conditions, signal blockage, multipath effects, and reduced satellite 
geometry can lead to severe positioning errors or complete signal loss. 
    To address these limitations, inertial sensing is commonly integrated 
through the use of inertial measurement units (IMUs) [261], which 
enable short-term navigation continuity even in the absence of reliable 
satellite signals. An IMU is an electronic sensing module that typically 
integrates multiple motion sensors, including accelerometers, 
gyroscopes, and, in some configurations, magnetometers. These sensors 
measure linear acceleration, angular velocity, and magnetic field 
orientation relative to an inertial reference frame. For reliable 
estimation of three-dimensional motion and orientation, each sensing 
modality is generally implemented with at least three degrees of 
freedom. 
    Compared to GPS, IMUs provide measurements at substantially 
higher sampling rates, enabling rapid state propagation and short-term 
motion estimation. This property makes inertial sensing particularly 
valuable for bridging localization gaps during GPS outages and for 
supporting smooth vehicle motion estimation in challenging 
environments. 
    Despite their high temporal resolution, IMU measurements are 
affected by sensor noise, bias drift, and scale factor errors. 
Consequently, standalone inertial navigation leads to accumulating 
position and orientation errors over time. To mitigate these effects, IMU 
biases and error parameters are typically incorporated into the system 
state vector within sensor fusion frameworks and are continuously 
corrected through probabilistic filtering techniques [262]. 
    A comprehensive understanding of the surrounding environment is 
achieved by fusing complementary and redundant information from 
multiple sensing modalities. As highlighted in the preceding sensor 
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overview, each individual sensor exhibits inherent limitations and 
failure modes. By combining heterogeneous data sources, autonomous 
systems can construct a more robust representation of the 
environment, thereby improving perception accuracy, localization 
stability, and overall operational safety. 

4.1.3 The JDL Model  

    The advancement of modern sensor fusion methodologies has been 
strongly influenced by the rapid progress in high-performance 
computing platforms, the availability of high-frequency processors, and 
large-scale defense research initiatives. A significant historical 
milestone in this context was the Strategic Defense Initiative (SDI), 
announced on March 23, 1983 by the United States administration, 
which stimulated extensive research activities in multisensor 
information processing and real-time data integration. 
   As the field of data fusion matured, the Joint Directors of Laboratories 
(JDL) Data Fusion Working Group was established with the objective of 
facilitating collaboration among defense researchers and system 
developers, as well as standardizing terminology and conceptual 
frameworks related to multisensor data fusion [263]. One of the key 
outcomes of this initiative was the development of the JDL process 
model, which provides a structured representation of the functional 
components, processing stages, and information flows involved in data 
fusion systems. 
The JDL process model has since been adopted across a wide range of 

 

Figure 4.1. The main components of the JDL process model [263] 
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application domains and has undergone multiple revisions to 
accommodate evolving technological requirements and application 
scenarios. The version illustrated in Figure 4.1 corresponds to the 
updated formulation reported in [263]. 
The main processing levels defined within the JDL data fusion process 

model can be summarized as follows: 

 Level 0 (Signal and Data Pre-processing): This level addresses 

the initial processing of raw sensor data, independent of sensor 

modality. It typically includes operations such as noise 

reduction, signal conditioning, feature extraction, and data 

normalization, which prepare the measurements for subsequent 

fusion stages. 

 Level 1 (Object Refinement): This level focuses on the 

integration of multisensor information in order to estimate and 

refine the properties of individual objects. Typical outputs 

include object state attributes such as position, velocity, identity, 

size, and other measurable or inferred characteristics derived 

from sensor observations. 

 Level 2 (Situation Assessment): At this stage, relationships 

among objects are analyzed within the context of the 

surrounding environment. This includes understanding spatial 

configurations, interactions among entities, and the overall 

situational context in which the objects operate. 

 Level 3 (Impact Assessment and Threat Projection): This 

level is responsible for predicting the future states of objects and 

assessing potential risks or hazardous situations. It supports 

decision-making by evaluating whether planned actions can be 

executed safely and by identifying scenarios that require 

preventive or corrective measures. 

 Level 4 (Process Refinement and Resource Management): 

The highest level supervises and optimizes the overall fusion 

process. It addresses adaptive resource allocation, performance 

monitoring, and system-level optimization in order to improve 

computational efficiency, robustness, and real-time 

performance. 

    The database component provides persistent storage and retrieval 
mechanisms for auxiliary information that supports the fusion pipeline.     
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Typical examples include access to digital maps, prior environmental 
knowledge, or historical data, which can be leveraged by downstream 
modules such as localization and path planning. The human interaction 
component is commonly implemented through a human–machine 
interface (HMI), such as a display or touch panel, which enables the 
visualization of relevant system states and informative feedback for the 
end user. 
    With the rapid development of autonomous driving technologies, the 
authors of [264] proposed an adaptation of the JDL data fusion 
framework tailored to automotive applications. In this revised 
formulation, each processing level of the JDL model is mapped onto a 
corresponding functional layer of the autonomous vehicle architecture. 
Figure 4.2, adapted from [264], illustrates the conceptual 
correspondence between the JDL fusion levels and the principal 
perception, decision-making, and control layers of a self-driving system. 
    The Perception Layer comprises all processing modules responsible 
for constructing a virtual representation of the physical environment 
based on sensor data. The Decision and Application Layer includes the 
decision-making and trajectory planning components required to guide 
the autonomous system from an initial state toward a target goal. 
Finally, the Action and HMI Layer encompasses the control mechanisms 
that interface with the vehicle actuators, such as steering, braking, and 
throttle control, as well as the human–machine interaction components. 
The JDL framework does not prescribe a specific implementation 
strategy for data fusion, nor does it define explicit mechanisms for 
information exchange between processing layers. Consequently, 
multiple system architectures have been proposed in the literature, 

 

Figure 4.2. Adaptation of JDL model for automotive applications [264] 
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each tailored to the available computational resources, real-time 
constraints, and the chosen fusion strategy across the perception and 
decision-making pipeline. 

4.1.4 Challenges of Sensor Fusion for Autonomous Systems 

    Sensor fusion integrates information acquired from multiple sensing 
modalities with the objective of obtaining more accurate and reliable 
estimates of the parameters contained in the system state vector. As 
previously discussed, sensor fusion and multi-object tracking share 
several fundamental processing stages, including measurement 
validation (gating), data association, and state estimation through 
filtering techniques. Consequently, many of the challenges encountered    
in tracking pipelines are also inherent to the design and 
implementation of sensor fusion systems. In addition to the aspects 
already addressed in Chapter 2, this section introduces a set of further 
challenges specific to multi-sensor fusion architectures. Several of these 
issues have been systematically analyzed in the works of Hall and 
Steinberg [265] and in the JDL data fusion framework [263]. 
  No fusion strategy can compensate for the absence of reliable 

measurements of the physical quantities of interest. Sensor fusion is 
meaningful only when the relevant properties can be directly 
measured or robustly inferred from the available sensing 
modalities; otherwise, the fusion process becomes ineffective. 

 Advanced fusion algorithms and pattern recognition techniques 
cannot substitute inadequate preprocessing or poor-quality sensor 
data. Once erroneous or degraded information enters the fusion 
pipeline, subsequent fusion stages cannot fully mitigate these 
deficiencies. For instance, in high-level fusion architectures, object 
detections generated by individual sensors must exhibit high 
accuracy in order to enable reliable fusion outcomes. Consequently, 
careful design and validation of each stage in the perception 
pipeline are essential. 

 Accurate sensor modeling constitutes a fundamental prerequisite 
for successful fusion. Sensor parameters must be derived from 
validated technical specifications and empirical calibration data. The 
use of ad hoc assumptions or overly optimistic noise covariance 
estimates may lead to biased state estimates and can ultimately 
degrade fusion performance below that of individual sensors. 
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 Despite substantial advances in sensor fusion research and the 
availability of numerous sophisticated algorithms, no universal 
solution exists that can address all operational scenarios. Fusion 
methods must be adapted to the specific application context and 
sensor configuration. In practice, many real-world scenarios violate 
common fusion assumptions, such as statistical independence 
between measurements or the availability of reliable prior 
distributions, which further complicates algorithm selection and 
deployment. 

 Data-driven fusion methods based on neural networks are 
constrained by the availability and diversity of training data. Since 
exhaustive coverage of real-world scenarios is impractical, purely 
learning-based approaches may suffer from limited generalization. 
Hybrid fusion strategies that integrate model-based and data-driven 
components typically offer enhanced robustness. 

 Quantifying the overall effectiveness of a fusion system at the 
mission or system level remains a challenging open problem [347].  

 Sensor fusion operates as a dynamic and iterative process that 
continuously refines state estimates. Therefore, computational 
efficiency is critical to ensure timely integration of incoming 
measurements. Excessive processing latency can result in outdated 
estimates and reduced situational awareness. 

 Even with state-of-the-art registration and calibration techniques, 
achieving perfect spatial and temporal alignment across 
heterogeneous sensors remains difficult, particularly in dynamic 
environments. 

 Multi-sensor systems typically involve significantly higher 
deployment and maintenance costs compared to single-sensor 
configurations, which must be considered in practical system 
design. 

 Ideally, measurement errors originating from different sensors 
should exhibit distinct statistical characteristics and minimal 
correlation, as correlated error sources can reduce the effectiveness 
of fusion and lead to biased estimates. 

    Additional limitations and challenges associated with sensor data 

fusion, categorized according to the JDL processing levels at which they 

may arise, are summarized in Chapter 21 (“Multisensor Data Fusion”) of 

[266], specifically in Table 21.2. 
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4.2 Review of Sensor Fusion Methods 

4.2.1 Fusion Architectures  

    Depending on the available computational platforms, three distinct 
architectures can be implemented: centralized, distributed, and hybrid. 
Each of these fusion architectures exhibits specific advantages and 
disadvantages. 
    Centralized architectures have a relatively simple structure, do not 
require the use of distributed computing techniques, and achieve the 
highest performance when all sensors measure the same physical 
properties. In this type of architecture, raw measurements are collected 
within a central processing block. At the moment when the fusion 
algorithm is initiated, it has access to the complete set of data 
originating from all available sensors. The main disadvantage of this 
fusion solution lies in the increased complexity of the fusion algorithm, 
compared to the algorithms employed in other types of architectures 
(for example, hybrid architectures), since it must interpret and process 
large volumes of data at very high sampling frequencies. Figure 4.3, 
which was taken from [264] and slightly reconditioned in order to 
improve visual quality, illustrates the main computational blocks of the 
centralized fusion architecture.  

 

   Figure 4.3 presents the general architecture of a centralized fusion 
system. It is worth emphasizing the similarities between the fusion 
system and the pipeline structure of a multi-object tracking application. 
The sensors are denoted as Sensor 1, Sensor 2, and so forth, while the 
spatio-temporal alignment refers to the processing steps required to 
bring all information into a common reference frame by applying 

Figure 4.3.  Architecture of a system with centralized fusion [264] 
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various motion correction techniques. The terms gating, association 
and filtering, as well as prediction, have the same meaning as in the case 
of object tracking applications. The central track management module 
provides the appropriate measurement covariance matrices to the 
subsequent functional block or is responsible for selecting the required 
type of prediction or update. For instance, some sensors may be 
characterized by non-linear measurement models, whereas others may 
rely on linear measurement models; in this context, the central track 
management is responsible for selecting the appropriate functions 
according to the measurement models of the sensors. 
Figure 4.4 illustrates the distributed fusion architecture, taken from 
[264] and reconditioned. One of the main advantages of this type of 
architecture is its reduced sensitivity to the correct alignment of sensor 
data. Data are pre-processed on each computing module on which they 
are deployed, and the results are subsequently aggregated within a 
central processing unit, thereby reducing the computational burden 
that characterizes centralized fusion architectures. The modular and 
scalable nature of this architecture represents another important 
advantage, as it enables the mitigation of data congestion and provides 
increased robustness to sensor failures compared to the previously 
presented architecture.  

   Each sensor can be processed using different methods, and the final 
input to the central processor consists of the processed data, together 

 

Figure 4.4. Architecture of a distributed fusion system [264] 
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with all attributes resulting from the pre-processing stage. The main 
drawbacks of this architecture are related to the assumption that 
sensors operate independently from one another (an assumption that is 
not always valid) and to the increased costs associated with the 
addition of multiple computing platforms to interface with each sensor 
(for example, in scenarios where each sensor is connected to a different 
computer and the final results are aggregated on another device). 
Furthermore, each computing module that must be interfaced with the 
central processing unit may represent a potential point of failure; 
consequently, a larger number of modules implies a larger number of 
possible failure points. The meaning of the terms presented in Figure 
4.4 remains identical to that described for Figure 4.3. 
    The hybrid fusion architecture combines centralized and distributed 
fusion paradigms. It generally extends centralized fusion by applying 
dedicated processing algorithms to each sensor. For example, temporal 
and spatial alignment and tracking can be performed independently for 
each sensor, while the fusion center carries out an additional 
association stage across sensors, followed by filtering based on the 
temporally aligned and associated data.  
    Each type of measurement acquired from different sensors can be 
regarded as a form of redundant or backup measurement: the overall 
system performance is improved when such measurements are 
available, yet the system is also capable of operating in the absence of 
data from certain sensors. This type of architecture preserves the 
advantages of centralized fusion architectures while simultaneously 
providing the robustness characteristic of distributed architectures. 
The main disadvantages of this approach are related to its increased 
structural and algorithmic complexity, the necessity of introducing an 
additional module responsible for correlating tracked objects across 
multiple sensors, and the higher data transfer requirements. An 
example of this type of architecture is presented in [264]. 

4.2.2 Fusion Levels 

   Data acquired from homogeneous sensors can be fused directly at the 

measurement level. In contrast, when heterogeneous sensing 

modalities are employed, direct fusion is generally not feasible, and 

higher-level integration strategies, such as feature-level or decision-

level fusion, must be adopted. 
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Data-Level Fusion  

  Data-level fusion, ilustrated intuitively in Figure 4.5, has been 

developed on the basis of the fundamental assumption that raw sensor 

detections, communication mechanisms, and measurement pre-

processing stages are reliable, and that, as a consequence, the main 

focus can be shifted toward the design and implementation of fusion 

algorithms, with the objective of obtaining output data that are more 

accurate and more informative than the original information supplied 

individually by each sensor [267]. The sensors that are employed 

within this type of architectural framework are regarded as being 

homogeneous in nature. This fusion approach is based on the use of a 

centralized processing architecture, and sensor arrays are generally 

employed in order to achieve an increased level of robustness. A variety 

of pre-processing techniques can be applied to the raw input data with 

the purpose of performing noise reduction. Research interest 

associated with this type of fusion is also oriented toward data 

association techniques, feature extraction methods, classification 

approaches, and data compression strategies [268].  

Feature-Level Fusion 

    The features that are extracted from multiple heterogeneous sensors 

can be fused together in order to create a hyper-dimensional feature 

vector that is capable of describing, in a highly adequate and detailed 

manner, the objects present in the environment. Such features can be 

utilized in classification processes, in data association and tracking 

 

Figure 4.5. Schematic of the data-level fusion architecture [263]. 
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tasks, or can be employed to support other system modules (such as the 

path planning module) in making more informed and more reliable 

decisions [269]. Feature-level fusion is also referred to as tight 

coupling. In Figure 4.6, the schematic representation of feature-level 

fusion is presented, which has been taken from reference [263]. 

The architectures that can be employed in conjunction with feature-

level fusion include centralized fusion architectures and distributed 

architectures (in which each node of the distributed architecture is 

responsible for extracting information from a single sensor). In the case 

of centralized fusion, the fusion node receives raw sensor information, 

performs the extraction of relevant features, and subsequently carries 

out the fusion process. In the distributed fusion scenario, the fusion 

node receives the extracted features from each individual sensor node 

and is required only to execute the fusion algorithm. 

 

Decision-Level Fusion  

     Decision-level fusion generates a new unique identity as a result of 

the fusion process for objects originating from different sensors that 

have already been assigned an identity (which may correspond either 

to a shallow identity or to an identity that has been assigned through 

the tracking of objects by a specific sensor). The new identity is 

provided after the completion of the fusion process, and the newly 

 

Figure 4.6. Feature level Fusion Diagram [263] 
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created object contains the information originating from all sensors 

that were taken into consideration during the fusion stage [270, 271]. 

This type of fusion makes use of information from sensors that can be 

either homogeneous or heterogeneous, and the information provided 

by these sensors has already been processed to a certain extent, such 

that higher-level decisions can be performed. One of the main 

advantages of this type of fusion is that sensor information originating 

from heterogeneous sensors can be processed by using different 

algorithms [272]. Other advantages include an improvement in decision 

accuracy and a reduction in communication bandwidth requirements 

(since it is no longer necessary to transmit all raw sensor data, and the 

size of the processed information is significantly reduced). In Figure 4.7, 

which has been taken from reference [263], the conceptual architecture 

of decision-level fusion is presented. 

     Due to the fact that the desired information has already been 
segmented from the raw sensor data at the moment of fusion (for 
example, in the automotive domain, objects are extracted from raw 
point cloud data), this type of fusion can also be regarded as a loosely 
coupled sensor fusion approach. 

 

4.2.3 Data Registration 

    In sensor fusion, multiple sensor measurements are combined with 
the objective of obtaining a more robust and reliable representation of 
information from redundant data sources. The inputs of a fusion system 
may vary and can include raw sensor data, feature vectors, or high-level 
detections. Typically, within the fusion process, the input data are 

 

Figure 4.7. Decision-Level fusion architecture [263] 
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compared by means of a dedicated algorithm, after which a specific 
fusion strategy is applied. In order to enable an efficient comparison of 
input data originating from independent physical sensors, all 
information must be transformed to a common time reference and a 
common coordinate system. This procedure is known in the scientific 
literature under several denominations, the most frequently used being 
data registration and motion correction [273]. Data registration 
represents a pre-processing operation and can be applied to multi-
dimensional input data. Nevertheless, in most practical 
implementations in which registration is employed, the data are limited 
to two-dimensional or three-dimensional representations. Additional 
difficulties may arise in situations in which objects are occluded in the 
data acquired by certain sensors, while remaining visible in others. The 
registration techniques discussed in this section are applied to both 
image data and range data. 
    In the context of image registration, the primary objective is to 

determine the correct mapping between one image and another image. 

Ideally, all features extracted from one image should be mapped onto 

the corresponding features in the second image. However, due to the 

presence of sensor noise, it is uncommon that for all detected features 

in the observed image a corresponding feature can be found in the 

reference image. For this reason, a wide range of techniques have been 

investigated in order to determine optimal mappings even under 

challenging conditions [274]. Image stitching, which is used for the 

generation of panoramic images, relies on image registration in order to 

merge overlapping regions of multiple images [275]. In the medical 

domain [276], image registration is employed to achieve a more 

comprehensive characterization of patient-related conditions, with the 

prerequisite that the combined images originate from the same patient. 

Furthermore, reference [276] also discusses the challenges 

encountered when fusing and combining multiple medical images. Such 

difficulties may be caused by variations in contrast, sharpness, and 

resolution, as well as by differences in image dimensionality. In [277], 

the authors propose a rectification-based approach for transforming 

two images, namely a thermal image and a grayscale image, into a 

common stereo configuration with parallel optical axes. Features are 

extracted in the frequency domain and subsequently correlated 

between the two images. Wavelet-based features, such as Haar, Symlet, 
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and Daubechies wavelets, are employed in order to establish 

correspondences between images. A combination of wavelet-based 

feature extraction, normalized cross-correlation, and image-based 

matching techniques is used for image registration, since these 

approaches provide a sufficient number of matching points to enable 

successful image alignment [278]. 

    The problem of point cloud registration has been extensively studied 

for more than three decades. For instance, in [279], the authors propose 

a solution for point cloud alignment under the assumption that point 

correspondences are known a priori. For a given set of corresponding 

points, the authors introduce a solution based on a least-squares 

transformation model, involving rotation and translation, combined 

with the singular value decomposition of a 3×3 matrix. Although this 

method provides a valid solution to the point cloud registration 

problem, it relies on the assumption that point correspondences are 

directly available after point cloud acquisition, which is generally not 

the case in practical scenarios. Consequently, in order to successfully 

register two acquired point clouds, it is first necessary to identify 

correspondences between the points belonging to the two three-

dimensional scans. From a general methodological perspective, 

registration approaches can be classified into the following main 

categories: iterative methods, probabilistic methods, and other 

alternative approaches. 

    Iterative methods represent some of the most widely used 

approaches for point cloud registration and have attracted continuous 

research interest and development. In general, Iterative Closest Point 

(ICP)-based solutions consist of two main stages: correspondence 

estimation and transformation estimation. Besl and McKay were the 

first to introduce an iterative approach [280] aimed at minimizing the 

Euclidean distance between points belonging to two scans and at 

estimating the relative transformation between them. Their method is 

commonly referred to as the Iterative Closest Point (ICP) algorithm and 

remains one of the most extensively applied techniques for point cloud 

alignment. Since its initial introduction, numerous variants of the 

algorithm have been proposed in the literature, each aiming to improve 

computational efficiency or robustness to noise [281, 282, 283, 284]. 

Certain extensions of the ICP framework incorporate point-to-plane 
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distance metrics [285] for estimating transformation parameters. 

Fundamentally, the operational principle of these approaches is similar 

to that of point-to-point methods, with the difference that the error is 

minimized along the surface normal direction. More specifically, these 

methods minimize the orthogonal distance between points in one point 

cloud and the plane defined by the corresponding surface in the second 

point cloud. Another variation of the ICP algorithm involves the use of 

plane-to-plane distance metrics [286]. In this case, surface normals of a 

two-dimensional manifold representation of the point cloud are 

considered, and correspondences are established based on point-to-

plane distance criteria. 

    An additional approach presented in [287] focuses on improving the 

performance of ICP-based registration by incorporating information 

related to the velocity of the vehicle on which the sensors are mounted. 

In many practical scenarios, point cloud processing algorithms assume 

that all points within a scan are acquired simultaneously. However, 

when the sensing platform is in motion, this assumption may lead to the 

accumulation of temporal errors as multiple point clouds are fused over 

time. Two of the main factors contributing to the widespread adoption 

of ICP-based solutions are their relative simplicity and their high 

computational efficiency. 

    Probabilistic registration approaches have emerged in response to 

the limitations of previously discussed methods, which do not explicitly 

account for the fact that two consecutive scans rarely contain exact 

point-to-point correspondences. Furthermore, since point clouds are 

often only partially overlapping, it becomes difficult to establish reliable 

correspondences by applying simple Euclidean distance thresholds. In 

[288], the authors introduce a maximum likelihood estimation 

framework for determining the transformation matrices that align two 

point clouds, referred to as Expectation Maximization Iterative Closest 

Point (EM-ICP). This method is capable of handling noisy input point 

clouds and demonstrates that, when the point distribution follows a 

Gaussian model, the algorithm exhibits behavior similar to point-to-

point ICP approaches, with the Mahalanobis distance used as the 

similarity metric. Additional probabilistic solutions for point cloud 

registration involve the use of Gaussian Mixture Models (GMM). In such 

cases, the registration problem is formulated as a likelihood 
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maximization task. Both the transformation matrix between point 

clouds and the parameters of the GMM are estimated through 

optimization. In [289], the authors propose a deep learning-based 

approach for learning correspondences between point sets and GMM 

components, and for estimating both transformation matrices and GMM 

parameters through a forward inference process. A key advantage of 

these probabilistic methods is their robustness to noise and outliers. 

    Other registration strategies include feature learning-based 

approaches, as well as methods developed within end-to-end learning 

frameworks. Feature-based registration techniques employ deep 

learning models to extract discriminative features and to learn feature 

correspondences [290, 291]. The transformation matrix is subsequently 

estimated using a RANSAC-based approach. Features can be extracted 

from diverse data sources, ranging from RGB-D images [290] to 

handcrafted descriptors derived from point clouds and subsequently 

processed by deep neural networks [291]. These registration 

approaches present several advantages as well as notable limitations. 

One major advantage is that deep learning-based methods can establish 

reliable correspondences between input data, which can then be 

utilized within a RANSAC framework to achieve accurate registration. 

Another advantage is the relative simplicity of implementation. 

Furthermore, real-time processing capabilities can be achieved when 

using GPU acceleration. However, these methods also present 

disadvantages, including the requirement for large training datasets 

and the difficulty in maintaining high performance when processing 

scenes that differ significantly from those included in the training data. 

In addition, two separate neural networks typically need to be trained: 

one for feature extraction and another for feature correspondence 

estimation. 

    Another class of registration methods that has gained increasing 

attention consists of end-to-end learning-based approaches, which rely 

exclusively on neural networks without incorporating external 

optimization techniques for estimating transformation matrices. In 

these approaches, the input consists of two point clouds, while the 

output directly represents the transformation matrix used to align the 

point clouds. The registration problem is formulated as a regression 

task within a deep learning framework. Representative solutions of this 
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type can be found in [92, 93]. The approach presented in [94] combines 

deep learning-based feature extraction with Lukas–Kanade 

optimization for feature registration. The primary advantage of end-to-

end learning approaches lies in the fact that neural networks jointly 

optimize the registration process by integrating principles from 

classical mathematical modeling and modern deep learning techniques. 

However, a significant limitation is that the registration procedure 

effectively becomes a black-box process that directly outputs 

transformation matrices. In addition, the employed distance metrics 

may exhibit sensitivity to noise. 

    In [95], the authors provide a comprehensive survey of point cloud 

registration techniques and classify existing approaches according to 

two main criteria: registration of point clouds originating from the 

same source and registration of point clouds obtained from different 

sources. Each category is further subdivided into optimization-based 

methods, feature-based methods, and end-to-end learning-based 

approaches. 

    For the registration of heterogeneous data sources, multiple methods 

have been developed and reported in the literature [296, 297, 298]. 

Certain approaches rely on calibration parameters and aim to identify 

correspondences between points belonging to multiple planar 

structures [296], while other methods employ neural network-based 

mutual information estimation in order to achieve targetless LiDAR–

camera registration [298]. 

4.2.4 Data Fusion 

   This section provides a comprehensive review of state-of-the-art 

algorithms employed in sensor data fusion across multiple sensing 

modalities. Depending on the degree of visibility and control that a 

researcher has over the internal processing mechanisms of the sensor 

fusion module, a classification framework can be established by 

dividing existing approaches into white-box and black-box sensor 

fusion solutions. White-box approaches are based on classical 

engineering methodologies for feature extraction and on explicit 

mathematical models for information fusion. In contrast, black-box 

methods are typically founded on deep learning techniques, and the 

algorithms belonging to this category are further divided into weak 
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fusion methods and strong fusion methods. Weak fusion-based 

approaches employ predefined sets of rules in order to guide the 

processing of information from one modality by leveraging information 

originating from another modality. Strong fusion methods, on the other 

hand, perform a direct merging of information with the objective of 

obtaining results of higher quality. According to [299], strong fusion 

approaches can be further categorized based on the stage within the 

algorithmic processing pipeline of the different modalities at which the 

fusion operation is performed. The types of fusion algorithms identified 

under this classification include early fusion, deep fusion, asymmetry 

fusion, and late fusion. In addition to the fusion strategies described 

above, there also exist solutions that cannot be strictly assigned to a 

single category, as they combine multiple fusion approaches in order to 

obtain the final output. 

4.2.4.1 Model-Based Data Fusion 

    Existing algorithms that have exerted a significant influence on the 

evolution of the sensor fusion domain and that have contributed to 

major advancements within the automotive industry include solutions 

dedicated to advanced tracking techniques [300], optimal filtering 

methods [301], and multi-sensor fusion frameworks [318]. 

Contemporary state-of-the-art approaches [302, 303] typically perform 

an initial detection of object instances within the sensor domain, 

followed by tracking and fusion of the resulting detections using 

Kalman filtering techniques [302] or combinations based on the 

Dempster–Shafer theory of evidence [304]. Alternative solutions adopt 

LiDAR-based methodologies for generating object hypotheses and 

subsequently employ camera sensors for hypothesis verification [305, 

306, 307]. These methods rely on geometric feature extraction in order 

to identify three-dimensional region candidates within the LiDAR 

domain [308]. The image patch corresponding to the identified three-

dimensional region, characterized using the Histogram of Oriented 

Gradients descriptor [309], is then evaluated by multiple classifiers. 

Multi-sensor approaches that integrate LiDAR and camera data 

generally outperform algorithms based on single-sensor configurations; 

however, their performance remains limited under adverse weather 

conditions. In the work presented by Chen et al. [310], object detection 
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to estimate three-dimensional bounding box coordinates. In [332], an 

asymmetric fusion strategy between LiDAR and camera data is 

introduced, addressing the challenge of extracting fine-grained features 

from both modalities through a novel processing pipeline. This pipeline 

employs virtual camera viewpoints generated from a LiDAR point cloud 

that has undergone depth completion and RGB colorization. The 

resulting information is further refined using a convolutional neural 

network that processes cuboid proposals obtained in earlier stages 

together with depth-completed and colorized LiDAR data in order to 

generate higher-quality oriented cuboids. In [333], a method focused on 

the detection of small objects using a combined LiDAR–camera 

framework is proposed. A confidence map derived from LiDAR point 

clouds, together with RGB information, is used to enhance detection 

performance. 

    Weak fusion-based algorithms rely on rule-based mechanisms to 

guide the interaction between different sensor fusion branches using 

information originating from a specific modality. An example of such an 

approach is presented in [334], where a two-dimensional object 

proposal generated by a convolutional neural network detector is used 

to define a frustum within the LiDAR point cloud. Within the selected 

subset of raw point cloud data, object instances are segmented by 

performing binary classification at the point level. The resulting data 

are subsequently provided to a bounding box estimation network in 

order to determine the final object bounding box. In [335], a real-time 

fusion solution is introduced in which a reinforcement learning policy is 

employed to select among multiple detections originating from 

different sensing modalities, with the objective of maximizing average 

detection precision. 

    Fusion approaches that do not fall within the previously described 

categories can be considered as alternative data-driven sensor fusion 

methods. For instance, Thomas et al. [336] propose an efficient pixel-

level fusion technique based on a fully connected artificial neural 

network for combining low-light television (LLTV) camera images and 

far-infrared (FLIR) imagery, with the objective of preserving salient 

information from both sensors. Among the normalized features 

provided as network inputs are straight edges, curved edges, 

anisotropy measures, and contrast descriptors extracted from each 
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image. In [337], a novel deep learning-based LiDAR–image fusion 

network, referred to as PMNet, is introduced for extracting meaningful 

information from aerial imagery and three-dimensional point clouds.   

The fusion process exploits spatial correspondences through point-wise 

feature-level integration and demonstrates improved performance 

while maintaining low memory consumption and reduced 

computational complexity. 

    Another example of integrating two-dimensional images with three-

dimensional point clouds is presented in [338], where the authors 

propose a network architecture for accurate three-dimensional object 

detection by leveraging multiple related tasks, including two-

dimensional and three-dimensional object detection, depth completion, 

and ground plane estimation. In this framework, fusion is initially 

performed at the point and feature levels and is subsequently refined 

using outputs generated by depth completion and ground plane 

estimation modules. Caltagirone et al. introduce a novel deep neural 

network-based fusion approach for integrating LiDAR point clouds and 

camera images in order to detect road surfaces [339]. The proposed 

cross-fusion fully convolutional network (FCN) demonstrates superior 

performance when compared to single-modality methods and 

alternative fusion strategies designed for road surface detection. A wide 

range of artificial neural network models have also been developed for 

sensor fusion applications, including backpropagation neural networks 

(BPNN) [340], which utilize fully connected architectures trained 

through backpropagation and Bayesian inference; self-organizing 

feature maps (SOFM) [341], which employ competitive learning to 

construct hierarchical network structures and perform data fusion in 

wireless sensor networks; and Adaptive Resonance Theory Maps 

(ARTMAP) [342], which implement neural network models capable of 

generating one-to-many and many-to-one mappings between input 

vectors and output classes for the purpose of terrain classification and 

object recognition in complex and conflicting data environments. 
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4.3 Architectural and Methodological Enhancements to 

the Sensor Fusion Pipeline 

    This section presents the proposed enhancements to the sensor 
fusion pipeline. For clarity and continuity, selected equations are 
reintroduced, although they have been previously defined in earlier 
sections. The methods described in this section have been partially 
disseminated in peer-reviewed publications, while additional aspects, 
including the hardware architecture of the multi-sensor platform, are 
presented here for the first time. 

4.3.1 General Overview 

  In the present book, redundant information acquired from multiple 

types of sensors, including a trifocal camera, a fisheye camera, a four-

layer LiDAR, a sixteen-layer LiDAR, and a long-range RADAR sensor, is 

fused. The sensor configuration and the corresponding mounting 

arrangement on the reference vehicle (also referred to as the ego 

vehicle) are illustrated in Figure 4.8. An additional thirty-two-layer 

LiDAR sensor was installed on the vehicle; however, it was not utilized 

within the scope of the presented experiments and analyses. 

 

Figure 4.8. Position of sensors on the ego vehicle. 
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   The main processing pipeline modules are illustrated in Figure 4.9. 
Each sensor is represented using a distinct color, and, in order to 
intuitively emphasize the data flow originating from specific sensors, 
the arrows connecting the different processing modules are depicted 
using the same color as the corresponding sensor. The five 
complementary sensors employed within the proposed system are the 
trifocal camera (Trifocal Cam), the long-range RADAR (LRR), the fisheye 
camera (Fisheye Cam), and the four-layer and sixteen-layer LiDAR 
sensors. Although individual processing modules may receive input 
data from multiple sensors, the algorithms applied to each sensor type 
may differ; however, for reasons of clarity and conciseness, the modules 
are assigned generic designations. Within the presented processing 
pipeline, the Object Spatial and Temporal Alignment module and the 
LiDAR Motion Correction module are responsible for performing 
spatio-temporal alignment of raw sensor data to a common reference 
timestamp, which is defined by the front-facing fisheye camera. This 
alignment procedure is carried out at the object level for data 
originating from the long-range RADAR and trifocal camera sensors, 
and at the point cloud level within the LiDAR Motion Correction 
module, as described in Section 4.3.2. 
    The motion-corrected point clouds are subsequently projected, by 
means of the Points Projection module, onto the intensity image and 
onto a semantic segmentation image generated by the Semantic 
Segmentation module, as described in [220]. This process results in the 
creation of an enhanced point cloud representation in which each 
three-dimensional point is augmented with semantic labels and color 
information. The enhanced point clouds are then provided as input to 

 

Figure 4.9. Processing pipeline used in the self-driving car solution. 
The flow of data from each sensor to the modules is depicted using 
the sensor or module color assigned 
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the 3D Object Segmentation module, where cuboidal representations 
corresponding to real-world objects are extracted independently for 
each of the two LiDAR sensors. The objects obtained from all sensors 
are subsequently forwarded to the Object Data Association and 
Tracking modules, where sensor-specific processing algorithms are 
applied depending on the type of input data. Within the scope of this 
book, the improvements related to the data association component are 
discussed in Section 4.3.3.2. 
    Section 4.3.3.3 introduces an enhanced object-level sensor fusion 
framework for integrating complementary sensory information. While 
object detections from the majority of sensors in the presented fusion 
pipeline are provided directly as input, no dedicated object detector 
was available for the four-layer LiDAR data. Since detections from the 
four-layer LiDAR sensor are required by the fusion algorithm described 
in Section 4.3.3.1, an original object detection method specifically 
designed for four-layer LiDAR data is proposed. The object-level sensor 
fusion approach presented in Section 4.3.3.3 and is structured into two 
main components. The UKF Sensor Fusion module is responsible for 
fusing information originating from the long-range RADAR and LiDAR 
sensors, while maintaining the semantic class information provided by 
the trifocal camera as an associated attribute, without directly fusing 
the spatial positions of trifocal camera detections with the super-sensor 
object states. The Neural Fusion module subsequently integrates 
trifocal camera detections with the hypotheses generated by the UKF 
Sensor Fusion component, producing a final set of fused object 
hypotheses. 
    The sensor fusion process is executed in two successive stages. In the 
first stage, when no fused object hypotheses are yet available, objects 
originating from different sensors are associated within the Object Data 
Association module, and the resulting correspondences are combined 
to generate initial fused objects. In the second stage, newly acquired 
data from complementary sensors are associated with the fused objects 
obtained during the first stage. Subsequently, additional fused object 
hypotheses are generated for sensor measurements that cannot be 
associated with any existing hypothesis. The lifecycle management 
strategy applied to fused objects follows a similar approach to that 
described in Chapter 3. The primary objective of the sensor fusion 
module is to stabilize object state parameters, such as position and 
velocity, while simultaneously assigning a unique identifier to each 
object present within the scene. In order to validate semantic class 
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information, a neural network-based fusion mechanism is 
implemented, with the purpose of generating an additional validation 
hypothesis for each object fused using the Unscented Kalman Filter 
(UKF). The bidirectional connections between the Data Association and 
Tracking modules indicate that raw sensor data are initially processed 
by the tracking component, and that the resulting tracked object 
hypotheses are subsequently employed during the data association 
stage of the fusion process. A detailed description of the core functions 
of the fusion modules is provided in Section 4.3.1. 
   Following the sensor fusion stage, a novel Validation Module is 
introduced, with the purpose of verifying both the class labels and 
spatial positions of the generated super-sensor objects by exploiting the 
semantic segmentation image produced by the Semantic Segmentation 
module. The Validation Module is described in detail in Section 
4.3.3.3.2.  

4.3.2 Spatio-Temporal Data Alignment 

4.3.2.1 Point Cloud Motion Correction and Temporal Fusion for 4-

Layer LiDAR 

4.3.2.1.1 Motion Correction 

    The four-layer LiDAR (4L LiDAR) sensor measures the surrounding 

environment by emitting and receiving laser beams. The complete 

spatial profile of the environment is constructed through the 

continuous rotation of the mirror assembly coupled with the laser 

emission system. 

 
Figure 4.10 Measurement errors caused by motion 
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    A challenging scenario arises when environmental scanning is 
performed from a mobile sensing platform. Due to the motion of the 
vehicle, the points acquired within each individual scan are affected by 
displacement-induced distortions. An intuitive illustration of this 
phenomenon is presented in Figure 4.10. 
    Four-layer LiDAR sensors typically provide time stamp information 
corresponding to one of three possible acquisition instants: the 
beginning of the scan, the end of the scan, or the midpoint of the 
acquisition interval. In the present implementation, the time stamp 
associated with each 4L LiDAR frame corresponds to the beginning of 
the acquisition process. Based on this assumption, the time stamp of 
each individual laser point is computed by exploiting knowledge of the 
angular resolution of the scan, the total scan duration, and the channel 
identifier associated with each point. All of this information is available 
either in the sensor datasheet or in published studies that evaluate the 
performance characteristics of the sensing device [344]. A 
representative visualization of the data generated by the employed 
sensor is illustrated in Figure 4.11. 

    By exploiting the aforementioned information, the time stamp 
associated with each individual point can be computed using Equation 
(4.1), which is presented below 

                                𝑇𝑆𝑖 = 𝐶ℎ𝑎𝑛𝑛𝑒𝑙𝑖 ∗
𝛥𝑡

𝑁𝑢𝑚𝑏𝑒𝑟𝑂𝑓𝐶ℎ𝑎𝑛𝑛𝑒𝑙𝑠
            (4.1) 

    In this equation, 𝑇𝑆𝑖  denotes the time stamp corresponding to point 𝑖, 
𝐶ℎ𝑎𝑛𝑛𝑒𝑙𝑖represents the index of the 𝑖-th channel within the acquired 
data, 𝑁𝑢𝑚𝑏𝑒𝑟𝑂𝑓𝐶ℎ𝑎𝑛𝑛𝑒𝑙𝑠 denotes the total number of channels 
available for the LiDAR sensor, and Δ𝑡 refers to the time interval 
required to complete a full scan. The adopted motion correction 
approach computes geometric transformations at the level of individual 
points, as described in [345], while simultaneously relying on ego-

 

Figure 4.11. Depiction of sparse LIDAR capabilities 
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motion information provided by the inertial measurement unit (IMU) 
installed on the vehicle. 

 The adopted motion correction approach computes geometric 
transformations at the level of individual points, as described in [345], 
while simultaneously relying on ego-motion information provided by 
the inertial measurement unit (IMU) installed on the vehicle. When 
computing the point cloud transformation matrix, translational 
displacements along the 𝑥, 𝑦, and 𝑧 axes, as well as rotational 
components corresponding to pitch, yaw, and roll, are taken into 
account. Equations (4.2) and (4.3) present the mathematical 
formulation used to compute the correction transformation applied to 
each individual point. In these equations, TT denotes the target time 
stamp, TP represents the time stamp associated with the first acquired 
point, 𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛𝑀𝑎𝑡𝑟𝑖𝑥 refers to the transformation matrix 
obtained from ego-motion information and translational displacement 
values, 𝑇𝑝𝑖 denotes the time stamp corresponding to point 𝑖, and 𝐶𝑖 

represents the correction transformation applied to point 𝑖. 

                             𝛥𝐶𝑙𝑜𝑢𝑑 = 𝑇𝑇 − 𝑇𝑃              (4.2) 

                      𝐶𝑖 = 𝑒(−
𝛥𝑇𝑝𝑖
𝛥𝐶𝑙𝑜𝑢𝑑

𝑙𝑜𝑔(𝑇𝑟𝑎𝑛𝑠𝑓𝑜𝑟𝑚𝑎𝑡𝑖𝑜𝑛𝑀𝑎𝑡𝑟𝑖𝑥))                                  (4.3) 

Considering the 𝑖-th point acquired at time stamp 𝑡, characterized by 
spatial coordinates along the 𝑥, 𝑦, and 𝑧 axes, the correction applied to 
the entire point cloud is expressed by Equation (4.4). In this 
formulation, 𝑁 denotes the total number of points in the point cloud, 
while the summation operator ∑ represents the iterative aggregation 
process performed over all points belonging to the point cloud. 

 

Figure 4.12. Exemplification of the motion correction step for a 
traffic scene. 
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            𝐶𝑜𝑟𝑟𝑒𝑐𝑡𝑒𝑑𝐶𝑙𝑜𝑢𝑑(targetTime) = ∑ 𝐶𝑖 ∗ 𝑝𝑖
𝑡𝑁

𝑖=0         (4.4) 

 Figure 4.12 illustrates the effect of the point cloud motion correction 
process. The uncorrected points are represented in white, whereas the 
corrected points are depicted in red. Points located in the lower region 
of the image undergo the largest correction, while those situated in the 
upper region of the image are subject to smaller correction values. It 
should also be noted that the temporal difference between the two 
considered time stamps is relatively small; consequently, the corrected 
points (shown in red) exhibit only moderate deviations with respect to 
the original uncorrected points (shown in white). The three-
dimensional scene displayed on the right-hand side of the figure is 
presented in a magnified view in order to facilitate a clearer 
visualization of the differences between the original and the corrected 
three-dimensional point representations.         

    The results obtained after applying the point cloud motion correction 
procedure are illustrated in Figure 4.13. In this scenario, the three-
dimensional point cloud is projected onto a grayscale image. In the use 
case presented in Figure 4.13, it can be observed that, following the 
motion correction stage, the three-dimensional points are accurately 
aligned with the traffic sign pole, falling onto its correct spatial position. 
In the left-hand side figure, the original  3D points are projected onto 
the image, and it is visible that they do not fall on the corect objects. On 
the other hand in left-hand side figure, the motion-corrected points are 
projected onto the grayscale image and their position is more precise. 

 

Figure 4.13. Projection onto the image of the original and motion 
corrected point clouds. 
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4.3.2.1.2 Temporal Fusion 

     In order to achieve an increased data density, multiple point clouds 
are fused together. The underlying rationale for this approach is that 
informative elements present in a given frame, such as road surface 
points, can be propagated into subsequent frames, thereby facilitating 
and improving the performance of downstream processing tasks within 
the pipeline. In the considered experimental setup, six consecutive 
LiDAR frames are fused, as graphically illustrated in Figure 4.14. 

 The transformation function between consecutive point clouds is 
computed using the motion correction module described previously. 
The notation 𝑇(𝑖,𝑖+1) is used to denote the motion correction 

transformation applied between two consecutive point clouds. The 
mathematical formulation employed for fusing multiple point clouds is 
provided in Equation (4.5). 

     𝐹𝑖𝑛𝐶𝑙 =  ∑ 𝑇𝑖,𝑖+1𝑃𝑐𝑙𝑖
5
𝑖=1 + 𝑃𝑐𝑙6          (4.5) 

   The result of the fusion process is illustrated in Figure 4.15. On the 
left-hand side of the figure, the motion-corrected point cloud is 
presented, whereas on the right-hand side, the point cloud that has 
been both motion-corrected and temporally fused is shown. In addition, 
a video demonstrating the operation of the motion correction and 
temporal fusion is available.  The video can be viewed by accessing the  

 

Figure 4.14. Graphical depiction of the fusion process across frames 
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Figure 4.15. In the left-hand side is the corrected point cloud and in 
the right-hand side is the temporal fused cloud 
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footnote link 6.  

4.3.2.2 Object Spatial and Temporal Alignment  

      The first stage of the sensor fusion processing pipeline involves the 
spatial and temporal alignment of sensor data. All object-level 
detections originating from the individual sensors must be 
synchronized with respect to a common reference time. Temporal 
alignment is performed by selecting, for each sensor, the data frame 
whose time stamp is closest to a predefined reference time stamp, that 
is, the frame exhibiting the smallest temporal difference relative to the 
reference. 
   In order to perform motion correction, it is first necessary to account 
for the motion of the reference vehicle, also referred to as the ego 
vehicle. Since sensors typically provide only the relative velocity 
components of detected objects, denoted as 𝑉𝑟𝑒𝑙𝑥 and 𝑉𝑟𝑒𝑙𝑦, it is 

required to compute the corresponding absolute velocity components, 
𝑉𝑥 and 𝑉𝑦, along the longitudinal (𝑥) and lateral (𝑦) directions, 

respectively, as expressed in Equation (4.6). The ego vehicle velocity 
components along the 𝑥and 𝑦axes are denoted by 𝑉0𝑥 and 𝑉0𝑦. 

     𝑉𝑥 = 𝑉𝑟𝑒𝑙𝑥 + 𝑉0𝑥        

      𝑉𝑦 = 𝑉𝑟𝑒𝑙𝑦 + 𝑉0𝑦           (4.6) 

   After determining the absolute velocity of the target object, it is 

necessary to compute the position (𝑥, 𝑦) of the target vehicle after its 

displacement over a time interval Δ𝑡 within the ego vehicle reference 

frame. This can be achieved by applying the kinematic equations 

presented in Equation (4.7), where (𝑥𝑡0, 𝑦𝑡0) denote the initial spatial 

coordinates of the target vehicle prior to the motion interval: 

     𝑥 = 𝑥𝑡0 + 𝑉𝑥∆𝑡 

                                         𝑦 = 𝑦𝑡0 + 𝑉𝑦∆𝑡           (4.7) 

    The motion of the ego vehicle during the considered time interval is 

subsequently taken into account. The ego vehicle is assumed to move 

                                                        
6 https://youtu.be/Qc19N_Xp82k 
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from point A to point B over a distance 𝑆. During this displacement, the 

vehicle describes a rotational motion characterized by a swept angle 𝜃, 

which corresponds to the change in orientation resulting from the 

vehicle trajectory over the time interval Δ𝑡. The angle 𝜃 can be 

expressed as a function of the ego vehicle yaw rate 𝜑, as formulated in 

Equation (4.8). 

             𝜃 = 𝜙Δ𝑡           (4.8) 

The magnitude of the ego vehicle velocity, denoted by 𝑉0, can be 

computed using the longitudinal and lateral velocity components along 

the 𝑥 and 𝑦 axes, as expressed in Equation (4.9). 

            𝑉0 = √𝑣0𝑥
2 + 𝑣0𝑦

2            (4.9) 

Finally, the displacement S is computed as illustrated in (4.10). 

  𝑆 = 𝑉0Δ𝑡                    (4.10) 

If the angle 𝜃 is smaller than a predefined threshold value, the 
vehicle motion is approximated as linear. Otherwise, the motion is 
modeled as a circular trajectory segment, characterized by a radius 𝑅 
and a sector angle 𝜃. Under these assumptions, the traveled distance 𝑆 
can be computed using two alternative formulations. The first approach 
is expressed in Equation (4.10), while the second method is provided in 
Equation (4.11). 

      𝑆 = Θ𝑅                                  (4.11) 

     By considering the geometric representation illustrated in Figure 
4.16, it can be observed that, within the right triangle 𝑂𝐷𝐵, the 

 
Figure 4.16. Notations (on the figure) depicting ego vehicle 
movement from point A to point B 
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expression of 𝑇/2 can be derived, where the radius 𝑅 corresponds to 
the length of the segments 𝑂𝐵 and 𝑂𝐴. 
The final expression of T can be identified by combining equations 
(4.10), (4.11) and (4.12). 

𝑇

2
= 𝑅𝑠𝑖𝑛 (

Θ

2
)        (4.12)   

        𝑇 =
2(𝑉∆𝑡)

Θ
sin (

𝛩

2
)       (4.13) 

    If the ego vehicle undergoes rectilinear motion, the classical 
kinematic equations can be applied. Otherwise, the displacement can be 
computed using Equation (4.13). After determining the distance 𝑇 
traveled by the ego vehicle over the time interval Δ𝑡, the corresponding 
displacement components along the 𝑥 and 𝑦 axes, denoted as 𝑇𝑥 and 𝑇𝑦, 

can be computed, as illustrated in Figure 4.17 and expressed 
analytically in Equation (4.14). 

          𝑇𝑥 = 𝑇𝑐𝑜𝑠(
Θ

2
) 

        𝑇𝑦 = 𝑇𝑠𝑖𝑛(
Θ

2
)                        (4.14) 

     The final stage of the object motion correction procedure consists of 
determining the position of the target vehicle within the current ego 
vehicle reference frame, corresponding to point 𝐵. The resulting target 
positions obtained by applying the rotation and translation 
transformations are expressed in Equations (4.15) and (4.16). 

                        [𝑥
𝑦
] =  [

cos (Θ) − sin(𝛩)

sin (Θ) cos (Θ)
] [
𝑦 − 𝑇𝑦
𝑥 − 𝑇𝑥

]                         (4.15)         

  [𝑥
𝑦
] =  [

(𝑦 − 𝑇𝑦)cos (Θ) − (𝑥 − 𝑇𝑥)sin (Θ)
(𝑦 − 𝑇𝑦) sin(Θ) + (𝑥 − 𝑇𝑥)cos (Θ)

]       (4.16) 

 
Figure 4.17. Tx and Ty movement components. 
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   The transformations defined in Equation (4.16) must be applied to all 
detections originating from all sensors in order to align the data to a 
common reference time stamp. 

4.3.3 Object Level Fusion 

4.3.3.1 Object Detection for 4-Layer LiDAR 

   In order to enable high-level sensor fusion, object detections 
originating from all available sensors must be provided to the fusion 
center. Within the scope of the Up-Drive project, for which the 
proposed fusion framework was implemented, no dedicated object 
detection algorithm was available for data acquired by the four-layer 
LiDAR sensor. Such detections are of particular importance, as this type 
of LiDAR is capable of detecting objects located at relatively large 
distances, which cannot be reliably perceived by the VLP-16 LiDAR 
sensor. Prior to presenting the high-level fusion mechanism, the 
methodology employed for object detection using sparse four-layer 
LiDAR data is introduced, as this facilitates a more complete and clearer 
understanding of the overall fusion framework. 
    One of the primary challenges associated with object detection using 
four-layer LiDAR data arises from the sparsity of the acquired point 
cloud, which can lead to suboptimal performance of conventional 
clustering-based detection algorithms. In order to increase point cloud 
density, the temporal fusion approach described in the previous section 
is applied. The three-dimensional object detection process is structured 
into two main stages. The first stage consists of road point detection 
and the construction of an elevation grid, while the second stage 
involves obstacle detection and filtering. Each of these processing steps 
is discussed in detail in the following sections. 

4.3.3.1.1 Road Point Detection and Creation of Elevation Grid 

   Road surface estimation using four-layer LiDAR data represents a 
challenging task, primarily due to the limited number of points that 
intersect the ground surface. The initial step in ground plane detection 
consists of filtering out points whose height coordinate (𝑧) exceeds a 
predefined threshold of 0.5 m. The resulting three-dimensional point 
set is further refined by retaining only those points whose amplitude 
values are greater than 0.8, as high-amplitude returns are typically 
associated with lane markings or pedestrian crossings. 
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    The coordinate system is defined such that the origin is located in 
front of the vehicle at ground level. Under this assumption, the road 
surface within a range of approximately 10–20 meters can be 
approximated by a straight line passing through the origin. This line can 
be characterized by the pitch angle it forms with the horizontal axis 
passing through the defined origin. Consequently, the number of points 
falling on candidate lines corresponding to different pitch angles is 
evaluated in the side-view projection. A histogram is constructed to 
store the number of points associated with each candidate line. The line 
corresponding to the road surface is then identified as the one that 
accumulates the maximum number of points. 

    Once the road line has been determined, the corresponding ground 
points are removed from the initial three-dimensional point cloud. In 
order to identify the points associated with each candidate line, the 
polar coordinates of the points are converted into Cartesian 
coordinates, as described by Equation (4.17). Subsequently, the 
equation of the line passing through the origin is computed in Cartesian 
form, with the radial distance parameter 𝑟set to a value of 20. 

𝑥 = 𝑟𝑐𝑜𝑠(𝜃); 𝑦 = 𝑟𝑠𝑖𝑛(𝜃)          (4.17) 

   Figure 4.18 highlights the points corresponding to the road surface, 

which are marked by a red contour. The left-hand side of the figure 

presents the top-view representation, while the right-hand side 

illustrates the road points in the side-view projection, corresponding to 

the distance–height plane 

 

Figure 4.18. The left image represents the scene viewed with a 
fisheye camera. In the center and right-hand side, the points 
belonging to the ground surface are highlighted in red. 
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4.3.3.1.2 Obstacle Detection and Filtering 

   After removing the road surface points, a 2.5D elevation grid is 
constructed. The three-dimensional space is discretized into cells with 
dimensions of 40 × 60 cm, and the elevation grid is generated for points 
located within a range of less than 50 m in depth and less than 20 m in 
width, corresponding to 10 m on each side of the ego vehicle. The three-
dimensional point cloud is projected onto this grid using a top-view 
representation. For each grid cell, the maximum height value among all 
points falling within the cell is stored, together with the number of 
points associated with that cell, which represents the local point 
density. 
    A grid cell is assigned an object label if the point density exceeds a 
predefined threshold and the maximum height value is lower than 4 m. 
In the considered implementation, the density threshold is set to a 
value of 4; however, this parameter depends on the number of 
temporally fused LiDAR frames, such that a larger number of fused 
frames requires a correspondingly higher density threshold. After 
labeling all grid cells, a clustering procedure is applied in order to 
aggregate neighbouring object cells. Two cells are merged into the same 
object cluster if they are adjacent in any of the eight possible 
neighbourhood directions, including horizontal, vertical, and diagonal 
connectivity. 
   The initially detected object clusters may also correspond to buildings 
or other large static structures. Therefore, an additional filtering stage 
is introduced in order to retain only relevant objects of interest. This is 
achieved by imposing geometric size constraints. Specifically, an object 
is considered valid only if its width and length are smaller than 
predefined limits, which are set to 3 m and 12 m, respectively, in the 
current configuration. Furthermore, clusters consisting of fewer than 
two grid cells are discarded. The final filtered detection results are 
illustrated in Figure 4.19. The first image presents the scene as 
captured by a two-dimensional camera, the central image depicts the 
elevation grid along with the grouped object clusters, and the color-
coded visualization highlights different elements: green lines represent 
grid boundaries, red regions indicate clustered objects, white regions 
correspond to road points or filtered object points, and blue contours 
denote the bounding boxes associated with detected object boundaries. 
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    After the filtering stage, additional detections may still be present, 
such as poles, longitudinal roadside barriers, or small portions of 
buildings which, due to the sparsity of the point cloud, may be 
incorrectly segmented as individual objects. While such structures can 
be intuitively interpreted by human observers based on contextual 
visual information, it is not always possible to determine their semantic 
relevance solely from sparse point cloud data. For this reason, these 
detections are retained and reported as objects rather than being 
removed at this stage. Within the subsequent sensor fusion framework, 
such detections are treated as clutter and are further filtered during the 
fusion process. 
   The remaining sensors either directly provide object-level detections, 
such as the RADAR sensor and the Mobileye trifocal camera, or rely on 
dedicated object detection modules that were developed for the 
corresponding sensor data by other members of the Up-Drive project 
team [346]. 

4.3.3.1.3 Evaluation of the Object Detection using 4L LIDAR 

    In this section, an evaluation of the proposed algorithm is presented 
in terms of both qualitative performance and computational execution 
time. The object list generated by the proposed approach is compared 
with the object list provided by a 77 GHz long-range RADAR sensor in a 
traffic scenario. To this end, two experimental scenarios are considered. 
In the first scenario, a single vehicle is tracked over a sequence of 
frames, and the number of instances in which the proposed algorithm 
fails to detect the vehicle while the RADAR sensor successfully detects it 
is recorded. In the second scenario, a traffic intersection containing 
multiple vehicles is analyzed, and, over a predefined number of frames, 

 

Figure 4.19. Intensity image of the scene (left); Unfiltered labeled 
objects (middle); Filtered objects in yellow bounding boxes (right) 
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the number of vehicles missed by the proposed solution relative to the 
RADAR-based detections is quantified. 
    Although the two sensing modalities exhibit different operational 
characteristics, experimental scenes are selected such that 
environmental conditions are favorable for both LiDAR and RADAR 
sensors, thereby ensuring that objects can be reliably detected by both 
systems. The experimental platform used for performance evaluation is 
equipped with an Intel i5-2500 CPU operating at a clock frequency of 3 
GHz. No hardware acceleration techniques are employed during the 
execution of the proposed algorithm. 
   Both LiDAR and RADAR detections are expressed within a common 
reference coordinate frame, and RADAR measurements are additionally 
subjected to motion correction in order to align them temporally with 
the LiDAR data. For simplification purposes, the three-dimensional 
RADAR detections are projected into a top-view representation within 
the same virtual image space as the LiDAR detections. Consequently, 
each three-dimensional world object is represented by an associated 
two-dimensional virtual object. For each virtual LiDAR-based object, an 
attempt is made to identify the corresponding RADAR-based object 
located within a circular search region of 60 pixels radius in the virtual 

 

       Figure 4.20. LIDAR-RADAR object association 
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image. In cases where multiple RADAR objects fall within this search 
region, the object exhibiting the most similar geometric dimensions to 
the LiDAR-based virtual object is selected as the corresponding match. 
An example illustrating the association between a LiDAR-based object 
and a RADAR-based object is presented in Figure 4.20. It should be 
noted that, in this example, the RADAR object lies within the association 
search circle centered on the corresponding LiDAR object. 
     In Figure 4.20, the identified LiDAR-based objects are highlighted in 
yellow, the RADAR-based object is depicted in blue, the filtered three-
dimensional point cloud is shown in white, and the established 
associations are indicated in green. Figure 4.21 presents an example of 
RADAR–LiDAR association in a densely populated intersection scenario, 
where the color coding retains the same semantic meaning as in the 
previous figure. 

Table 4.1 Object detection accuracy 

Scenario Nr. of frames Accuracy 

Single object detection 300 97% 
Multiple object 

detection 
1000 93% 

   Table 4.1 reports the percentage of RADAR objects that remain 
unassociated with LiDAR detections in the case of a single road object, 

 

Figure 4.21. Sensor object associations in an intersection 
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evaluated over a sequence of 300 frames. In the second row of the table, 
the percentage of unassociated road objects is presented for an 
extended dataset comprising more than 1000 images.  
   It should be noted that, in certain scenarios, the LiDAR sensor may fail 
to capture objects located in front of the ego vehicle due to occlusion 
effects, whereas the RADAR sensor may still be capable of detecting 
such objects. This situation was observed during the evaluation of the 
proposed algorithm in a crowded intersection scenario, in which 
multiple vehicles were positioned consecutively in close proximity. This 
phenomenon is primarily attributed to the physical placement and 
relative mounting positions of the sensors on the vehicle platform. 
    Figure 4.22 illustrates a scenario in which the leading vehicle is 

correctly detected and successfully associated with a corresponding 

RADAR-based object. 

   The second vehicle, relative to the ego vehicle position, is not detected 
by the LiDAR-based algorithm due to the occlusion of the sensor field of 

 
Figure 4.22. Partially occluded object scenario; the top image 
represents the data from the camera; the bottom image represents 
the top view image containing LIDAR and RADAR objects. 
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the experimental setup are presented in Table 4.5, while the characteristics 

and functional capabilities of the trifocal camera are detailed in Table 4.6. 

 

Table 4.2 Characteristics of the GPS system. 

I II III IV V VI VII VIII IX X XI 
RT3003 L1, 

L2 
0.01 
m 

0.05 
Km/h 

0.03◦ 0.1◦ 0.07◦ 0.15◦ X, 
Y, 
Z 

North, 
East 

Down 
Forward, 
Right, 
Down 

 
Table 4.3 16L LIDAR CHARACTERISTICS 

Feature 

Time of flight distance measurement with 
calibrated reflectivities 
16 channels 
Measurement range up to 100m 
Accuracy +/- 3cm 
Dual returns 
Field of view (vertical): 30° (+15° to -15°) 
Angular resolution (vertical): 2° 
Angular resolution (horizontal/azimuth): 0.1° - 
0.4° 
Rotation rate: 5 - 20 Hz 

  

Table 4.4 4L LIDAR CHARACTERISTICS 
Feature 

Time of flight distance measurement with 
calibrated reflectivities 
4 channels 
Measurement range up to 327m 
Accuracy +/- 3cm 
Dual returns 
Field of view (vertical): 3.2° 
Angular resolution (vertical): 4 Layers @ 0.8° 
Field of view (horizontal/azimuth): 145° 
Angular resolution (horizontal/azimuth): 0.25° 
Rotation rate: 12.5 Hz 
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                                Table 4.5 RADAR CHARACTERISTICS 

Feature 

Operation Frequency 77 Ghz 
Distance Measurement 0.25 – 250m 
Accuracy for distance measurement +- 2m 
Speed Measurement -400 +200kph 
Sensitivity 0.1 kph 
Field of view in (horizontal/ azimuth): -9° +9° 
(Far range scan)  -75°  +75° (Near range scan) 
Field of view in elevation 20° 

  
           Table 4.6 TRIFOCAL CAMERA CHARACTERISTICS 

Feature 

3 Cameras with fields of view: 34, 46, 150 
degrees 
The sensor provides data for the following 
functions: 

 Road infrastructure detection 

 Object classification (cars, trucks, 

pedestrians etc.) 

 3D terrain perception (curb stones, 

generic road boundaries) 

 Free space grid construction 

Resolution: 1280x960 
Upgrade Rate 33ms 
Color Grayscale 
Bits per pixel 12 

 

4.3.3.3.3.2 Experiments and Validation 

    The trifocal camera data association algorithm was evaluated through 
multiple experimental scenarios involving the ego vehicle, equipped 
with the previously described sensor suite, and a designated target 
vehicle. Representative scenarios included the following cases: 

 the ego vehicle followed the target vehicle under various road 
conditions, including straight driving segments and curved 
trajectories; 
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 the ego vehicle was followed by the target vehicle, after which 
the target vehicle performed an overtaking maneuver. 

 the target vehicle approached the ego vehicle from the front 
while traveling in an adjacent lane 

    All experimental scenarios were executed using varying velocity 
profiles for both the ego vehicle and the target vehicle. The plots 
presented in Figures 4.33 and 4.34 illustrate the position of the trifocal 
camera detection before and after the association process, relative to 
the ground truth position of the target vehicle. A nearest-neighbor 
matching strategy was applied between the target vehicle position and 
the enhanced trifocal object position in order to quantify the accuracy 
of the trifocal data association procedure. It should be noted that the 
achievable association accuracy is inherently constrained by the 
positional accuracy of the reference object to which the trifocal 
detection is associated, which, in this case, corresponds to the LiDAR-
based object detection. 

 
Figure 4.33. Speed chart(top) and position chart(bottom) of a trifocal 
object association scenario 
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    In Figures 4.33–4.35, the horizontal axis represents the number of 
frames over which the association process is evaluated, while the 
vertical axis indicates the distance to the target vehicle. In order to 
provide additional insight into the relative motion of the ego and target 
vehicles, the upper sections of Figures 4.33 and 4.34 illustrate the 
velocity profiles recorded over the evaluated frame sequences. In these 
velocity plots, the horizontal axis corresponds to the frame index, and 
the vertical axis represents the vehicle speed expressed in kilometers 
per hour. 
    In the scenario depicted in Figure 4.34, the target vehicle exhibits an 
acceleration phase, while the ego vehicle maintains an approximately 
constant velocity. The green curve represents the final position of the 
associated trifocal camera detection that is closest to the target vehicle, 
which is illustrated in blue. In Figure 4.35, a different scenario is 
presented, in which the target and ego vehicles initially travel at similar 
speeds, followed by a phase in which the target vehicle increases its 
velocity. The corresponding position plot indicates that the corrected 

 
Figure 4.34. Another scenario that demonstrates the performance of 
the object association 
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trifocal object position is closer to the ground truth reference than the 
original, uncorrected measurement. 
   The single-layer perceptron model was trained using a dataset 

comprising 800 data samples and subsequently evaluated on an 

independent test set consisting of 465 samples, achieving a 

classification accuracy of 94%. For the evaluation of the proposed 

sensor fusion framework, the estimated object positions obtained from 

the fusion module were compared against the ground truth positions 

provided by the high-precision GPS system. Representative position 

estimates extracted from different frames and experimental scenarios, 

selected at random, are reported in Table 4.7. 

    Figure 4.35 illustrates a graphical comparison between the fused 
position estimates and the corresponding ground truth values. The 
plots presented in Figure 4.35 are generated using a dataset of more 
than 900 frames, recorded during a scenario in which the ego vehicle 
follows the target vehicle under varying driving conditions, including 
straight segments, turning maneuvers, and changes in vehicle speed. As 
can be observed, both fusion approaches produce position estimates 
that remain in close proximity to the ground truth target trajectory and 
accurately follow the motion pattern of the target vehicle. 

 

 

Figure 4.35. Position performance on the x and y axes of the 
proposed sensor fusion methods and the target vehicle. 
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    Sensor-related measurement uncertainties also contribute to the 
small discrepancies observed along the 𝑥and 𝑦axes between the ground 
truth positions and the estimated results. The trifocal camera data 
association mechanism, together with the tracking and sensor fusion 
strategies, plays a significant role in stabilizing object state parameters, 
with particular emphasis on improving the robustness and consistency 
of object position estimates. Validation of the sensor fusion output is 
performed by comparing the semantic class assigned to each fused 
object with the dominant semantic class extracted from the region of 
interest corresponding to the projection of the fused object onto the 
semantic segmentation image. 
    Figure 4.36 illustrates two representative scenarios in which a vehicle 
is tracked in different environmental contexts. In these examples, only 
fused and validated object hypotheses are projected onto the intensity 
image. In both cases, the target vehicle is successfully tracked, and 
redundant as well as complementary information originating from 
multiple sensors is exploited to estimate key object attributes, including 
position, velocity, and semantic class, among other relevant parameters.            

Table 4.7 Different fusion position samples 

  In Figure 4.36a, only the UKF-based fusion module is enabled and 

visualized. In Figure 4.36b, the same validation and stabilization 

framework is executed using both fusion strategies in a scenario 

characterized by significant environmental clutter. In this case, cuboidal 

detections originating from the trifocal camera, the sixteen-layer LiDAR, 

and the four-layer LiDAR are observed, many of which correspond to 

noise or small, irrelevant objects. The same color coding scheme used to 

represent sensor-specific detections, as introduced in Section 3.6, is 

employed for consistency. 

     

Fused Object UKF Fused Object NN  GPS Ground Truth 

x y x Y x y 
15.46 0.54 13.87 0.8 16.01 1.3 
17.04 2.57 16.95 1.87 16.71 1.44 
24.37 0.65 23.36 1.62 25.29 1.56 
15.16 0.04 15.24 0.6 18.01 1.03 
9.79 1.00 8.1 0.71 10.03 1.4 
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    In the upper-left subfigure of Figure 4.36a, the bird’s-eye-view virtual 

representation of the scene is shown, in which all detected objects are 

projected. The upper-right subfigure presents the RGB image with the 

validated and stabilized super-sensor object overlaid. The lower 

(a)  

(b)  

Figure 4.36. (a) Scenario where a vehicle is on a bridge with few 
surrounding objects (b) Scenarios with a fused object in heavy 
clutter. 
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subfigure illustrates the semantic segmentation image, where the 

validated super-sensor object is highlighted using a green bounding 

box. 

    Figure 4.36b depicts the execution of the proposed algorithm under 

heavy clutter conditions. The upper-left subfigure displays the bird’s-

eye-view virtual image of the scene, while the upper-right subfigure 

shows the RGB image with the validated super-sensor object projected 

onto it. The lower subfigure presents the semantic segmentation image 

with the validated fused object overlaid. 

   Figure 4.37 further illustrates the validation of multiple fused object 
hypotheses through projection onto the semantic segmentation image. 
In this scenario, several fused objects are observed that do not satisfy 
the validation criteria and are therefore rejected. The target vehicle has 
made a sudden slight right; even so, the data fused from multiple 
sensors are able to capture the position of the car and validate its 
semantic class. 
 

 

Figure 4.37. Another scene where the fusion method is tested in the 
presence of multiple traffic objects.   
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   In the top right of Figure 4.37, the birds-eye view image is depicted. 
The bottom image shows the semantic image with the validated super-
sensor objects drawn in green and objects that are not validated drawn 
in red. The top-left image illustrates the RGB image, where the super-
sensor objects are displayed. The Neural fusion is kept as a secondary 
validation when there is a full mismatching in previous step and the 
comparison is repeated with the neural fused object. This phenomenon 
can appear in moving objects due to projection errors. Neural fusion is 
also used when the semantic class from the histogram of the UKF fused 
object does not contain any values, that is, the fused object is not yet 
stable (in this case, the neural fusion object is also projected into the 
semantic segmentation image to have the third vote). The contents of 
this chapter can be found in the publications [343] and [351]. 

4.3.4 Mobile Multi Sensorial Platform for Development and Testing 

    Primarily as a consequence of the fact that, within the research 

projects in which the present work was conducted, the international 

partners involved in the collaborations provided incomplete or 

insufficient datasets for the effective development and experimental 

validation of the proposed algorithms, the decision was made to design 

and implement a dedicated multi-sensor platform equipped with 

automotive-grade sensors. The developed platform is mobile and has 

been conceived to enable the testing and evaluation of perception 

algorithms in scenarios that reproduce, as closely as possible, real-

world conditions encountered in autonomous driving applications. The 

main hardware components of the proposed sensor platform are 

illustrated in Figure 4.38, while a detailed description of their 

functionality and role within the system is provided in Table 4.8. It 

should also be noted that the sensors employed in the platform, as well 

as all auxiliary hardware components required for its construction, 

were acquired using personal financial resources. For the purpose of 

environment perception, multiple sensors are integrated and mounted 

on the sensor head of the platform. Two RGB cameras configured as a 

stereo pair are employed in order to obtain dense three-dimensional 

reconstructions of the surrounding environment. These cameras are 

synchronized using a dedicated hardware-based synchronization 

mechanism. In addition, a thermal camera is incorporated into the 
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system, enabling robust operation under adverse weather conditions as 

well as during nighttime scenarios, in which conventional RGB cameras 

may fail to provide reliable environmental perception.   For the purpose 

of environment perception, multiple sensors are integrated and 

mounted on the sensor head of the platform.  

Table 4.8 Component description 

Component 
Number 

Meaning 

1 Sensorial head which contain main sensors used for 
environment perception. 

2 Plastic cable tray for masking the cables which connect 
the sensors to the processing module. 

3 Aluminium profile rig used for mounting the sensor rig. 
4 Computing platform. 
5 Custom aluminium table with handle designed to hold 

the computing platform. 
6 Electrical box used for holding the electrical equipment, 

the lidar interface box, external batteries etc. 
7 Wheels and custom aluminium chassis. 

 

Figure 4.38. Sensorial platform with its main components 
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    Two RGB cameras configured as a stereo pair are employed in order 
to obtain dense three-dimensional reconstructions of the surrounding 
environment. These cameras are synchronized using a dedicated 
hardware-based synchronization mechanism. In addition, a thermal 
camera is incorporated into the system, enabling robust operation 
under adverse weather conditions as well as during nighttime 
scenarios, in which conventional RGB cameras may fail to provide 
reliable environmental perception. 
    A VLP-16 LiDAR sensor is utilized to acquire three-dimensional 
information about the environment based on the time-of-flight 
measurement principle. The LiDAR sensor represents a critical 
component of the autonomous driving perception pipeline, as it is 
capable of operating in conditions where vision-based sensors may 
degrade and provides accurate distance measurements to surrounding 
objects, along with detailed geometric information.  
Furthermore, a Real-Time Kinematic (RTK) GPS system is integrated in 
order to obtain high-precision localization data, achieving positional 
accuracy on the order of 14 mm. A visual representation of the 
developed sensor rig is presented in Figure 4.39.  

 

Figure 4.39. Sensor rig. The sensors presented in the image are the 
following: 1 - GPS RTK, 2 – VLP 16 LiDAR, 3 – Thermal Camera, 4 – 
Stereo system. 
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Chapter 5. Conclusions 

5.1 Summary of the Presented Work 

    The present monograph provides both a structured synthesis of 
representative state-of-the-art approaches in multimodal perception 
for autonomous systems and a coherent set of original contributions 
that extend and refine these approaches. The work is organized around 
three fundamental components of the perception pipeline—depth 
estimation, multi-object tracking, and multi-sensor fusion—each 
preceded by a systematic review of the principal algorithmic families 
and methodological paradigms reported in the literature. 
    Within each addressed domain, the main algorithmic directions have 
been examined and comparatively analyzed, including feature-
engineered methods, model-based estimation techniques, probabilistic 
filtering approaches, and contemporary data-driven solutions based on 
deep learning. The review is structured along the processing stages 
specific to each task, thereby enabling a clear identification of 
methodological trends, performance trade-offs, and existing limitations. 
This analytical positioning of the state of the art provides the 
conceptual and technical framework necessary for motivating the 
proposed developments and for precisely situating the original 
contributions within the broader research landscape. 
    The first major contribution area concerns stereo-based depth 
reconstruction. The literature review covers classical local, semi-global, 
and global stereo matching algorithms, diverse cost computation 
strategies, aggregation mechanisms, and optimization schemes, as well 
as recent learning-based approaches for both stereo and monocular 
depth estimation. Against this background, the proposed 
methodological enhancements introduce improvements at multiple 
stages of the stereo pipeline, with the objective of increasing robustness 
to real-world challenges while preserving low computational 
complexity and real-time capability. Furthermore, a fault-tolerant 
reconstruction framework is introduced, integrating stereo vision with 
monocular depth estimation in order to ensure operational continuity 
under sensor degradation. These contributions are explicitly positioned 
as extensions of local stereo paradigms, addressing their known 
sensitivity to perspective distortions and failure modes, while avoiding 
the high computational demands characteristic of fully global 
optimization or deep end-to-end architectures. 
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    The second contribution area addresses multi-object tracking within 
a tracking-by-detection framework. The state-of-the-art analysis 
encompasses classical data association methods, Bayesian filtering 
techniques, multiple motion model strategies, and recent hybrid or 
deep learning–based tracking approaches. Particular attention is 
devoted to the challenges specific to three-dimensional LiDAR 
detections and two-dimensional thermal imagery. Building upon this 
foundation, novel data association mechanisms and tracking strategies 
are proposed, combining feature-engineered descriptors with data-
driven representations. The integration of multiple motion models and 
the development of robust association functions are formulated as 
responses to well-documented limitations in handling motion and 
origin uncertainty. The proposed methodologies are therefore 
positioned as hybrid solutions that aim to retain the interpretability 
and efficiency of model-based tracking while enhancing adaptability 
through learned components. 
    The third contribution area focuses on sensor fusion for automotive 
perception. The review examines established fusion architectures, 
levels of fusion, registration techniques, and probabilistic fusion 
frameworks, as well as the JDL model and contemporary multimodal 
perception systems. Within this context, the original contributions 
introduce architectural and methodological refinements spanning 
spatio-temporal alignment, multi-sensor data association, and high-
level object fusion. The proposed fusion strategies are explicitly 
designed to address synchronization inaccuracies, heterogeneous 
sensing characteristics, and semantic inconsistencies identified in prior 
work. The resulting architecture is conceived as a modular and fault-
tolerant framework, capable of integrating complementary sensing 
modalities without over-reliance on any single sensor. 
In addition to the algorithmic developments, two novel datasets are 
introduced and documented, and a dedicated multi-sensor hardware 
platform equipped with an integrated perception system is developed 
to enable systematic real-time validation. These infrastructural 
contributions are intended to support reproducibility, facilitate 
quantitative evaluation against state-of-the-art benchmarks, and ensure 
that the proposed methods are assessed under realistic operating 
conditions. 
    Across all contribution areas, particular emphasis is placed on 
computational efficiency, memory footprint, and energy consumption. 
The proposed solutions are explicitly designed for compatibility with 
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embedded hardware platforms and real-time deployment, thereby 
addressing a recurring limitation of many high-performance state-of-
the-art approaches that rely heavily on GPU-intensive deep learning 
architectures. 
   Overall, this monograph establishes a coherent bridge between a 
structured review of the current state of knowledge and a set of 
methodologically grounded innovations. By systematically analyzing 
existing algorithmic paradigms and explicitly positioning the proposed 
contributions within this context, the work advances robust, scalable, 
and resource-aware perception methodologies for autonomous 
systems. 
 

5.2 Closing Words  

    Although current artificial intelligence methods reported in the 
literature, as well as those presented in this work, do not yet exhibit 
true general intelligence, they represent an important technological 
foundation for future developments in this direction. Intelligence may 
be interpreted as the capability of an autonomous agent to construct 
and adapt internal models that support goal-oriented behavior, rather 
than relying exclusively on externally designed pattern-based 
predictors, which primarily perform advanced information processing. 
Recent advances in large-scale learning systems, such as ChatGPT [348, 
354], provide early indications of increasingly sophisticated reasoning 
and generalization capabilities. With continued progress, current 
limitations related to data availability, computational efficiency, and 
energy consumption are expected to be progressively reduced. 
From a broader societal perspective, contemporary technological 
trends indicate the onset of a major transformation, in which artificial 
intelligence systems may exceed the collective perceptual and analytical 
capacities of human operators. This evolution presents significant 
opportunities, enabling the development of new classes of applications, 
including both currently envisioned technologies and solutions that 
remain yet to be conceptualized. Such advances have the potential to 
support societal progress by facilitating innovation in transportation 
systems, healthcare technologies, and large-scale infrastructure 
optimization, thereby contributing to improved quality of life and 
expanded access to essential resources. 
At the same time, the emergence of artificial general intelligence 
introduces substantial risks associated with the concentration of 
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technological power. Even in the absence of malicious intent, 
uncontrolled deployment of such systems may result in unintended 
consequences with far-reaching societal implications. These risks may 
manifest through overt authoritarian mechanisms, reminiscent of 
dystopian scenarios such as those described in Orwell’s 1984, or 
through more subtle forms of technological dependency and behavioral 
conditioning, analogous to the societal dynamics portrayed in Huxley’s 
Brave New World, in which autonomy and critical reasoning capacity 
are progressively diminished. 
    In this context, the adoption of explainable or hybrid artificial 
intelligence paradigms that integrate data-driven learning with model-
based and physics-informed approaches represents a sustainable 
development direction. Such architectures offer improved 
interpretability, enhanced robustness to previously unseen operational 
conditions, increased fault tolerance, and reduced computational and 
environmental cost when compared to large-scale purely data-driven 
solutions. Consequently, the balanced integration of learning-based and 
model-driven methodologies constitutes a technically sound and 
socially responsible pathway for the future development of intelligent 
systems. 
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