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Preface

The aim of this textbook is to give an introduction to Linear Algebra, and at the
same time to provide insight into concepts that are useful in various applications.

Since the intended reader is considered to be at undergraduate level, most pos-
sibly with little or no experience with abstract algebra, we try to build an approach
that is self contained and straightforward. We achieve this by including simple yet
detailed proofs of almost all results. In addition, fully solved problems and exam-
ples accompany the presentation of new concepts and results along with a section
containing proposed problems at the end of each chapter.

The structure as such is based on seven chapters, starting with the recollection
of the nuts and bolts of matrices (Chapter 1) before entering the core of the book
(Chapters 2, 3 and 4) which covers: Vector paces, Linear maps between vector spaces
and Eigenvalue problems. Two further chapters deal with the case of vector spaces
that are endowed with more geometric structure, namely we present Inner product
spaces (Chapter 5) and Operators on inner product spaces (Chapter 6). The final
chapter is a briefing to the analytic geometry of quadratic curves and surfaces.

Last but not least, the authors gratefully acknowledge the support of Prof. loan

Raga and Prof. Dorian Popa who have carefully read the manuscript at different
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stages suggesting valuable improvements.



Matrices

1.1 Basic definitions, operations and properties.

Definition 1.1. A matriz of dimension m X n with elements in a field F, (where

usually F =R, or F=C), is a function A: {1,...,m} x{1,...,n} = F,
A(i,f) =ay €F, Vi€ {l,2,....m}, je{1,2, ... ,n}.

Usually an m x n matrix is represented as a table with m lines and n columns:

a1y aip ... Q1n

a921 929 P Qon,
A=

Am1 Am2 ... Amn

Hence, the elements of a matrix A are denoted by a,;, where a;; stands for the

number that appears in the i row and the j* column of A (this is called the (i, 5)

entry of A) and the matrix is represented as A = (a;;);—1-

j=1ln
We will denote the set of all m x n matrices with entries in F by M, ,(IF)

respectively, when m = n by M, (F). It is worth mentioning that the elements of
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M, (IF) are called square matrices. In what follows, we provide some examples.

Example 1.2. Consider the matrices

1 2 3
v 241 0

A= 4 5 6 |, respectively B =
-3 V2 —1+3i

78 9
where i is the imaginary unit. Then A € M3(R), or in other words, A is a real
valued square matrix, meanwhile B € My 3(C), or in other words, B is a complex

valued matrix with two rows and three columns.
In what follows we present some special matrices.

Example 1.3. Consider the matrix I, = (ai); -t € Mn(F),a;; = 1, ifi =
J and a;; = 0 otherwise. Here 1 € F, respectively 0 € F are the multiplicative

identity respectively the zero element of the field F.

Then
10 0
0 1 0
I, =
00 ... 1

and is called the identity matriz (or unit matriz) of order n.
Remark 1.4. Sometimes we denote the identity matrix simply by 1.

Example 1.5. Consider the matrices O = (a;;),_15; € My (F) having all entries

=1,

3

Uy

Jj=1n

the zero element of the field F. Then

@]
@]
]
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and is called the null matriz of order m x n.

Example 1.6. Consider the matrices A = (ay); j—1;n € M,(F) given by ay; = 0

whenever 7 > j, respectively a;; = 0 whenever 7 < j. Then

a;y a1 ... QAip a1 0 e 0
0 A929 ... QA9pn X 21 A9 ... 0
A= , respectively A =
0 0 ... au Apl Gp2 .. Gpn

is called upper triangular, respectively lower triangular matrix.
If all entries outside the main diagonal are zero, A is called a diagonal matrix.

In this case we have

a1 0 0
A 0 929 0
0 0 Ann

Addition of Matrices.
If A and B are m x n matrices, the sum of A and B is defined to be the m x n
matrix A 4+ B obtained by adding corresponding entries. Hence, the addition

operation is a function

(ij)ietm + (0i)i=tom = (@i + bij) iz, ¥ (0i5)i=tom> (0ij) izt € Minn (F).

=1,

i
j=1ln j=ln j=1n j=1n j=1,n

In other words, for A, B € M,, ,(F) their sum is defined as

where ¢;; = a;; + b;; forall i € {1,2,...,m}, j € {1,2,...,n}.
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Properties of Matrix Addition.
Let O € M, ,,(F) the null matrix of size m x n. For a given matrix

X = (745)=17m € Munn(F) we denote by —X its additive inverse (opposite), that is,
i=Tm

- X =(—x ) € M, (F). For every A, B,C € M, ,(F) the following

.

=1,m
i=1,n

d:

.

._

properties ho

1. A+ B is again an m x n matrix (closure property).

o

(A+ B)+C = A+ (B + () (associative property).
3. A+ B = B+ A (commutative property).

4. A+ 0O =0+ A = A (additive identity).

5. A+ (=A) = (—A) + A = O (the additive inverse).

It turns out that (M,,,(F),+) is an Abelian group.

Scalar Multiplication.
For A € M, ,(F) and o € F define oA = (aa;;),_15,- Hence, the scalar

n

| ]

[y

j: K
multiplication operation is a function

 F X My (F) = M (F),

= (- agj) it V@ € F, (a3) =17, € M n(IF).

,n Jj=Ln

- (aij);-
j:

ClE]
53

n Jj=
Properties of Scalar Multiplication.

Obviously, for every A, B € M,,, ,(F) and «, 8 € F the following properties hold:
1. @A is again an m x n matrix ( closure property).

2. (afB)A = a(PA) (associative property).
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3. a(A+ B) = aA + aB (distributive property).
4. (a+ p)A = aA + A (distributive property).
5. 1A = A, where 1 is the multiplicative identity of F (identity property).

Of course that we listed here only the left multiplication of matrices by scalars. By

defining A = Aa we obtain the right multiplication of matrices by scalars.

1 -1 1 -1 0 2
Example 1.7. If A = 0o 2 -1 and B = 1 —1 1 |, then
-2 2 0 0 -1 2
3 -2 0 1 -2 4
2A—-B=| -1 5 -3 | and2A+ B = 1 3 =1
—4 5 =2 -4 3 2

Transpose.
The transpose of a matrix A € M, ,(F) is defined to be a matrix A" € M, ,,,(F)

obtained by interchanging rows and columns of A. Locally, if A = (a;;);—1;,, then
j=

3

[y

,n

AT = (aji)j:E.

i=1m
It is clear that (AT)T = A. A matrix, that has many columns, but only one row, is

called a row matriz. Thus, a row matrix A with n columns is an 1 X n matrix, i.e.
A= (ay ay az ... a,).

A matrix, that has many rows, but only one column, is called a column matrix.
Thus, a column matrix A with m rows is an m x 1 matrix, i.e.
ay

a2

A:

Am
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Obviously, the transpose of a row matrix is a column matrix and viceversa, hence,

in inline text a column matrix A is represented as

A=(ay ay ... an)'.

Conjugate Transpose.

Let A € M,,,(C). Define the conjugate transpose of A = (a;;) € M,,.»(C) by

i=1m

j=1n
where Z denotes the complex conjugate of the number z € C. We

A" = (@i) j=1a:

have that (A*)* = A and AT = A* whenever A contains only real entries.

Properties of the Transpose.
For every A, B € M, ,(F) and o € K hold:

1. (A+B)" = A" + B".
2. (A+B)*=A*+ B*.
3. (aA)T = A" and (aA)* = aA*,

Symmetries.

Let A = (aij),—1; € M, (FF) be a square matrix. We recall that

j=1n
e A is said to be a symmetric matriz whenever A = A" (locally a;; = aj; for all

i,je{1,2,...n}).

e A is said to be a skew-symmetric matriz whenever A = —A" (locally

@ij = _@ji fOI" all Z,j c {1,2, . . n})

e A is said to be a hermitian matriz whenever A = A* (locally a;; = a;; for all

i,je{1,2,...n}).
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e A is said to be a skew-hermitian matriz whenever A = —A* (locally

@ij = —Eﬂ for all Z,j € {1,2, .. n})

It can be easily observed that every symmetric real matrix is hermitian,

respectively, every skew-symmetric real matrix is skew-hermitian.

1 -2 4
Example 1.8. The matrix A= | —2 (0 3 | is a symmetric matrix,
4 3 2
0o 1 -3
meanwhile the matrix B = -1 0 3 is a skew-symmetric matrix.
3 =3 0

1 141 l

The matrix C = 1—3 3 3 — 92 is a hermitian matrix, meanwhile the
- 3+ 2 2
—1 2—1 —31
matrix D = 2 7 2+ 3i is a skew-hermitian matrix.

-3 =2+ 3 0

Matrix multiplication.
For a matrix X = (2;;),_15m € Mum..(F) we denote by X, its i row, i.e. the row
matrix

Xi* = (xil Tig ... I'm)

Similarly, the j** column of X is the column matrix
X*' = (l’lj 1’2]' e xm])T

It is obvious that

(XT>Z'* = (X*i)T7
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respectively

(X 1)y = (X"

We say that the matrices A and B are conformable for multiplication in the order

AB, whenever A has exactly as many columns as B has rows, that is A € M,, ,(IF)

and B € M, ,(F).

For conformable matrices A = (ay;),—1,; and B = (bjx) j=Tp the matriz product AB
j=1p k=T,n

is defined to be the m x n matrix C' = (czk) T With
k= T

p
Cik = AiBa, = E &ijbjk-

j=1

In the case that A and B failed to be conformable, the product AB is not defined.

Remark 1.9. Note, the product is not commutative, that is, in general,

AB # BA even if both products exists and have the same shape.

1 -1
1 0 -1
Example 1.10. Let A = and B = 0 1
-1 1 0
-1 1
2 -1 -1
2 0
Then AB = and BA = -1 1 0
-1 2
0 1 1

Rows and columns of a product.

Suppose that A = (a);—17 € M ,(F) and B = (b;;),—15 € M,(F).
j=Lp j=Tn
There are various ways to express the individual rows and columns of a matrix

product. For example the i row of AB is
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Cz‘* - [AB]Z* - [Ai*B*l Az‘*B*Q cee Az‘*B*n] = Az*B
Bl*

BZ*
— a1 Qi ... aip .

B

px

There are some similar representations for individual columns, i.e. the j* column

18

C*j = [AB]*j:[Al*B*j A2*B*j Am*B*j]T:AB*j
b,
= (A0 Ap o, |
by;

Consequently, we have:
1. [AB)iy, = AuB (i row of AB).
2. [AB),j = AB,; (j™ column of AB).
3. [ABix = @it Bix + @i2Baoy + - - + a;pBpe = > h_, @ik Bis-
4. [AB]yj = Aabij + Awbyj + -+ Agbp = D> 0 Ay

The last two equations have both theoretical and practical importance. They show
that the rows of AB are combinations of rows of B, while the columns of AB are
combinations of columns of A. So it is waisted time to compute the entire product

when only one row or column is needed.



Basic definitions, operations and properties. 15

Properties of matrix multiplication.

Distributive and associative laws.

For conformable matrices one has:

1. A(B+C) = AB+ AC (left-hand distributive law).
2. (B+ C)A = BA+ CA (right-hand distributive law).
3. A(BC) = (AB)C (associative law).
For a matrix A € M, (F), one has
Al,=A and L,A=A,
where I,, € M,,(IF) is the identity matrix of order n.

Proposition 1.11. For conformable matrices A € M, ,(F) and B € M,, ,(F), on
has
(AB)T =BTA" .
The case of conjugate transposition is similar:
(AB)* = B*A* .
Proof. Let C' = (¢;;) 17 = (AB)". Then for every
i=1,m

j K
ie{l,2,...,n}, j€{1,2,...,m} one has ¢;; = [AB];; = Aj.B,;. Let us consider
now the (i,5) entry of BTAT.

p

[BTAT];; = (BN)ilAT)yy = (Ba) (A)" =D B uwlA"]x

k=1
p p

= E bki@jk:E &jkbki
k=1 k=1

- f%*ELi
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Exercise. Prove that for every matrix A = (a;j);—15 € My,»(F) the matrices
j=

=2

E

,n

AAT and AT A are symmetric matrices.

For a matrix A € M, (F), one can introduce its m* power by

AV =, Al = A A™ = Am1A,

0 1 -1 0 0 -1
Example 1.12. If A = then A? = , A3 =
-1 0 0 -1 1 0
1 0
and A* = = I,. Hence A™ = Am( mod )4
0 1

Trace of a product. Let A be a square matrix of order n. The trace of A is the

sum of the elements of the main diagonal, that is

n
trace A = g Qi -
i=1

Proposition 1.13. For A € M,,, ,(C) and B € M,,,,(C) one has
trace AB = trace BA.

Proof. We have

m m

trace AB =Y [AB];i =Y (A)u(B)u =Y Y ambyi =

i=1 =1 i=1 k=1

m

Z i briir = i Zm: briair, = i[BA]kk = trace BA.

i=1 k=1 k=1 =1 k=1

Block Matrix Multiplication.
Suppose that A and B are partitioned into submatrices-referred to as blocks- as

indicated below:
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All A12 cee Alr Bll BlQ cee Blt
Agy Ay ... Ay By By ... By,
A — '21 ‘22 ‘2 and B — 21 22 2
Asl A82 s Asr Brl BrQ s Brt

We say that the partitioned matrices are conformable partitioned if the pairs
(A, Byj) are conformable matrices, for every indices ¢, 7, k. In this case the
product AB is formed by combining blocks exactly the same way as the scalars are
combined in ordinary matrix multiplication. That is, the (7, j) block in the
product AB is

Ain DB+ ApBoj + ... Ay B, .

Matrix Inversion.

For a square matrix A € M, (F), the matrix B € M, (F) that satisfies
AB =1, and BA =1,

(if exists) is called the inverse of A and is denoted by B = A~'. Not all square
matrices admits an inverse (are invertible). An invertible square matrix is called
nonsingular and a square matrix with no inverse is called singular matriz.
Although not all matrices are invertible, when an inverse exists, it is unique.
Indeed, suppose that X; and X, are both inverses for a nonsingular matrix A.

Then

X1 == len == Xl(AXQ) - (XlA)XQ == InXQ == X2

which implies that only one inverse is possible.
Properties of Matrix Inversion. For nonsingular matrices A, B € M, (F), the

following statements hold.



Determinants and systems of linear equations 18

1. (A H) =4

2. The product AB is nonsingular.

3. (AB)"'=B7tA~L

4. (A HT =(AT) L and (A7) = (4%)~L.

One can easily prove the following statements.

Products of nonsingular matrices are nonsingular.

If A e M, (F) is nonsingular, then there is a unique solution X € M,, ,(F) for the
equation

AX = B, where B € M, ,(F),

and the solution is X = A™!'B.
A system of n linear equations in n unknowns can be written in the form Az = b,

with z,b € M, 1(F), so it follows when A is nonsingular, that the system has a

unique solution x = A~'b.

1.2 Determinants and systems of linear
equations

Determinants.

For every square matrix A = (a;);—15; € M,(F) one can assign a scalar denoted

j=1n
det(A) called the determinant of A. In extended form we write

@11 a2 -+ Aip

Q21 Qg2 -+ A2y

det(A) =

Ap1 Gp2 - App
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In order to define the determinant of a square matrix, we need the following
notations and notions. Recall that by a permutation of the integers {1,2,...,n} we
mean an arrangement of these integers in some definite order. In other words, a
permutation is a bijection o : {1,2,...,n} — {1,2,...,n}. It can easily be
observed that the number of permutations of the integers {1,2,...,n} equals
n!=1-2-...-n. Let us denote by S, the set of all permutations of the integers
{1,2,...,n}. A pair (i,j) is called an inversion of a permutation o € S, is i < j and
o(i) > o(j). A permutation o € S, is called even or odd according to whether the
number of inversions of ¢ is even or odd respectively. The sign of a permutation

o € S, denoted by sgn (o), is +1 if the permutation is even and —1 if the

permutation is odd.

Definition 1.14. Let A € M,,(F). The determinant of A is the scalar defined by

the equation

det(A) = Z sgn (O’) A1o(1) " A20(2) * -+ - * Qno(n)-

O'ESn

It can easily be computed, that for A = (a;;);—13 € Ma(F), one has

]'7

]

J

[\

det(A) = A11Q29 — Q12091 .

Similarly, if A = (a;;),—15 € M3(F), then its determinant can be calculated by the

1

Jj=1,

w

rule
det(A) =
11022033 + 13021032 + 12023031 — (13022031 — Q11023032 — A12021033.
1 2 3

Example 1.15. f A=| 4 5 6 | then

789
det(A)=1-5-943-4-84+2-6-7—3-5-7—1-6-8—-2-4-9=0.
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Laplace’s theorem.

Let A € M,,(F) and let k be an integer, 1 < k < n. Consider the rows i; .. .4 and
the columns j; ... jr of A. By deleting the other rows and columns we obtain a
submatrix of A of order k, whose determinant is called a minor of A and is

denoted by Mijll.'.'.'ij:. Now let us delete the rows 7 .. .14, and the columns j; ... j; of

A.. We obtain a submatrix of A of order n — k. Its determinant is called the

k

complementary minor of M7*"7* and it is denoted by J\Zﬂ{'_'_'_{k

11...0%

. Finally let us denote

(the so called cofactor)

Jredk (1Yo tieiite e ) fiede

-
The adjugate of A is the matrix adj(A) = ((Af)z=1n> , that is

j=Ln
A% A% e ATll
A% A% e Ai
adj(A) = =
An An . An

The next result provides a computation method of the inverse of a nonsingular

matrix.

Theorem 1.16. A square matriz A € M, (IF) is invertible if and only if
det(A) # 0. In this case its inverse can be obtained by the formula

L1

= madj (A).

Corollary 1.17. A linear system Ax = 0 with n equations in n unknowns has a

non-trivial solution if and only if det(A) = 0.

We state, without proof, the Laplace expansion theorem:
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Theorem 1.18.
det(A) = Z MIVdk ATk phere

110k 1.0 )

e The indices iy ...1 are fived

o The indices ji ... Ji runs over all the possible values, such that

Il<jp<---<gp<n

As immediate consequences we obtain the following methods of calculating

determinants, called row expansion and column expansion.
Corollary 1.19. Let A € M, (F). Then

(i) det(A) = >7_, awAF, (ezpansion by row i)

(ii) det(A) = S0, ar; AL, (expansion by column j).

Properties of the determinant.

Let A, B € M,,(F) and let a € F. Then
(1) det(AT) = det(A).

(2) A permutation of the rows, (respectively columns) of A multiplies the

determinant by the sign of the permutation.
(3) A determinant with two equal rows (or two equal columns) is zero.

(4) The determinant of A is not changed if a multiple of one row (or column) is

added to another row (or column).

(5) det(A_l) = m.

(6) det(AB) = det(A) det(B).
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(7) det(aA) = a™det(A).

8) If A is a triangular matrix, i.e. a;; = 0 whenever ¢ > j (a;; = 0 whenever
g j J \@ij
i < j), then its determinant equals the product of the diagonal entries, that

is det(A) = a1 a9 ... App = H?:l Q-

Rank. Elementary transformations.

A natural number r is called the rank of the matrix A € M,, ,(F) if

1. There exists a square submatrix M € M, (F) of A which is nonsingular (that
is det(M) # 0).

2. If p > r, for every submatrix N € M,(F) of A one has det(N) = 0.

We denote rank (A) = 7.
It can be proved that for A € M, ,(F) and B € M,, ,(F), then

rank (A) + rank (B) — m < rank (AB) < min{rank (A),rank (B)} .
Theorem 1.20. Let A, B € M,,(F) with det(A) # 0. Then rank(AB) = rank(B).

Proof. Since det(A) # 0, we have rank (A) = n. By using the above notation with
m = p = n we obtain rank (B) < rank (AB) < rank (B). Hence
rank (AB) = rank (B). O

Definition 1.21. The following operations are called elementary row

transformations on the matric A € My, n(F):
1. Interchanging of any two rows.
2. Multiplication of a row by any non-zero number.

3. The addition of one row to another.
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Similarly one can define the elementary column transformations.

Consider an arbitrary determinant. If it is nonzero it will be nonzero after
performing elementary transformations. If it is zero it will remain zero. One can
conclude that the rank of a matrix does not change if we perform any elementary
transformation on the matrix. So we can use elementary transformation in order
to compute the rank.

Namely, given a matrix A € M, ,(F) we transform it by an appropriate succession

of elementary transformations- into a matrix B such that

e the diagonal entries of B are either 0 or 1, all the 1’s preceding all the 0’s on

the diagonal.
e all the other entries of B are 0.

Since the rank is invariant under elementary transformations, we have
rank (A) = rank (B), but it is clear that the rank of B is equal to the number of 1’s
on the diagonal.

The next theorem offers a procedure to compute the inverse of a matrix:

Theorem 1.22. If a square matriz is reduced to the identity matriz by a sequence
of elementary row operations, the same sequence of elementary row transformations

performed on the identity matriz produces the inverse of the given matrix.

1 20
Example 1.23. Compute the inverse of the matrix A= | 0 2 1 | by using
00 3
elementary row operations.
1 20 1 00
. (_%A3*+A2*)
We write 0 21 010 =~

0 0 3 0 01
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120 10 0
(*A2*+Al*)
020 01 -1 ~
003 00 1
100 1 -1 1 100 1 -1 1
(%A2*7%A3*)
020 o 1 -1 =~ 010 o 3+ -1
00 3 0 0 1 001 0 0 1
1 -1 1
Hence A '=| o 1 _1
2 6
0 0 3

Recall that a matrix is in row echelon form if
(1) All nonzero rows are above any rows of all zeroes.

(2) The first nonzero element (leading coefficient) of a nonzero row is always

strictly to the right of the first nonzero element of the row above it.

If supplementary the condition

(3) Every leading coefficient is 1 and is the only nonzero entry in its column,

is also satisfied, we say that the matrix is in reduced row echelon form.

An arbitrary matrix can be put in reduced row echelon form by applying a finite
sequence of elementary row operations. This procedure is called the Gauss-Jordan
elimination procedure.

Existence of an inverse. For a square matrix A € M, (IF) the following

statements are equivalent.
1. A7! exists (A is nonsingular).
2. rank (A) = n.

3. A is transformed by Gauss-Jordan in [,,.
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4. Ax = 0 implies that z = 0.

Systems of linear equations.

Recall that a system of m linear equations in n unknowns can be written as

4
11T + a2 + - - - ATy = by

2171 + Q%2 + - - - Ao Ty = by

L Am1T1 + A2l + -+ Qpp Ty = bm

Here x1, xo, ..., x, are the unknowns, a1, ais, ..., a,, are the coefficients of the
system, and by, b, ..., b, are the constant terms. Observe that a systems of linear
€ Mm,n(F)a VIS Mn,l(F>

equations may be written as Ar = b, with A = (a;j);—1.,

and b € M,, ;(IF). The matrix A is called the coefﬁci]e?tmmatrix, while the matrix
[A]6] € Mo 41 (F),
(A, = a;;if j#n+1

bif j=n+1
is called the augmented matrix of the system.
We say that 1, xs, ..., x, is a solution of a linear system if z1, x», ..., x,, satisfy each
equations of the system. A linear system is consistent if it has a solution, and
inconsistent otherwise. According to the Rouché-Capelli theorem, a system of
linear equations is inconsistent if the rank of the augmented matrix is greater than
the rank of the coefficient matrix. If, on the other hand, the ranks of these two
matrices are equal, the system must have at least one solution. The solution is
unique if and only if the rank equals the number of variables. Otherwise the
general solution has k free parameters where £ is the difference between the

number of variables and the rank. Two linear systems are equivalent if and only if

they have the same solution set.
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In row reduction, the linear system is represented as an augmented matrix [A|b].
This matrix is then modified using elementary row operations until it reaches
reduced row echelon form. Because these operations are reversible, the augmented
matrix produced always represents a linear system that is equivalent to the

original. In this way one can easily read the solutions.

Example 1.24. By using Gauss-Jordan elimination procedure solve the following

systems of linear equations.

ZL‘l—I2+2I4:—2
233'1+33'2—.CE3:4

T1— X9 — 203+ x4 =1

ZE2+I3+ZE4:—1.

1 -1 0 2 -2
Wehave [Alp = | 2 1 T O A | et
1 -2 1 | 1
0 1 1 1 -1
1 -1 0 2 | -2
0 3 -1 -4 1 8 | (o)
0 0 -2 -1 3 N
0 1 1 1 -1

1 1 1 —1 | (Aoc+A1,,—3A0,+A4)

o o O —
=}
|
N}
|
—_
w
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1 0 1 3 -3

01 1 1 —1 (éAg*-i-Al*,%As*LA.21*,—2A3*+A4*)

00 -2 —1 | 3 -

0 0 —4 -7 11

10 0 2 -3

01 0 3 1 (3AstAre, g An+ Az~ AstAs)

00 -2 -1 | 3 B

00 0 =5 5}

10 0 O 1 1 0 00 1

01 0 0 1| (-3An—dAu) 0100 1

00 -2 0 | 2 - 0010 | -1

00 0 =5 ) 00 01 —1
One can easily read the solution 1 =1, 2o =1, 23 = -1, 14 = —1.

Recall that a system of linear equations is called homogeneous if b= (00 ---0)"

that is
111 + a19T9 + - - - ATy = 0

2171 + A22%y + -+ - A2, Ty, = 0

| @m1T1 + Aoy + - A = 0.

A homogeneous system is equivalent to a matrix equation of the form
Ax = 0.

Obviously a homogeneous system is consistent, having the trivial solution
T1=Tg=---=z, =0.

It can be easily realized that a homogeneous linear system has a non-trivial
solution if and only if the number of leading coefficients in echelon form is less

than the number of unknowns, in other words, the coefficient matrix is singular.
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1.3 Problems

Problem 1.3.1. By using Laplace’s theorem compute the following determinants.

21 0000
1 2 3 45

1 21000
21 2 3 4

01 2100

Di={0 21 2 3|, D=

001210
00 2 1 2

000121
000 21

00001 2

Problem 1.3.2. Compute the following determinants.

1 w w? Wl
w o w? w1 .
a) , where w € C such that the relation w? +w + 1 = 0 holds.
w? Wl w
w3 W w?
1 1 1 1
1 € € el
b) |1 ¢ ¢t e2(n=1) | where € = cos 27“ + isin 27“
1 1 62(7171) €(n71)2
Problem 1.3.3. Let A = (a;j),—17 € M,(C) and let us denote
B =t
A = (Gij) ;=17 € M,(C). Show that
j=1n

a) det(A) = det(A).
b) If @;; = aji, 1,7 € {1,2,...,n} then det(A) € R.

Problem 1.3.4. Let aq,as,...a, € C. Compute the following determinants.
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1 1 1 1
a1 a2 a3 ap

a) a% a% a?,} a%
ai™t ayt o al! a1
a; a2 as ap
an a1 Qa2 An—1

b)
s a3 QAgq ... aq

Problem 1.3.5. Compute A™, n > 1 for the following matrices.

7 4 a b

a) A= , A= ,a,beR.
-9 -5 b a
1 3 5 a b b

b)) A=10 1 3|, 4=1b a b]|,abeR.
0 01 b b a

Problem 1.3.6. Compute the rank of the following matrices by using the

Gauss-Jordan elimination method.

o 1 -2 -3 =5 1 2 -2 3 =2
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1 -2 3 5 -3 6
o 1 2 3 4 7
b) |2 1 3 3 -2 5
5 0 9 11 -7 16
2 4 9 12 10 26

Problem 1.3.7. Find the inverses of the following matrices by using the

Gauss-Jordan elimination method.

1
a) A=

1
b) A= (azg)

e M, (R), where a;;

0 otherwise.

Problem 1.3.8. Prove that if A and B are square matrices of the same size, both

invertible, then:
a) A(I+A) =T +AH 1
b) (A+ BB")"'B=A"'B(I+BTA'B)™!,
c) (A '+B Ht=A(A+ B) !B,
d) A—A(A+B)"'A=B-B(A+ B)'B,
e) A+ B7'=A"Y(A+ B)B™!
f) (I+AB)™'=1—- A(I + BA)™'B,

g) (I+AB)'A=A(I + BA)™%
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Problem 1.3.9. For every matrix A € M,, ,(C) prove that the products A*A and

AA* are hermitian matrices.

Problem 1.3.10. For a quadratic matrix A of order n explain why the equation
AX —XA=1
has no solution.

Problem 1.3.11. Solve the following systems of linear equations by using

Gauss-Jordan elimination procedure.

a)
2I1 - 31‘2 + 23 + 4I4 =13

31’1+$2—$3+8$4:2
ox1 + 39 — 4wy + 224 = —12

\ xr, + 41[‘2 — 2I3 + 2I4 = —12.

T1—To+ 23— T4 +x5 —x6 =1
T1+rot+axst+axs+o5+26 =1
201+ 13— x5 =1
To — 3x3 +4ry = —4
—x1 + 329 + dx3 — 16 = —1

1+ 229 + 323 + 44 + Dy + 625 = 2

\
Problem 1.3.12. Find m,n,p € R such that the following systems be consistent,

and then solve the systems.
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Problems
a)
( 20 —y—2=0
T+2y—32=0
20+ 3y +mz =0
nr+y+z=0
r+py+62=0
| 2" =y+z+2.
b)
20 —y+2=0
—x+2y+2=0

mr —y+2z=0
r+ny—22=0
3r+y+pz=0
2?2 +y? 4+ 22 = 3.
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Vector Spaces

2.1 Definition and basic properties of a Vector
Space

Definition 2.1. A vector space V' over a field F (or F vector space) is a set V
with an addition + (internal composition law) such that (V,+) is an abelian group
and a scalar multiplication - : F x V — V, (a,v) = a - v = auv, satisfying the

following properties:
1. a(v+w)=av+aw, Va € F,Vv,w €F
2. (a+ B =av+ pv,Va,f € F,Yv eV
3. a(fv) = (ab)v
4. 1-v=v,YveV

The elements of V' are called vectors and the elements of F are called scalars. The

scalar multiplication depends upon F. For this reason when we need to be exact

33
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we will say that V' is a vector space over [, instead of simply saying that V' is a
vector space. Usually a vector space over R is called a real vector space and a
vector space over C is called a complex vector space.

Remark. From the definition of a vector space V over F the following rules for

calculus are easily deduced:
o a-0y =0
o Op-v =0y
e o-v=0y=a=0porv=_0y.

Examples. We will list a number of simple examples, which appear frequently in

practice.

V' = C" has a structure of R vector space, but it also has a structure of C

vector space.

V = TF[X], the set of all polynomials with coefficients in F with the usual

addition and scalar multiplication is ann ' vector space.

o M, (F) with the usual addition and scalar multiplication is a F vector space.

Cla,p), the set of all continuous real valued functions defined on the interval

[a, b], with the usual addition and scalar multiplication is an R vector space.

2.2 Subspaces of a vector space

It is natural to ask about subsets of a vector space V' which are conveniently closed
with respect to the operations in the vector space. For this reason we give the

following:
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Definition 2.2. Let V' be a vector space over F. A subset U C V is called subspace
of V over I if it is stable with respect to the composition laws, that is,
v+u € UVv,u€e U, and av € UVa € F,v € U, and the induced operations verify

the properties from the definition of a vector space over F.
It is easy to prove the following propositions:

Proposition 2.3. Let V be a F vector space and U C V' a nonempty subset. U 1is

a vector subspace of V' over F iff the following conditions are met:
e v—uclUVv,uelU

e av e U Va e F.YvelU

Proof. Obviously, the properties of multiplication with scalars, respectively the

associativity and commutativity of addition operation are inherited from V. Hence,
it remains to prove that 0 € U and for all u € U one has —u € U. Since au € U for
every u € U and a € F it follows that Ou =0€ U and 0 —u = —u € U. O

Proposition 2.4. Let V be a F vector space and U C V' a nonempty subset. U 1is

a vector subspace of V' over F iff
av + fu € UVa, € F,Vo,u € V.

Proof. Let u,v € U. Fora=1,=—-1wehave v —u e U. For =0and a € F

we obtain av € U. The conclusion follows from the previous proposition. O

Example 2.5. Let S = {(z,y,2) € R*|x +y + z = 0}. Show that S is a subspace
of R?.

To see that S is a subspace we check that for all a, 8 € R and all

V1 = (1'1791721) , U = (1'2792722) - S

avy + fug € S,
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Indeed, since vy, vy € S we have

T +yr+21 = 0

To+yYs+22 = 0,

and by multiplying the equations with a and [ respectively, and adding the

resulting equations we obtain

(w1 + Brg) + (a1 + Bya) + (a2 + Bz) = 0.

But this is nothing else than the fact that

avy + Pug = (axy + e, ayy + Pya, azy + [zo) satisfies the equation that defines S.
The next propositions show how one can operate with vector subspaces (to obtain
a new vector subspace) and how one can obtain a subspace from a family of

vectors.

Proposition 2.6. Let V' be a vector space and U, W C V' two vector subspaces.
The sets
UNW and U4+ W ={u+wlu e Uwe W}

are subspaces of V.

Proof. We prove the statements by making use of the Proposition 2.4. Let o, 5 € F
and let u,v € UNW. Then u,v € U and u,v € W. Since U and W are vector spaces
it follows that av + pu € U, respectively av + fu € W. Hence av + fu € UNW.
Now consider a, 8 € F and let x,y € U + W. Then x = u; + wy, y = us + wy, for

some vectors ui, us € U, wy,wy € W. But then

ar + fy = (auy + fug) + (awy + Pws) € U+ W.
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The subspace U N'W is called the intersection vector subspace, while the subspace
U + W is called the sum vector subspace. Of course that these definitions can be

also given for finite intersections (respectively finite sums) of subspaces.

Proposition 2.7. Let V' be a vector space over F and S C V nonempty. The set

(S) = {Z?:l av;: oy €EF andv; € S, foralli=1,n,n € N} is a vector

subspace over F of V.
Proof. The proof is straightforward in virtue of Proposition 2.4. O

The above vector space is called the vector space generated by S, or the linear hull
of the set S and is often denoted by span(S). It is the smallest subspace of V'
which contains S, in the sense that for every U subspace of V with S C U it
follows that (S) C U.

Now we specialize the notion of sum of subspaces, to direct sum of subspaces.

Definition 2.8. Let V be a vector space and U; C 'V subspaces, i = 1,n. The sum
Uy + -4+ U, is called direct sum if for everyv € Uy + --- 4+ U,, from

V= Uy =Wy A+ wy, with u,w; € Uy i = 1,n it follows that

u; = w;, for everyi=1,n.

The direct sum of the subspaces U;,i = 1,n will be denoted by U; @ - -- @ U,,. The

previous definition can be reformulated as follows. Every v € Uy + - - - + U, can be

written uniquely as v = u; + ug + ... + u,, where u; € U;, i = 1, n.

The next proposition characterizes the direct sum of two subspaces.

Proposition 2.9. Let V be a vector space and U, W C V' be subspaces. The sum
U+ W is a direct sum iff UNW = {0y }.

Proof. Assume that U + W is a direct sum and there exists s € U NW, s # Oy .

But then every x € U + W, x = u + w can be written as
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r=(u—35)+ (w+s) €U+ W. From the definition of the direct sum we have
u=u—Ss, w=w+ s hence s = 0y, contradiction.

Conversely, assume that U N W = {0y} and U + W is not a direct sum. Hence,
there exists x € U + W such that x = uy + w; = us + wy € U + W and u; # us or
wy # wo. But then u; — ug = wy — woy, hence uy; — ug, wy — wy € U NW. It follows

that u; = us and wy = wy, contradiction. O

Let V be a vector space over [F and U be a subspace. On V' one can define the
following binary relation Ry: let u,v € V, uRpviff u —v € U.

It can easily be verified that the relation PRy is an equivalence relation, that is
(r) vRy v, for all v € V. (reflexivity)
(t) uRyv and v Ry w = uNRy w, for all u,v,w € V. (transitivity)
(s) uRyv = vRyu, for all u,v € V. (symmetry)
The equivalence class of a vector v € V' is defined as
Ryv]={ueV:vRyu} =v+U.

The quotient set (or factor set) V/Ry is denoted by V/U and consists of the set of

all equivalence classes, that is
V/U = {Ry[v] :v eV}

Theorem 2.10. On the factor set V//U there is a natural structure of a vector

space over IF.

Proof. Indeed, let us define the sum of two equivalence class Ry [v] and Ry [w] by

Ry lv] + Ry lv] = Rulv + w]
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and the multiplication with scalars by
aRy[v] = Ryav].

Then, is an easy verification that with these operations V/U becomes an F

space. U

The vector space from the previous theorem is called the factor vector space, or

the quotient vector space.

2.3 Basis. Dimension.

Up to now we have tried to explain some properties of vector spaces ”in the large”.
Namely we have talked about vector spaces, subspaces, direct sums, factor space.
The Proposition 2.7 naturally raises some questions related to the structure of a
vector space V. Is there a set S which generates V' (that is (S) = V)7 If the
answer is yes, how big should it be? Namely how big should a "minimal” one
(minimal in the sense of cardinal numbers) be? Is there a finite set which generates
V7?7 We will shed some light on these questions in the next part of this chapter.
Why are the answers to such questions important? The reason is quite simple. If
we control (in some way) a minimal system of generators, we control the whole

space.

Definition 2.11. Let V be an F vector space. A nonempty set S C V is called
system of generators for V if for every v € V there exists a finite subset
{v1,...,v,} CV and the scalars aq,...,a, € F such that v = aqvy + - -+ + a,v, (it
is also said that V' is a linear combination of vy, ..., v, with scalars in F). V is
called dimensionally finite, or finitely generated, if it has a finite system of

generators.
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A nonempty set L C'V is called a linearly independent system of vectors if for

every finite subset {vy,...,v,} C L of it cyvy + ... v, =0 implies that a; = 0 for

allt=1,n.

A nonempty set of vectors which is not linearly independent is called linearly
dependent.

A subset B C V s called basis of V' if it is both a system of generators and linearly
independent. In this case every vector v € V' can be uniquely written as a linear

combination of vectors from B.

Example 2.12. Check whether the vectors (0,1,2),(1,2,0),(2,0,1) are linearly

independent in R3.

By definition, the three vectors are linearly independent if the implication
(05} (O,l,Q)‘f‘OéQ (1,2,0)+O€3(2,0,1) = 0R3 = ] = (g = Q3 =0

holds.
Checking the above implication actually amounts (after computing the right hand

side) to investigating whether the linear system

Qs  + 2&2 =0
(05] + 2&2 =0
2061 + Qs = 0

has only the trivial solution (ay, s, a3) = (0,0,0) or not. But we can easily

compute the rank of the matrix, which is 3 due to

01 2
12 0|=-94#0,
2 0 1
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to see that, indeed, the system has only the trivial solution, and hence the three
vectors are linearly independent.

We have the following theorem.
Theorem 2.13. (Existence of basis) Every vector space V' # 0 has a basis.

We will not prove this general theorem here, instead we will restrict to finite

dimensional vector spaces.

Theorem 2.14. Let V # {0} be a finitely generated vector space over F. From

every finite system of generators one can extract a basis.

Proof. Let S = {v1,...,v,} be a finite generators system. It is clear that there are
nonzero vectors in S (otherwise V' = {0}). Let 0 # v; € S. The set {v;} is linearly
independent (because av; = 0 = a = 0 from v; # 0). That means that S contains
linearly independent subsets. Now P(S) is finite (S being finite), and in a finite
number of steps we can extract a maximal linearly independent system, let say

B ={vy,...,0,}, 1 <n <rin the following way:
v €5\ (v1),

vz € S\ ({v1,v2})

v € S\ ({vr,v2, ..., Up1}).
We prove that B is a basis for V. It is enough to show that B generates V/,
because ‘B is linearly independent by the choice of it. Let v € V. .S being a system
of generators it follows that it is enough to show that every vy € S, n <k <risa
linear combination of vectors from 8. Suppose, by contrary, that vy is not a linear
combination of vectors from B. It follows that the set B U {v;} is linearly

independent, contradiction with the maximality of 2B. O
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Corollary 2.15. Let V' be an F vector space and S a system of generators for V.

FEvery linearly independent set L C S can be completed to a basis of V.

Proof. Let L C S be a linearly independent set in S. If L is maximal by the
previous Theorem it follows that L is a basis. If L is not maximal, there exists a
linearly independent set Ly with L C Ly C S. If L is maximal it follows that L; is
a basis. If it is not maximal, we repeat the previous step. Because S is a finite set,
after a finite number of steps we obtain a system of linearly independent vectors 8
which is maximal, L, C B C S, so B is a basis for V, again by the previous
Theorem. O

Theorem 2.16. Let V' be a finitely generated vector space over F. Every linearly

independent system of vectors L can be completed to a basis of V.

Proof. Let S be a finite system of generators. The intersection L NS is again a
system of generators and L C L N.S. We apply the previous corollary and we
obtain that L can be completed to a basis of V. O

Theorem 2.17. (The cardinal of a basis). Let V' be a finitely generated F vector

space. Every basis of V is finite and has the same number of elements.

Proof. Let B = {ey,....e,} be a basis of V, and let B'{e],... e/ } a system of
vectors with m > n. We show that B’ can not be a basis for V.

1 1 Vi . 1 wri = "
Because B is a basis the vectors e can be uniquely written as e, i1

aijej,
1 <i<m. If B is linearly independent, then it follows that > ." | \;e; = 0 implies
Ai =0, 4=1,m, or, in other words, the system > ", a;;\; =0, j = 1,n has only

the trivial solution, impossible. O

Definition 2.18. Let V' # {0} be an F vector space finitely generated. The number

of elements in a basis of V is called the dimension of V' (it does not depend on the
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choice of the basis, and it is denoted by dimgV ). The vector space V is said to be
of finite dimension. For V = {0} , dimgV = 0.

Remark 2.19. According to the proof of Theorem 2.17, if dimgV = n then any

set of m > n vectors is linear dependent.
Corollary 2.20. Let V' be a vector space over F of finite dimension, dimgV = n.

1. Any linearly independent system of n vectors is a basis. Any system of m

vectors, m > n is linearly dependent.

2. Any system of generators of V' which consists of n vectors is a basis. Any

system of m vectors, m < n is not a system of generators

Proof. a) Consider L = {vy,...,v,} a linearly independent system of n vectors.
From the completion theorem (Theorem 2.16) it follows that L can be completed
to a basis of V. It follows from the cardinal basis theorem (Theorem 2.17) that
there is no need to complete L, so L is a basis.

Let L' be a system of m vectors, m > n. If L’ is linearly independent it follows that
L’ can be completed to a basis (Theorem 2.16), so dimpV > m > n, contradiction.
b) Let S = {v1,...,v,} be a system of generators which consists of n vectors.
From the Theorem 2.14 it follows that a basis can be extracted from its n vectors.
Again from the basis Theorem 2.17 it follows that there is no need to extract any
vector, so S is a basis.

Let S’ be a generators system which consists of m vectors, m < n. From the
Theorem 2.14 it follows that from S’ one can extract a basis, so dimpV < m < n,

contradiction. O

Remark 2.21. The dimension of a finite dimensional vector space is equal to any

of the following:
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e The number of the vectors in a basis.
e The minimal number of vectors in a system of generators.
e The maximal number of vectors in a linearly independent system.

Example 2.22. Let S = {(z,y,2) € R}z +y + 2 = 0}. Give an example of a
basis of 5.

In example 2.5 we have shown that S is a subspace of R?. One can see that, from a
geometric point of view, S is a plane passing through the origin, so dim S = 2.

This follows also from rewriting S as follows

S = {(z,y,2) eERYz+y+2=0}
= {(z,y,—z—y)|z,y eR}
= {2(1,0,-1) +y(0,1,~1) |2,y € R}
= span{(1,0,—1),(0,1,—1)}.

The vectors (1,0, —1) and (0, 1, —1) are linearly independent so they form a basis
of S.

Theorem 2.23. FEvery linearly independent list of vectors in a finite dimensional

vector space can be extended to a basis of the vector space.

Proof. Suppose that V' is finite dimensional and {vy,...,v,,} is linearly
independent. We want to extend this set to a basis of V. V' being finite

dimensional, there exists a finite set {wy, ..., w,}, a list of vectors which spans V.

e If wy is in the span of {vy,...,v,}, let B ={vy,...,v,}. If not, let

B ={vy,...,0p,w}.
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o If w; is in the span of B, let B unchanged. If w; is not in the span of B,
extend B by jointing w; to it.

After each step B is still linearly independent. After n steps at most, the span of
B includes all the w’s. Thus B also spans V', and being linearly independent, it
follows that it is a basis. O

As an application we show that every subspace of a finite dimensional vector space

can be paired with another subspace to form a direct sum which is the whole space.

Theorem 2.24. Let V' be a finite dimensional vector space and U a subspace of V.

There exists a subspace W of V' such that V =U & W.

Proof. Because V is finite dimensional, so is U. Choose {uy,...,u,} a basis of U.
This basis of U a linearly independent list of vectors, so it can be extended to a
basis {u1, ..., Un, w1, .., w,} of V. Let W = (wyq, ..., wy,).

We prove that V = U @ W. For this we will show that
V=U+W, and UNnW = {0}
Let v € V, there exists (ai, ..., an,b1,...,b,) such that
vV =a1uy + -+ Gy, + 0wy 4 - -+ bpwy,,

because {u1, ..., Uy, wr,...,w,} generates V. By denoting

a1uy + -+ apty, = u € U and bywy + - - - + byw,,, = w € W we have just proven
that V. =U+W.

Suppose now that U N W # {0}, so let 0 # v € U NW. Then there exist scalars

aiy...,a, € Fand by,..., b, € F not all zero, with

UV =aguy + ot Gy, = biwy + -+ by,
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SO
aug + -+ AUy, — bywy — -+ - — byw,, = 0.

But this is a contradiction with the fact that {u, ..., uy,ws,...,w,} is a basis of

V', so we obtain the contradiction, i.e. UNW = {0}. O

The next theorem relates the dimension of the sum and the intersection of two

subspaces with the dimension of the given subspaces:

Theorem 2.25. If U and W are two subspaces of a finite dimensional vector

space V', then
dim (U + W) = dimU + dimW — dim(UNW) .

Proof. Let {uq,...,uy} be a basis of UNW, so dimU NW = m. This is a linearly
independent set of vectors in U and W respectively, so it can be extended to a
basis {u1,...,Un,v1...v;} of U and a basis {uq, ..., uny, wy,...w;} of W, so
dimU =m + ¢ and dim W = m + j. The proof will be complete if we show that

{ur, ... U, v1 ..., 05w, ..., w;} is a basis for U + W, because in this case

dm(U+W) = m+i+j
= (m+i)+(m+j)—m

= dimU +dim W — dim(U N W)

The set span{us, ..., Up,v1 ..., 0, w1, ..., w;} contains U and W, so it contains
U + W. That means that to show that it is a basis for U + W it is only needed to

show that it is linearly independent. Suppose that
a1u1+---—|—amum+blvl+---+bivi+clw1—i—---—i—cjwj =0.
We have

clw1+~-~+cjwj:—a1u1—-~-—amum—blvl—~-~—bivi



Basis. Dimension. 47

which shows that w = cyw; + -+ - + cjw; € U . But this is also in W, so it lies in
UNW. Because uq,...,u, is a basis in U N W it follows that there exist the

scalars dy,...,d,, € F, not all zero, such that
cqw + -+ Ciw; = —(d1u1 +---+ dmum) .

But {uy,..., Un, wi,...,w;} is a basis in W, so it is linearly independent, that is
all ¢;’s are zero.

The relation involving a’s, b’s and ¢’s becomes
a1u1+-~-+amum+blv1+-~-+bivi:0,

so a’s and b’s are zero because the vectors {uy, ..., Up,v; ...,v;} form a basis in U.
So all the a’s, b’s and ¢’s are zero, that means that
{ug, ..., upm,v1,...,v;,wy,...,w;} are linearly independent, and because that

generates U + W, they form a basis of U + W. O

The previous theorem shows that the dimension fits well with the direct sum of

spaces. That is, if U N W = {0}, the sum is the direct sum and we have
dim (U@ W) =dimU +dimW .

This is true for the direct sum of any finite number of spaces as it is shown in the

next theorem:

Theorem 2.26. Let V' be a finite dimensional space, U; subspaces of V, 1 = 1,n,
such that
V:U1++Un )

and

dimV = dimU; + -- -+ dimU,, .
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Then

Proof. One can choose a basis for each U;. By putting all these bases in one list,
we obtain a list of vectors which spans V' (by the first property in the theorem),
and it is also a basis, because by the second property, the number of vectors in this

list is dim V.

Suppose that we have u; € U;, i = 1,n, such that
O=up+---+u, .

Every wu; is represented as the sum of the vectors of basis of U;, and because all
these bases form a basis of V, it follows that we have a linear combination of the
vectors of a base of V' which is zero. So all the scalars are zero, that is all u; are

zero, so the sum is direct. O

We end the section with two important observations. Let V' be a vector space over
F (not necessary finite dimensional). Consider a basis B = (e;);es of V.

We have the first representation theorem:

Theorem 2.27. Let V be a vector space over F (not necessary finite dimensional).
Let us consider a basis B = (e;)ic;. For every v € Vv # 0 there exist a unique
subset B’ CB, B’ = {e;,,..., e, } and the nonzero scalars a;,, ..., a;, € F*, such

that

k
V= E @i;€i; = Ajy €4y + 0+ Qg €4y .
j=1

Proof. Obviously, by the definition of basis v is a finite linear combination of the

elements of the basis. We must show the uniqueness. Assume the contrary, that

n m
v = E aj,ej, = g g, 05, 70,1 =1,n, o, #0, 1 =1, m.
i=1 i=1
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Assume that there exists ey, & {ej,,...,¢€;,}. Then, since

Yo e — Yo, ager;, = 0 we obtain that g, = 0, contradiction. Similarly,

ej, € {€ks,...,em}, for all s =1,n. Hence, m = n and one may assume that

n n
v = E aj,ej, = E aper, o, 70,1 =1,n, g, # 0,7 = 1,n.
i=1

i=1
Using the relation Y, o€, — > | cuex, = 0 again we obtain that

aj, = oy, © € {1,...,n}, contradiction. O]

Example 2.28. Show that B = {(1,1),(1,—1)} is a basis of R?, and find the

representation of the vector v = (3, —1) with respect to B of the vector v = (3, —1).

Our aim is to find the representation of v = (3, —1) with respect to B, that is, to

find two scalars x,y € R such that
v=x(1,1)4+y(1,-1).

Expressing the above equality component wise gives a system with two unknowns,

x and y
r +y =3
r — y = —1

Its unique solution, and the answer to our problem, is z = 1,y = 2.

2.4 Local computations

In this section we deal with some computations related to finite dimensional vector
spaces.
Let V be an F finite dimensional vector space, with a basis B = {ey,...,e,}. Any

vector v € V' can be uniquely represented as

n
V= g a;e; = aje; + -+ apey.
i=1
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The scalars (aq, ..., a,) are called the coordinates of the vector v in the basis ®B. It
is obvious that if we have another basis B8’, the coordinates of the same vector in
the new basis change. How we can measure this change? Let us start with a

situation that is a bit more general.

Theorem 2.29. Let V be a finite dimensional vector space over F with a basis

B = {ey,...,en}. Consider the vectors S = {e,...,e, } CV:

!
e; = apel+ -+ ae,

Cmn = am161+"'+amnen

Denote by A = (aij);—1m the matriz formed by the coefficients in the above
j=1ln
equations. The dimension of the subspace (S) is equal to the rank of the matriz A,

i.e. dim(S) = rankA.

Proof. Let us denote by X; = (a;1, ..., a;,) € F", i = 1,m the coordinates of

e;, i = 1,m in B. Then, the linear combination Yoy \ie; has its coordinates
Yo X in B, Hence the set of all coordinate vectors of elements of (S) equals
the subspace of F" generated by {X1, ..., X,,,}. Moreover €}, ..., e, will be linearly
independent if and only if Xy,..., X,, are. Obviously, the dimension of the
subspace (Xq, ..., X;,) of F™ is equal to the rank of the matrix

X4



Local computations 51

Consider now the case of m = n in the above discussion. The set S = {e},...,e,}

’n

is a basis iff rankA = n. We have now

e; = aneir+ -+ ame,
!

€y = Q2161+ -+ Qpy
!

€, — Qani1€1 + o+ appén,

representing the relations that change from the basis B to the new basis B = S.

The matrix A" is denoted by

ajpr a1 ... Qp1
P(&e') _ Q12 Q22 ... Qp2
A1y A2 ... Qpp

The columns of this matrix are given by the coordinates of the vectors
of the new basis ¢ with respect to the old basis e!

Remarks

e In the matrix notations we have

e €1
!

e €2 !
2 =4 or (€)1n= (PN T(e)1n
!

en €n

e Consider the change of the basis from 9B to B  with the matrix P and
the change of the basis from B’ to B" with the matrix P€). We can think
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at the "composition” of these two changes, i.e. the change of the basis from

B to B with the matrix P ). It is easy to see that one has

" 1"

plee) plee’) _ plee’)

e If in the above discussion we consider 8" = 9B one has
plepee

that is

(p(e ,e))fl _ p(e,e )

At this step we try to answer the next question, which is important in

applications. If we have two bases, a vector can be represented in both of them.

What is the relation between the coordinates in the two bases?

Let us fix the setting first. Consider the vector space V', with two bases

B ={ey,...,en}and B = {¢},...,e,} and P©) the matrix of the change of
basis.

Let v € V. We have

! !
v=ame; + -+ apne, =bie; + -+ bue,,

where (ay,...a,) and (by,...b,) are the coordinates of the same vector in the two

bases. We can write

€2

én e
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Denote

and

() =

the matrices of the coordinates of v in the two bases.

Denote further the basis columns

€1
€2

(e)ln =
€n

the column matrix of the basis B and

€
, €

(€)=
e/

the matrix column of the basis B, we have

Because v is uniquely represented in a basis it follows

(W) F(PENT = ()]

e
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or

Hence,

2.5 Problems

Problem 2.5.1. Show that for span(vy,...,v,) =V one has

span(vy — Vg, Uy — Uz, ..., Up_1 — Up, Uy) = V.

Problem 2.5.2. Find a basis for the subspace generated by the given vectors in

M;(R).
1 2 3 0 -1 2 0O 1 2
24 10,2 1 —1],]-2 2 -1
3 1 —1 0 1 1 -1 2 1

Problem 2.5.3. Let V' be a finite dimensional vector space dim V' = n. Show that

there exist one dimensional subspaces Uy, ..., U,, such that
V=U&- - -dU,.
Problem 2.5.4. Find three distinct subspaces U, V, W of R? such that
RE=UsV=VaW=WaU.

Problem 2.5.5. Let U, W be subspaces of R®, with dimU = 3, dim W = 5 and
dim U + W = 8. Show that U N W = {0}.

Problem 2.5.6. Let U, W be subspaces of R? with dim U = dim W = 5. Show
that U N W # {0}.
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Problem 2.5.7. Let U and W be subspaces of a vector space V' and suppose that
each vector v € V has a unique expression of the form v = u + w where u belongs
to U and w to W. Prove that

V=UoW

Problem 2.5.8. In Cfa, b] find the dimension of the subspaces generated by the

following sets of vectors:
a) {1,cos2z,cos’z},
b) {em®, ..., e}, where a; # a; for i # j

Problem 2.5.9. Find the dimension and a basis in the intersection and sum of

the following subspaces:

o U= span{(?, 3, _1)a (17 2,2, )7 (L L, _3)}7
V =span{(1,2,1),(1,1,-1),(1,3,3)}.

o U =span{(1,1,2,—1),(0,—1,-1,2),(-1,2,1, -3},
V =span{(2,1,0,1), (=2, —1,—1,-1),(3,0,2,3)}.

Problem 2.5.10. Let U, V, W be subspaces of some vector space and suppose that
U C W. Prove that
U+V)NnW=U+(VnW).

Problem 2.5.11. In R* we consider the following subspace
V =span{(2,1,0,1),(-2,—1,-1,-1),(3,0,2,3)}. Find a subspace W of R* such
that R* =V & W.

Problem 2.5.12. Let V, W be two vector spaces over the same field F. Find the

dimension and a basis of V' x W.
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Problem 2.5.13. Find a basis in the space of symmetric, respectively

skew-symmetric matrices of dimension n.

Problem 2.5.14. Let
V=A(,...,z,) e R, 21y + 29+ ...+ 2, =0, 21 + 2, = 0}. Find a basis in V.

Problem 2.5.15. Let M, (R) be the set of the real square matrices of order n,
and A, respectively 8,, the set of symmetric, respectively skew-symmetric

matrices of order n. Show that M, (R) = A, & 8,.

Problem 2.5.16. Let us denote by R, [X] the set of all polynomials having degree
at most n with real coefficients. Obviously R, [X] is a subspace of R[X] with the
induced operations. Find the dimension of the quotient space R,[X]/U where U is

the subspace of all real constant polynomials.

Problem 2.5.17. Let V be a finite-dimensional vector space and let U and W be

two subspaces of V. Prove that
dim (U +W)/W) = dim (U/(U N W)).

Problem 2.5.18. Let us consider the matrix

13 5 -3 6
12 3 4 7
M=113 3 -2 5
0 9 11 -7 16
4 9 12 10 26

Let U and W be the subspaces of R generated by rows 1, 2 and 5 of M, and by
rows 3 and 4 of M respectively. Find the dimensions of U + W and U N'W.
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Problem 2.5.19. Find bases for the sum and intersection of the subspaces U and
W of Ry[X] generated by the respective sets of polynomials
{1+2z+2%1—2—2%} and {z + 2% — 32°,2 + 2z — 223},



Linear maps between vector spaces

Up to now we met with vector spaces. It is natural to ask about maps between
them, which are compatible with the linear structure of a vector space. These are
called linear maps, special maps which also transport the linear structure. They

are also called morphisms of vector spaces or linear transformations.

Definition 3.1. Let V and W be two vector spaces over the same field F. A linear
map from V to W is a map f :V — W which has the property that
flav+ pu) = af(v) + Bf(u) for allv,u € V and a, B € F.

The class of linear maps between V' and W will be denoted by Lg(V, W) or
Homg(V, W).
From the definition it follows that f(0y) = Oy and

f(z Oéi’UZ') = ZOdif(’Ui), i o, € IF, V’UZ' € V,Z = 1,71.
i=1

=1

We shall define now two important notions related to a linear map, the kernel and
the image.

Counsider the sets:
ker f = f7'(Ow) = {v € V|f(v) =0,}, and

o8
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imf = f(V)={weW|3veV, flv)=w}

Definition 3.2. The sets ker f and f(V') are called the kernel (or the null space),

respectively the image of f.
An easy exercise will prove the following:

Proposition 3.3. The kernel and the image of a linear map f:V — W are
subspaces of V- and W respectively.

Example 3.4. Let T : R? — R? be given by (z,y) — (z + y,z +y). Find ker T
and T (R?).
By definition
ker T = {(z,y) € R*|T (2,y) = (0,0)}

= {(x,y) eR’|(x+y,2+y) = (0,0)}

= {(z,y) € R*z+y=0}.
Geometrically, this is the straight line with equation y = —z. Clearly
ker T'= span {(1, —1)} and dim ker T" = 1.

From the way T is defined we see that all vectors in the image T (R?) of T, have

both components equal to each other, so
T(R*) = {(a,0)|acR}
= span{(1,1)}.

For the finite dimensional case the dimension of ker and im of a linear map

between vector spaces are related by the following:

Theorem 3.5. Let f:V — W be a linear map between vector spaces V and W
over the field F, V being finite dimensional.

dimV = dim ker f + dimimf.
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Proof. Let n and m be the dimensions of V' and ker f, m < n. Consider a basis
{e1,...,en} for ker f. The independent system of vectors ey, ..., e, can be
completed to a basis {e1,...,€m,€mi1,... €} of V.

Our aim is to prove that the vectors f(emy1), ..., f(e,) form a basis for f(V). It is
sufficient to prove that the elements f(e,11),..., f(e,) are linearly independent
since they generate f(V).

Suppose the contrary, that f(em,11),..., f(e,) are not linearly independent. There

exist ayp41, ..., q, € F such that

n

Z C“kf(ek> = OWa

k=m+1
and by the linearity of f,

n

f( Z ager) = Ow.

k=m+1
Hence

n
v = Z agey, € ker f

k=m+1
and v’ can be written in terms of e, ..., e,,. This is only compatible with the fact

that ey, ..., e, form a basis of V if oy, 1 = - -+ = o, = 0, which implies the linear

independence of the vectors f(emi1),---, f(€n). O

Theorem 3.6. Let f:V — W be a linear mapping between vector spaces V' and
W, and dimV = dimW < oo. Then, f(V) =W iff ker f = {0y }. In particular f

1s onto iff f is one to one.

Proof. Suppose that ker f = {0y }. Since f(V') is a subspace of W it follows that
dimV = dim f(V) < dim W, which forces dim f(V') = dim W, and this implies
that f(V) =W.
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The fact that f(V) = W implies that ker f = {0y} follows by reversing the

arguments. O

Proposition 3.7. Let f:V — W be a linear map between vector spaces V., W over

F. If f is a bijection, it follows that its inverse f~': W — V is a linear map.

Proof. Because f is a bijection Ywy,wy € W, 3! vy, vy € V, such that

f(v;) = w;,i = 1,2. Because f is linear, it follows that
QW] + Qwy = Oélf(?)l) + C(Qf(’l)g) = f(Odl’Ul + 042’02).
It follows that av1 + asve = f~1(agw; + apws), so

fﬁl(alwl + ozng) = Oélfil(wl‘i‘) + Oégfil(wg).

Definition 3.8. A linear bijective map f : V — W between vector spaces V, W
over I s called an isomorphism of the vector space V' over W | or isomorphism
between the vector spaces V. and W

A wvector space V' is called isomorphic to a vector space W if there exists an
1somorphism f : V. — W. The fact that the vector spaces V- and W are isomorphic
will be denoted by V ~ W.

Example 3.9. Let V' be an FF vector space and Vi, V5 two supplementary spaces,
that is V = V] @& V5. It follows that Vv € V' we have the unique decomposition

v =1 + vg, with v; € Vj and vy € V5. The map
p: V=V, plv)=v, YveV

is called the projection of V on Vi, parallel to V5.
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The map s: V =V, s(v) =v; — v, Yv € V is called the symmetry of V' with
respect to Vi, parallel with V5.
It is easy to see that for v € Vi, vy =0, so p(v) = v and s(v) = v, and for v € V5,

v1 =0, so p(v) =0 and s(v) = —v.

3.1 Properties of L(V,W)

In this section we will prove some properties of linear maps and of L(V,W).

Proposition 3.10. Let f : V — W be a linear map between the linear spaces V, W

over IF.
1. If Vi CV is a subspace of V, then f(V1) is a subspace of W.
2. If Wy C W is a subspace of W, then f~1(W}) is a subspace of V.

Proof. 1. Let wy,wy be in f(V}). It follows that there exist vy, vo € V} such that

f(v;) = w;,i = 1,2. Then, for every a, f € F we have

awy + Bwy = af(v1) + Bf(v2) = flav + Bug) € f(V1).

2. For vy, vy € f~1(W;) we have that f(vy), f(ve) € W1, so
Vo, €F, af(v)+ Bf(vy) € Wi. Because f is linear
af(v) + Bf(ve) = favi + Bug) = avy + Pug € f~HW).

The next proposition shows that the kernel and the image of a linear map

characterize the injectivity and surjectivity properties of the map.

Proposition 3.11. Let f : V. — W be a linear map between the linear spaces V, W
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1. f is one to one (injective) <= ker f = {0}.
2. [ is onto (surjective) <= f(V)=W.
3. f is bijective <= ker f = {0} and f(V)=W.

Proof. 1 Suppose that f is one to one. Because f(0y) = Oy it follows that
ker f = {0y} C V. For the converse, suppose that ker f = {0y }. Let vy,v € V
with f(v1) = f(v2). It follows that f(v; —v2) = 0 and because ker f = {0} we have

that v;1 = vo. The claims 2. and 3. can be proved in the same manner. O
Next we shall study how special maps act on special systems of vectors.

Proposition 3.12. Let f : V — W be a linear map between the linear spaces V, W

and S = {v;|i € I} a system of vectors in V.

1. If f is one to one and S is linearly independent, then f(S) is linearly

independent.

2. If f is onto and S is a system of generators, then f(S) is s system of

generators.
3. If f is bijective and S is a basis for V', then f(S) is a basis for W.

Proof. 1. Let {wy,...,w,} be a finite subsystem from f(S5), and «; € F with
> a;w; = 0. There exist the vectors v; € V such that f(v;) = w;, for all

ie{l,....n}. Then > 0  ayw; =Y " i f(v;) = f(Oo, av;) = 0, s0

> oyu; = 0. Because S is linearly independent it follows that a; = 0 for all

i =1,n,s0 f(S) is linearly independent.
2. Let w € W. There exists v € V with f(v) = w. Because S is a system of

generators, there exists a finite family of vectors in S, v;, and the scalars
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a; € F,i =1,n such that > | a;v; = v. It follows that

w= f(v) = f(z ;) = Z ;i f(vs).

3. Because f is bijective and S is a basis for V, it follows that both 1. and 2. hold,
that is, f(5) is a basis for W. O

Definition 3.13. Let f,g: V — W be linear maps between the linear spaces V
and W over F, and o € F. We define

L f4g:V—=Whoby(f+g)(v)=f(v)+gv), VveV, the sum of the linear

maps, and

2. af : V=W by (af)(v) =af(v), Vv e V.Y aeF, the scalar multiplication

of a linear map.

Proposition 3.14. With the operations defined above L(V, W) becomes a vector

space over IF.

The proof of this statement is an easy verification.

In the next part we specialize in the study of the linear maps, namely we consider

the case V = W.

Definition 3.15. The set of endomorphisms of a linear space V' is:
End(L) ={f:V = V| f linear }.

By the results from the previous section, End(V') is an F linear space.
Let W, U be two other linear spaces over the same field F, f € L(V, W) and
g € L(W,U). We define the product (composition) of f and g by
h=gof:V —=U,

h(v) =g(f(v)), VveV
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Proposition 3.16. The product of two linear maps is a linear map.
Moreover, if f and g as above are isomorphisms, then the product h = go f is an

1somorphism.
Proof. We check that for all v,v, € V and all o, € F
h(avy + Bvy) = g(f(avy + Bug))
= glaf(vi) + Bf(v2))

= glaf(v)) + g(Bf(v2))
= ah(v1) + Bh(va).

The last statement follows from the fact that h is a linear bijection. O

It can be shown that the composition is distributive with respect to the sum of
linear maps, so End(V') becomes an unitary ring.

It can easily be realized that:

Proposition 3.17. The isomorphism between two linear spaces is an equivalence

relation.

Definition 3.18. Let V' be an F linear space. The set
Aut(V) = {f € End(V)| f isomorphism }

15 called the set of automorphisms of the vector space V.

Proposition 3.19. Aut(V) is a group with respect to the composition of linear

maps.
Proof. 1t is only needed to list the properties.

1. the identity map [y is the unit element.
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2. go fis an automorphism for f and g automorphisms.

3. the inverse of an automorphism is an automorphism.

The group of automorphisms of a linear space is called the general linear group

and is denoted by GL(V).
Example 3.20. e Projectors endomorphisms. An endomorphism
p:V — V is called projector of the linear space V iff

P’ =Dp,

where p? = pop. If p is a projector, then:

L. kerpep(V)=V

2. the endomorphism ¢ = Iy — p is again a projector.
Denote v; = p(v) and vy = v — vy, it follows that
p(v2) = p(v) = p(v1) = p(v) — p*(v) = Oy, s0 vz € ker f. Hence

V=014, VVOETV,

where vy, v9 € f(V') and, moreover, the decomposition is unique, so we have
the direct sum decomposition kerp @ p(V') = V. For the last assertion simply
compute ¢*> = (Iy —p)o (Iy —p) = Iy —p—p+p*> = Iy — p = q, because p is
a projector. It can be seen that ¢(V') = kerp and ker ¢ = ¢(V'). Denote by

Vi =p(V) and V; = ker p. It follows that p is the projection of V on Vi,

parallel with V5, and ¢ is the projection of V' on V5 parallel with V.

e Involutive automorphisms. An operator s : V — V is called involutive iff

s? = Iyy. From the definition and the previous example one has:
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1. an involutive operator is an automorphism

2. for every involutive automorphism, the linear operators:

ps V= Vips(v) = %(v + s(v))

g V=V, gv) = %(v — s(v))

are projectors and satisfy the relation p, + g5 = 1y.

3. reciprocally, for a projector p : V' — V, the operator s, : V' — V, given

by s,(v) = 2p(v) — v is an involutive automorphism.

From the previous facts it follows that p;os =sop, =p,s,op=pos,=p. An
involutive automorphism s is a symmetry of V' with respect to the subspace ps(V),

parallel with the subspace ker p,.

Example 3.21. Let V be a vector space and f:V — V a linear map such that

ker f = imf. Determine the set im f2, where f* denotes the composition of f with

itself, f2= fo f.
We start by writing down explicitly
imf? = imfof

= fof(V)
= f(FV).

But, f (V) =imf = ker f is the set of all vectors which are mapped by f to zero, so

imf? = f(ker f)
= 0.
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3.2 Local form of a linear map

Let V and W be two vector spaces over the same filed F, dimV = m, dim W = n,
and e = {ey,... e} and f ={f1,..., fn} be bases in V and W respectively. A
linear map 7' € L(V, W) is uniquely determined by the values ond the basis e.

We have

T(er) = anfi+--+amfn,

T(es) = aoifi+--+ amfn,

T(em) - am1f1+"'+amnfn7

T(€1> fl

T(f2) - A ij where A = (ai;);—1,,-
: j=tn

T(em) fa

The transposed of A is denoted by M}f “) and is called the matrix of the linear
map T is the bases e and f.

From the definition of the matrix of a linear map it follows that:
Theorem 3.22. o ForTy, Ty, € L(V,W) and aj,as € F

MalTl+a2T2 = alMTl + &QMTQ

o The vector space L(V, W) is isomporphic to My, ,(F) by the map
T e L(V,W)— Mp(F) € M, .(F).

e Particularly End(V') is isomorphic to N, (FF).
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Now we want to see how the image of a vector by a linear map can we expressed.

Let v € V, v =" vie;, or in the matrix notation (v), (€)1, where, as usual

U1

V2

/UTL
and

€1

€9

From the definition of M}f ) it follows that

(T())1m = (M) (1.
So finally we have
(W)} (f)in = @) MF)T(f)rn-

By the uniqueness of the coordinates of a vector in a basis it follows that

€

()} = @) (M),
Taking the transposed of the above relation we get

(w); = (MF)(v)..
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-3 0 2
Example 3.23. Let T: R?* - R3, T = 1 1 0 |. Find a basis in ker 7" and
2 1 2
find the dimension of T (R3).
Observe that the kernel of T,
T 0
kerT'= ¢ (z,y,2) €|T| y [ =] 0 ,
z 0

is the set of solutions of the linear homogeneous system

—3x + 2z =0
r + oy =0 (3.1)
-2z + y + 22 = 0,

the matrix of the system being exactly T'. To solve this system we need to

compute the rank of the matrix 7. We get that

-3 0 2
1 1 0(=0
-2 1 2

and that rank A = 2. To solve the system we chose x = « as a parameter and

express y and z in terms of = from the first two equations to get

The set of solutions is

(o) neaf om0
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and hence, a basis in ker T consists only of (1, -1, %), dim kerT' = 1.

Based on the dimension formula
dim ker T 4+ dim T (R3) = dimR3
we infer that dim T (R?) = 2.

Proposition 3.24. Let V., W, U be vector spaces over I, of dimensions m,n,p, and
T e L(V,W), S e L(W,U), with matrices My and Mg, in some basis. Consider
the composition map S oT :V — U with the matrix Msor. Then

MSOT = MsMT-

Proof. Indeed, one can easily see that for v € V' we have (T'(v)) = Mr(v) where
(T'(v)), respectively (v) stand for the coordinate of T'(v), respectively v in the
appropriate bases. Similarly, for w € W one has (S(w)) = Mg(w).

Hence, (SoT(v)) = (S(T(v))) = Ms(T(v)) = MgMr(v), or, equivalently

MSOT - MSMT-
]

Let V and W be vector spaces and T' € L(V, W) be a linear map. In V and W we
consider the bases e = {e1,...,e,} and f={f1,..., fu}, with respect to these
bases the linear map has the matrix M}f ) If we consider two other bases

e =A{e,....e. }and f'={f],..., f} the matrix of T with respect to these bases
will be M}f ") What relation do we have between the matrices of the same linear

map in these two bases?

Theorem 3.25. In the above conditions Mi(pf/’e,) = P(f”f)M}f’e)P(e’e,).
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Proof. Let us consider v € V' and let w = T'(v). We have
(w)yr = My (v)e = M7 P o).
On the other hand
(w)y = PN (w)y = PUD(T(0); = PUD M (v)..
Taking into account that (P(¢9)~! = P() we get
MY = pUtn e (plehen=1 = pUnh) ppife) plee)
U

Corollary 3.26. Let e and €' be two bases of a finite-dimensional vector space V

and let T :'V — V be a linear mapping. If T is represented by matrices A = M}e’e)

and A’ = Mi(pel’el) with respect to e and €' respectively, then A’ = PAP~! where P is

the matriz representing the change of basis e to €.

3.3 Problems

Problem 3.3.1. Consider the following mappings 7" : R® — R3. Study which one

of them is a linear mapping.
a) T(x1, 29, x3) = (23, 2, 73).
b) T(x1,x9,23) = (23,21, T2).
c) T(xy,xe,23) = (1 — 1, 29, x3).
d) T(z1,x9,23) = (21 + T2, 2 — T3, 1 + T2 + T3).

e) T(zy,x2,23) = (23,0,0).
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f) T(I'l, T2, 1'3) = (l‘l, 21‘2, 31[’3)

Problem 3.3.2. Let 7' € End(V) and let {e; : i = 1,n} be a basis in V. Prove

that the following statements are equivalent.

1. The matrix of T, with respect to the basis {e; : ¢ = 1,n} is upper triangular.

2. T'(ex) € span{ey,...,ex} for all k =1, n.

3. T'(span{ey,...,ex}) =span{ey,..., e} for all k = 1,n.

Problem 3.3.3. Let 77,75 : R?* — R? having the matrices

310
Mpr =10 2 11,
1 2 3
respectively
-1 4 2
Mpr,=10 4 1
0 05

in the canonical basis of R3.
a) Find the image of (0,1, —1) through Ty, 7', Ty, T, .
b) Find the image of (1,3, —2) through Ty + Ty, (T1 + T5) "~ .
¢) Find the image of (1,2,0) through 77 o Ty, T5 o T7.

Problem 3.3.4. Let V be a complex vector space and let T € End(V). Show that
there exists a basis in V' such that the matrix of T relative to this basis is upper

triangular.
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Problem 3.3.5. Let 7 : R* — R? be a linear mapping represented by the matrix

0 -1 -1 -3

Find a basis in ker T',im 1" and the dimension of the spaces V, W, kerT" and imT'.

Problem 3.3.6. Show that a linear transformation 7" : V' — W is injective if and
only if it has the property of mapping linearly independent subsets of V' to linearly
independent subsets of WW.

Problem 3.3.7. Show that a linear transformation 7' : V' — W is surjective if and
only if it has the property of mapping any set of generators of V' to a set of

generators of W.

Problem 3.3.8. Let T: V — W be a linear mapping represented by the matrix

0o -2 -2 =3
Compute dim V,dim W and find a basis in im 7" and ker T'.

Problem 3.3.9. Find all the linear mappings 7' : R — R with the property
im7T =kerT.
Find all n € N such that there exists a linear mapping 7" : R" — R" with the

property im T = ker T'.

Problem 3.3.10. Let V., respectively V;, i = 1,n be vector spaces over C. Show
that, it T: V; x V5 x - x V,, = V is a linear mapping then there exist and they

are unique the linear mappings 7; : V; — V, i = 1, n such that

T(vi,...,v,) =Ti(v1) + To(ve) + -+ + T (vy).
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Problem 3.3.11. (The first isomorphism theorem). If 7: V' — W is a linear

transformation between vector spaces V' and W, then
V/kerT ~imT.

[Hint: show that the mapping S : V/kerT — im T, S(v + kerT) = T'(v) is a
bijective linear mapping.]
Problem 3.3.12. (The second isomorphism theorem). If U and W are subspaces
of a vector space V, then

(U+W)/W ~U/(UNW).
[Hint: define the mapping 7 : U — (U + W)/W by the rule T'(u) = v + W, show
that T is a linear mapping and use the previous problem.]

Problem 3.3.13. (The third isomorphism theorem). Let U and W be subspaces
of a vector space V such that W C U. Prove that U/W is a subspace of V/W and
that (V/W)/(U/W) ~V/U.

[Hint: define a mapping T : V/W — V/U by the rule T'(v + W) = v + U, show

that 7" is a linear mapping and use the firs isomorphism theorem.]

Problem 3.3.14. Show that every subspace U of a finite-dimensional vector space

V' is the kernel and the image of suitable linear operators on V.

Problem 3.3.15. Let 7' : R* — R* having the matrix

12 0 1
30 —1 2

My =
25 3 1
12 1 3

in the canonical basis {e;, 5, e3,e4} of R%.

Find the matrix of T" with respect to the following basis.
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a) {61763762764}'
b) {61,61+€2,61+62+€3,61+62+€3+64}.
c) {es —e1,e3+eq, 60 — ey €4}

Problem 3.3.16. A linear transformation T : R® — R? is defined by
T(xxg,x3) = (v1 — 23 — w3, —21 + 23). Let e = {(2,0,0),(—1,2,0),(1,1,1)} and
f=1(0,-1),(1,2)} be bases in R* and R? respectively. Find the matrix that

represents 1" with respect to these bases.
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Proper vectors and the Jordan canonical

form

4.1 Invariant subspaces. Proper vectors and
values

In this part we shall further develop the theory of linear maps. Namely we are
interested in the structure of an operator.

Let us begin with a short description of what we expect to obtain.

Suppose that we have a vector space V over a field F and a linear operator

T € End(V). Suppose further that we have the direct sum decomposition:

V == é Ui,
i=1

where each U; is a direct subspace of V. To understand the behavior of T it is only
needed to understand the behavior of each restriction T'|y,. Studying T'|y, should

be easier than dealing with 7" because Uj; is a ”smaller” vector space than V.

77
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However we have a problem: if we want to apply tools which are commonly used in
the theory of linear maps (such as taking powers for example) the problem is that
generally T" may not map U; into itself, in other words 7’|y, may not be an
operator on Uj. For this reason it is natural to consider only that kind of

decomposition for which 7" maps every U; into itself.

Definition 4.1. Let V' be an operator on the vector space V over F and U a
subspace of V.. The subspace U is called invariant under T if T(U) C U, in other

words T|y is an operator on U.

Of course that another natural question arises when dealing with invariant
subspaces. How does an operator behave on an invariant subspace of dimension
one? Every one dimensional subspace is of the form U = {Au|X € F}. If U is
invariant by T it follows that T'(u) should be in U, and hence there should exist a
scalar A € F such that T'(u) = Au. Conversely if a nonzero vector u exists in V'
such that T'(u) = Au, for some A € F, then the subspace U spanned by u is
invariant under 7" and for every vector v in U one has T'(v) = Av. It seems

reasonable to give the following definition:

Definition 4.2. Let T' € End(V') be an operator on a vector space over the field F.
A scalar N € F is called eigenvalue (or proper value) for T if there exists a nonzero
vector v € V' such that T'(v) = Av. A corresponding vector satisfying the above

equality is called eigenvector (or proper vector) associated to the eigenvalue \.

The set of eigenvectors of T' corresponding to an eigenvalue A forms a vector space,
denoted by E()), the proper subspace corresponding to the proper value A. It is
clear that E(\) = ker(T — Aly)

For the finite dimensional case let My be the matrix of T" in some basis. The

equality T'(v) = Av is equivalent to Mpv = v, or (Mp — Al,,)v = 0, which is a
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linear system. Obviously this homogeneous system of linear equations has a

nontrivial solution if and only if
det(My — A1) = 0.

Observe that det(Mr — A1,,) is a polynomial of degree n in A, where n = dim V.
This polynomial is called the characteristic polynomial of the operator 1. Hence,
the eigenvalues of T" are the roots of its characteristic polynomial.

Notice that the characteristic polynomial does not depend on the choice of the
basis B that is used when computing the matrix Mr of the transformation 7.
Indeed, let B’ be another basis and M/, the matrix of 7" with respect to this new
basis. Further, let P be transition matrix from B to B’. So M}, = P~'M7P and
det(P) # 0. We have

det(P~'MyP — \XI) = det(P 'MyP — PY(\I)P)
= det(P~Y(My — \I)P)
1

= o) detMr — D) det(P)

= det(MT - /\]),
which proves our claim.

Theorem 4.3. Let T € End(V). Suppose that \;,i = 1, m are distinct eigenvalues
of T, and v;,i = 1, m are the corresponding proper vectors. The set {vy, ..., vy} is

linearly independent.

Proof. Suppose, by contrary, that the set {vy,...,v,,} is linearly dependent. It

follows that a smallest index k exists such that

v € span{vy, ..., Vgp_1}.
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Thus the scalars aq,...a,_1 exist such that
Vp = a1V1 + ...Q_1Vg_1-
Applying T to the above equality, we get
AU = QAU + o Q1 A p—1Vk—1-
It follows that
0=a1(Ax —A)v1 + -+ ap_1(Ax — Ng—1)Vg—1-

Because we choose k to be the smallest index such that vy = a1v1 + -+ - + ar_1vk_1,
it follows that the set {vy,---vg_1} is linearly independent. It follows that all the

a’s are zero. O

Corollary 4.4. An operator T on a finite dimensional vector space V' has at most

dimV' distinct eigenvalues.

Proof. This is an obvious consequence of the fact that in a finite dimensional

vector space we have at most dim V' linearly independent vectors. O

The linear maps which have exactly n = dim V' linearly independent eigenvectors
have very nice and simple properties. This is the happiest case we can meet with

in the class of linear maps.

Definition 4.5. A linear map T : V — V is said to be diagonalizable if there

exists a basis of V' consisting of n independent eigenvectors, n = dim'V'.

Recall that matrices A and B are similar if there is an invertible matrix P such
that B = PAP~!. Hence, a matrix A is diagonalizable if it is similar to a diagonal

matrix D.
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4.2 The minimal polynomial of an operator

The main reason for which there exists a richer theory of operators than for linear
maps is that operators can be raised to powers (we can consider the composition of
an operator with itself).

Let V be an n-dimensional vector space over a field F and T': V' — V be a linear
operator.

Now, L(V,V) = End(V) is an n* dimensional vector space. We can consider

T? =T o T and of course we obtain 7" = T™~! o T inductively. We define T° as
being the identity operator I = Iy on V. If T is invertible (bijective), then there
exists 77!, so we define T-™ = (T~1)™. Of course that

™ =T™"  for m,n € Z.
For T € End(V) and p € F[X] a polynomial given by
p(z) =ay+a1z+...a,2", z€F
we define the operator p(T') given by
p(T) =apl + ;T +...an,T™.

This is a new use of the same symbol p, because we are applying it to operators
not only to elements in F. If we fix the operator T" we obtain a function defined on
F[X] with values in End(V'), given by p — p(T') which is linear. For p,q € F[X] we
define the operator pq given by (pq)(T) = p(T)q(T).

Now we begin the study of the existence of eigenvalues and of their properties.

Theorem 4.6. Every operator over a finite dimensional, nonzero, complex vector

space has an eigenvalue.
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Proof. Suppose V is a finite dimensional complex vector space and T' € End(V).

Choose v € V., v # 0. Consider the set
(v, T(v), T*(v),...T"(v)).

This set is a linearly dependent system of vectors (they are n + 1) vectors and

dim V' = n. Then there exist complex numbers, ay, ... a,, not all 0, such that
0=apw+a;T(v)+ -+ a,T"(v) .
Let m be the largest index such that a,, # 0. Then we have the decomposition
ap+ a1z + -+ a2 =ag(z— A1) ... (2 = A\p) -
It follows that

0 = av+aT(w)+...a,T"(v)
= (apl +aT+...a,7")(v)
= ao(T—MI)... (T =X\ I)(v) .

which means that 7" — \;/ is not injective for at least one j, or equivalently 7" has

an eigenvalue. O

Remark 4.7. The analogous statement is not true for real vector spaces. But on

real vector spaces there are always invariant subspaces of dimension 1 or 2.

Example 4.8. Let T : F2 — F? given by T(x,y) = (—y, x). It has no eigenvalues
and eigenvectors if F = R. Find them for F = C.

Obviously, T'(z,y) = Az, y) leads to (—y,z) = A(z,y), or equivalently

A+y=0
Ay —zx=0.
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The previous system is equivalent to z = Ay, (A\? + 1)y = 0.

If A € R then the solution is = y = 0, but note that (0,0) is excluded from
eigenvectors by definition.

If A € C we obtain the eigenvalues A\; =1, Ay = —¢ and the corresponding

eigenvectors (i, 1) € C?, respectively (—i,1) € C2.

Theorem 4.9. Every operator on an odd dimensional real vector space has an

ergenvalue.

Proof. Let T € End(V') and n = dim V' odd. The eigenvalues of T" are the roots of
the characteristic polynomial that is det(Mr — AI,). This polynomial is a
polynomial of degree n in A, hence, since n is odd, the equation det(Mr — AI,,) =0

has at least one real solution. O

A central goal of linear algebra is to show that a given operator T' € End(V') has a
reasonably simple matrix in a given basis. It is natural to think that reasonably
simple means that the matrix has as many 0's as possible.

Recall that for a basis {ey, k = 1,n},
T(er) = ae; ,
=1

where Mr = (ai;),—17 is the matrix of the operator.
j=1n

Theorem 4.10. Suppose T € End(V) and {e;,i = 1,n} is a basis of V.. Then the

following statements are equivalent:

1. The matriz of T with respect to the basis {e;,i = 1,n} is upper triangular.

2. T'(ex) € span{eq,...,ex} for k=1,n.

3. spanfey, ..., e} is invariant under T for each k = 1,n.
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Proof. 1<2 obviously follows from a moment’s tought and the definition. Again
3=-2. It remains only to prove that 2=-3.

So, suppose 2 holds. Fix k € {1,...,n}. From 2 we have

T(ey) € span{e; } C span{ey, ..., ex}

T(eg) € span{ey, ea} C span{ey, ..., ex}

T(ey) € span{ey, ..., ex} C span{ey, ..., ex}.
So, for v a linear combination of {ej, ..., e;} one has that

T(v) € span{ey, ..., e},
consequently 3. holds. U

Theorem 4.11. Suppose that V' is a complex vector space and T € End(V'). Then
there exists a basts of V' such that T is an upper-triangular matriz with respect to

this basis.

Proof. Induction on the dim V. Clearly this holds for dim V' = 1.

Suppose that dim V' > 1 and the result holds for all complex vector spaces of
dimension smaller then the dimension of V. Let A be an eigenvalue of T' (it exists)
and

U = im(T — ).

Because T'— AI is not surjective, dim U < dim V. Furthermore U is invariant
under T, since for u € U there exists v € V such that u = T'(v) — Av, hence
T(u) =T(T()) — AT (v) = (T — M )(w) € U where w = T'(v).
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So, T'|y is an operator on U. By the induction hypothesis there is a basis
{u1, ..., un} of U with respect to which 7| has an upper-triangular matrix. So,

for each j € {1,...,m} we have
T(u;) =T|u(u;) € span{uy, ..., Uy}

Extend the basis {u1, ..., uy,} of U to a basis {us, ... un,v1,...v,} of V. For each

k=1,n

T(Uk) = (T — )\I)(’l}k) + )\Uk.

By the definition of U, (T — AI)(vx) € U = span{uy, ..., u,}. Thus the equation
above shows that

T(vy) € span{uy, ..., Up, Uk}
From this, in virtue of the previous theorem, it follows that 7" has an

upper-triangular matrix with respect to this basis. 0

One of the good points of this theorem is that, if we have this kind of basis, we can

decide if the operator is invertible by analysing the matrix of the operator.

Theorem 4.12. Suppose T' € End(V') has an upper triangular matriz with respect
to some basis of V.. Then T is invertible if and only if all the entries on the

diagonal are non zero.

Proof. Let {ey,...,e,} be a basis of V' with respect to which 7" has the matrix

)\1 *
0 A

My = ’
0 0
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We will prove that 7" is not invertible iff one of the \;’s equals zero. If \; = 0, then
T'(vy) =0, so T is not invertible, as desired.

Suppose A\, = 0, 1 < k <n. The operator T" maps the vectors eq,...,e,_1 in
span{ey, ..., e, 1} and, because N\, = 0, T'(ex) € {e1,...,ex_1}. So, the vectors
T(e1),...,T(ex) are linearly dependent (they are k vectors in a k — 1 dimensional
vector space, span{ey, ..., e,_1}. Consequently 7' is not injective, and not
invertible.

Suppose that T' is not invertible. Then ker T' # {0}, so v € V, v # 0 exists such
that T'(v) = 0. Let

UV =a1e; + -+ apén
and let k be the largest integer with a; # 0. Then

v =aiey + -+ agey,
and
0=T(v),
0=T(are1 + - - + arer),
0= (a1T(e1) + -+ ap1T(ex_1)) + arT(ex).

The term (a;T(e1) + -+ -+ ax_1T(ex_1)) is in span{ey, ..., ex_1}, because of the
form of Myp. Finally T'(ex) € span{e; ..., ex_1}. Thus when T'(ey) is written as a
linear combination of the basis {ey,...,e,}, the coefficient of e, will be zero. In

other words, Ay, = 0. O

Theorem 4.13. Suppose that T € End(V') has an upper triangular matriz with
respect to some basis of V.. Then the eigenvalues of T' are exactly of the entries on

the diagonal of the upper triangular matriz.

Proof. Suppose that we have a basis {ey,...,e,} such that the matrix of T is
upper triangular in this basis. Let A € F, and consider the operator T'— AI. It has
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the same matrix, except that on the diagonal the entries are A\; — A if those in the
matrix of 7" are A;. It follows that 7" — Al is not invertible iff A is equal with some

Aj. So Ais a proper value as desired. O

4.3 Diagonal matrices

A diagonal matrix is a matrix which is zero except possibly the diagonal.

Proposition 4.14. If T € End(V') has dimV distinct eigenvalues, then T has a

diagonal matrix
A1 0

A2

with respect to some basis.

Proof. Suppose that T" has dim V' distinct eigenvalues, Ay, ..., \,, where

n = dim V. Choose corresponding eigenvectors ey, ..., e,. Because nonzero vectors
corresponding to distinct eigenvalues are linearly independent, we obtain a set of
vectors with the cardinal equal to dim V', that is a basis, and in this basis the

matrix of 7" is diagonal. O

The next proposition imposes several conditions on an operator that are equivalent

to having a diagonal matrix.

Proposition 4.15. Suppose T'€ End(V'). Denote Ay, .., \, the distinct

ergenvalues of T'. The following conditions are equivalent.

1. T has a diagonal matrix with respect to some basis of V.
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2. V' has a basis consisting of proper vectors.

3. There exists one dimensional subspaces Uy, ..., U,, of V, each invariant
under T such that
V=U& - U,

4. V=ker(T = \I) & @ker(T — A\, I).
5. dimV = dim ker(T' — M)+ --- + dim ker(T' — N\, 1).

Proof. We saw that 1 < 2. Suppose 2 holds. Choose {ey, ..., e,} a basis
consisting of proper vectors, and U; = span{e;}, for i = 1,m. Hence 2 = 3.
Suppose 3 holds. Choose a basis e; € U;, j = 1,m. It follows that e;, j =1,m is a
proper vector, so they are linearly independent, and because they are m vectors,
they form a basis. Thus 3 implies 2.

Now we know that 1,2, 3 are equivalent. Next we will prove the following chain of
implications

2=4=5=2

Suppose 2 holds, then V' has a basis consisting of eigenvectors. Then every vector

in V' is a linear combination of eigenvectors of T', that is
V=ker(T — M)+ - +ker(T — N\, 1).
We show that it is a direct sum. Suppose that
O=wup+--+uy,,

with u; € ker(T — \;I), j = 1,n. They are linearly independent, so all are 0.
Finally 4 = 5 is clear because in 4 we have a direct sum.
5= 2. dimV = dim ker(T'— A1) + - - - + dim ker(T" — A\, I). According to a

precedent result, distinct eigenvalues give rise to linear independent eigenvectors.
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Let {ef,....el },....{ef,... el } bases in ker(T' — MI),... ker(T — A\,I). Then
dimV =4+ - +1,, and {ef,...,€},...,e},... el } are linearly independent.
Hence V = span{e},...,e},...,e},... el } which shows that 2 holds. O
2 -1 -1
Example 4.16. Consider the matrix A= ] -1 2 —1|. Show that A is
-1 -1 0

diagonalizable and find the diagonal matrix similar to A.

The characteristic polynomial of A is
det(A— M) =N 4+4\2 - X—6=—A+1)(A—2)(A—3).

Hence, the eigenvalues of A are \; = —1, A3 = 2 and A3 = 3. To find the
corresponding eigenvectors, we have to solve the three linear systems (A + I)v = 0,
(A—2I)v=0and (A —3I)v=0. On solving these systems, we find that the
solution spaces are

{(a, @, 200) : @ € R},
{(a, 0, —0) : @ € R},

respectively

{(a, —,0) : @ € R}.

Hence, the corresponding eigenvectors associated to Ay, Ao and A3 respectively, are
v =(1,1,2), v = (1,1,—1) and vz = (1, —1,0) respectively. There exists 3 linear

independent eigenvectors, thus A is diagonalizable.
1 1 1

Our transition matrix is P = [vi]|valus] = |1 1 =1

2 -1 0
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1 1 2
WehaveP*1=% 2 2 =2

3 -3 0
Hence, the diagonal matrix similar to A is

-1 0 0
D=P'AP=|0 2 0

0 0 3

Obviously one may directly compute D, by knowing that D is the diagonal matrix

having the eigenvalues of A on its main diagonal.

Proposition 4.17. If X is a proper value for an operator (endomorphism) T, and

v#£0, v €V is a proper vector then one has:

1. Yk € N, M is a proper value for T* =T o---oT (k times) and v is a proper

vector of TF.

2. If p € FIX] is a polynomial with coefficients in IF, then p(\) is an eigenvalue
for p(T) and v is a proper vector of p(T').

3. For T automorphism (bijective endomorphism), X1 is a proper value for T

and v is an eigenvector for T,

Proof. 1. We have T'(v) = Av, hence T o T'(v) = T'(\v) = AT (v) = A\?v. Assume,
that T*=1(v) = A*~1y. Then T*(v) =

ToTF ) =T(TF(v)) = TN 1) = M1 T(w) = Ao = Mo,
2. Let p=ao+ @z + -+ a,z” € F[X]. Then p(T)(v) =

aol (V) + a1 T(v) + -+ + a,T"(v) = apv + a1 (Av) + - - - + a, (\"v) = p(A)v.
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3. T71(v) = w such that T'(u) = v. But v = AT (v) = T(A"'v), hence
T(u) = T(A\ 'v). Since T is injective we have u = A~'v, or equivalently

T v) = A" . O

Example 4.18. Let T : V — V be a linear map. Prove that if —1 is an eigenvalue
of T? + T then 1 is an eigenvalue of T%. Here I is the identity map and
T?=ToT, etc.

From the fact that —1 is an eigenvalue of T2 + T there exists v # 0 such that
(T2 + T) v = -,
or, equivalently
(T°+T+1)v=0.

Now, we apply the linear map 7" — I (recall that the linear maps form a vector
space, so the sum or difference of two linear maps is still linear) to the above

relation to get

(T—1)(T*+T+1)v=0.

Here we have used that, by linearity, (7"— 1) 0 = 0.
Finally, simple algebra yields (T — I) (T? +T + I) = T3 — I, so the above equation
shows that

T30 =,

as desired.

4.4 The Jordan canonical form

In a previous section we have seen the endomorphisms which are diagonalizable.
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Let V be a vector space of finite dimension n over a field F. Let T: V — V and let
Ao be an eigenvalue of T'. Consider the matrix form of the endomorphism in a
given basis, T'(v) = Mpv. The eigenvalues are the roots of the characteristic
polynomial det(M; — A[,,) = 0. It can be proved that this polynomial does not
depend on the basis and of the matrix Mz. So, it will be called the characteristic
polynomial of the endomorphism 7', and it will be denoted by P()), and of course
deg P = n. Sometimes it is called the characteristic polynomial of the matrix, but
we understand that is the matrix associated to an operator.

Denote by m(X\g) the multiplicity of Ay as a root of this polynomial. Associated to

the proper value \y we consider the proper subspace corresponding to Ag:

E(X\) = {v € V|T(v) = Ao}

Consider a basis of V' and let Mr be the matrix of T" with respect to this basis. We
havev that:

Theorem 4.19. With the above notations, the following holds
dim E(X\g) = n — rank (Mr — Mol) < m(XAo).

Proof. Obviously is enough to prove the claim in V' = R". Let x1, x5, ..., 2, be
linearly independent eigenvectors associated to Ag, so that dim E(\g) = 7.
Complete this set with z,,1,...x, to a basis of R". Let P be the matrix whose
columns are x;, i = 1,n. We have My P = [A\ox1] ... | Ao, |...]. We get that the
first 7 columns of P~'Mp P are diagonal with \g on the diagonal, but that the rest
of the columns are indeterminable. We prove next that P~!MpP has the same

characteristic polynomial as Mp. Indeed

det(P~'MypP — M) = det(P~*MyP — P~Y(AI)P) =
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det(P~Y(Mp — M) P)

But since the first few columns of P~'MyP are diagonal with )y on the diagonal
we have that the characteristic polynomial of P~M;P has a factor of at least

(Ao — A)", so the algebraic multiplicity of \q is at least r.

The value dim E(\g) is called the geometric multiplicity of the eigenvalue A.
Let T € End(V), and suppose that the roots of the characteristic polynomial are
in F. Let A be a root of the characteristic polynomial, i.e. an eigenvalue of T'.
Consider m the algebraic multiplicity of A and ¢ = dim E(\), the geometric
multiplicity of \.

It is possible to find ¢ eigenvectors and m — ¢ principal vectors (also called
generalized eigenvectors), all of them linearly independent, and an eigenvector v

and the corresponding principal vectors uq, ..., u, satisfy
T(U) = AU, T(Ul) = AU/I + U,. .. 7T(u7,) = )\ur + Up_1

The precedent definition can equivalently be stated as

A nonzero vector u is called a generalized eigenvector of rank r associated with the
eigenvalue A if and only if (7' — A)"(u) = 0 and (T — AI)"~!(u) # 0. We note that
a generalized eigenvector of rank 1 is an ordinary eigenvector. The previously
defined principal vectors uq, ..., u, are generalized eigenvectors of rank 2,... r+ 1.
It is known that if X is an eigenvalue of algebraic multiplicity m, then there are m
linearly independent generalized eigenvectors associated with A.

These eigenvectors and principal vectors associated to T" by considering all the

eigenvalues of T' form a basis of V', called the Jordan basis with respect to T'. The
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matrix of T relative to a Jordan basis is called a Jordan matrix, and it has the form

i
Jo

Ip

The J’s are matrices, called Jordan cells. Each cell represents the contribution of
an eigenvector v, and the corresponding principal vectors, uy,...u,, and it has the

form

A 1 € MrJrl (F)

It is easy to see that the Jordan matrix is a diagonal matrix iff there are no
principal vectors iff m(\) = dim E()) for each eigenvalue \.

Let M7 be the matrix of T" with respect to a given basis B, and J be the Jordan
matrix with respect to a Jordan basis B’. Late P be the transition matrix from B
to B’, hence it have columns consisting of either eigenvectors or generalized

eigenvectors. Then J = P~'MpP, hence My = PJP~L.

Example 4.20. (algebraic multiplicity 3, geometric multiplicity 2) Consider the

0 1 0
operator with the matrix A= | —4 4 0| . Find the Jordan matrix and the
-2 1 2

transition matrix of A.
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The characteristic polynomial of A is det(A — AI) = (2 — \)?, hence A = 2 is an
eigenvalue with algebraic multiplicity 3. By solving the homogenous system

(A —2I)v = 0 we obtain the solution space

E(2) =ker(A —2I) = {(a,2a, 8) : o, f € R}. Hence the dimension of E(2) is 2,
consequently the eigenvalue A = 2 has geometric multiplicity 2. Therefore we can
take the linear independent eigenvectors v; = (1,2, 1) respectively vy = (0,0, 1).
Note that we need a generalized eigenvector, which can be obtained as a solution

of the system
(A — QI)U = V1.

The solutions of this system lie in the set {(a,2a+ 1,5) : «, 8 € R}, hence a
generalized eigenvector, is u; = (1, 3,0).

Note that vy, uq, vy are linear independent, hence we take the transition matrix

110 3 -1 0
P =[vi|uijve] =2 3 0|.Then P~'=|—-2 1 0], hence
1 01 -3 1 1
210
J=P1AP =10 2 0

0 0 2

Example 4.21. (algebraic multiplicity 3, geometric multiplicity 1) Consider the

-1 —-18 -7
operator with the matrix A = 1 —13 —4| . Find the Jordan matrix and the
-1 25 8

transition matrix of A.

The characteristic polynomial of A is det(A — AI) = —(A + 2)?, hence A = —2 is an
eigenvalue with algebraic multiplicity 3. By solving the homogenous system

(A + 2I)v = 0 we obtain the solution space
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E(2) = ker(A +2I) = {(ba, 3, =7ar) : @ € R}. Hence the dimension of F(2) is 1,
consequently the eigenvalue A = 2 has geometric multiplicity 1. Therefore we can
take the linear independent eigenvector v = (5,3, —7). Note that we need two

generalized eigenvectors, which can be obtained as a solution of the system
(A+20)u = v,

respectively

(A + QI)UQ = Uj.

The solutions of the first system lie in the set {(—12%, —2£3% ) : o € R}, hence a

generalized eigenvector, for a =4 is u; = (—3,—2,4).
The solutions of the system (A + 21)uy = uy with u; = (=3, —2,4) lie in the set

3450 1-3
{(_Ta’ 7a

,a) : « € R}, hence a generalized eigenvector, for a = 5 is

uy = (—4,—2,5). Note that v, u;, us are linear independent, hence we take the

5 -3 —4
transition matrix P = [vy|ui|us] = 3 —2 —2|. Then
-7 4 5
-2 -1 =2
P'=1_-1 -3 —21, hence
-2 1 -1
-2 1 0

4.5 Problems

Problem 4.5.1. Find the eigenvalues and eigenvectors of the operator

T C%(1,0) = C=(1,b), T(f)(z) = L4,
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1 5
Problem 4.5.2. Find matrices which diagonalize the following: «a)
3 3
1 2 -1
b) [1 0 1
4 —4 5

Problem 4.5.3. Find the Jordan canonical form and the transition matrix for the

matrix
2 1 -1
3 =2 3
2 -2 3

Problem 4.5.4. Prove that a square matrix and its transpose have the same

eigenvalues.

Problem 4.5.5. Find the Jordan canonical form and the transition matrix for the

matrix
6 6 —15
1 5 -5
1 2 -2

Problem 4.5.6. Find the eigenvalues and eigenvectors of the operator
T:Cl-nm,n] = Cl—m, 7],

T(f)(z) = / (xcosy +sinzsiny) f(y)dy.
Problem 4.5.7. Find the Jordan canonical form and the transition matrix for the

matrix
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Problem 4.5.8. Find the eigenvalues and eigenvectors of the operator

T:Cl-n,n| = Cl—m, 7],

Problem 4.5.9. Find the Jordan canonical form and the transition matrix for the

matrix
7 =12 6
10 —-19 10
12 —-24 13

Problem 4.5.10. Find the eigenvalues and eigenvectors of the operator
T:C™(1,2) — C>(1,2), T(f)(z) = L&
1 1

Problem 4.5.11. Triangularize the matrix A =
-1 3

Problem 4.5.12. Find the Jordan canonical form and the transition matrix for

the matrix

4 =5 2
5 =7 3
6 -9 4

Problem 4.5.13. Find the eigenvalues and eigenvectors of the operator

T: C®(1,b) — C=(1,b), T(f)(x) = L&

tanZ x

Problem 4.5.14. Find the Jordan canonical form and the transition matrix for

the matrix
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Problem 4.5.15. Prove that a complex 2 x 2 matrix is not diagonalizable if and

a
only if it is similar to a matrix of the form , where b # 0.
0 a

Problem 4.5.16. Find the Jordan canonical form and the transition matrix for

the matrices

1 -3 3 4 6 —15
-2 -6 13, |1 3 =5
-1 —4 8 1 2 —4

Problem 4.5.17. Prove that if A and B are n X n matrices, then AB and BA

have the same eigenvalues.

Problem 4.5.18. Find the Jordan canonical form and the transition matrix for

the matrix
2 6 —15

11 -5
1 2 -6



Inner product spaces

5.1 Basic definitions and results

Up to now we have studied vector spaces, linear maps, special linear maps.

We can measure if two vectors are equal, but we do not have something like
"length”, so we cannot compare two vectors. Moreover, we cannot say anything
about the position of two vectors.

In a vector space one can define the norm of a vector and the inner product of two
vectors. The notion of the norm permits us to measure the length of the vectors,
and compare two vectors. The inner product of two vectors, on one hand induces a
norm, so the length can be measured, and on the other hand (at least in the case
of real vector spaces), lets us measure the angle between two vectors, so a full
geometry can be constructed there. Nevertheless in the case of complex vector

spaces, the angle of two vectors is not clearly defined, but the orthogonality is.

Definition 5.1. An inner product on a vector space V over the field F is a

function (bilinear form) (-,-) : V- x V' — R with the properties:

e (positivity and definiteness) (v,v) > 0 and (v,v) =0 iff v = 0.

100
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o (additivity in the first slot) (u + v, w) = (u,w) + (v, w), for all u,v,w € V.

e (homogeneity in the first slot) (v, w) = a(v,w) for alla € F and v,w € V.

e (conjugate symmetry) (v, w) = (w,v) for allv,w € V.

An inner product space is a pair (V,(-,-)), where V is vector space and (-,-) is an

inner product on V.

The most important example of an inner product space is F". Let v = (vy,...,v,)
and w = (wy,...w,) and define the inner product by
(v, W) = VW + -+ + VW

This is the typical example of an inner product, called the Euclidean inner
product, and when F” is referred to as an inner product space, one should assume

that the inner product is the Euclidean one, unless explicitly stated otherwise.

a b
Example 5.2. Let A € My(R), A = be a positive definite matrix, that
b c
is a > 0, det(A) > 0. Then for every u = (u1,uz), v = (v1,v9) € R? we define
Uy
(u, v) = (0102)A
Uz

It can easily be verified that (-,-) is an inner product on the real linear space R2.

If A = I, we obtain the usual inner product (u,v) = ujv1 + ugvs.
From the definition one can easily deduce the following properties of an inner
product:

(v,0) = (0,v) = 0,

(u, v+ w) = (u,v) + (u, w),

(u, av) = alu,v),

for all u,v,w eV and o € F
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Definition 5.3. Let V' be a vector space over F. A function
|-]:V—=R
15 called a norm on V' if:
e (positivity) ||v]| >0, v eV, ||v]| =0 v=0;
e (homogeneity) |lav| = |a| - ||v]|, Vo € F, Vv € V;
o (triangle inequality) |u+ v|| < ||ul| + ||v|], Vu,v € V.

A normed space is a pair (V)| -||), where V is a vector space and || - || is a norm on

V.

Example 5.4. On the real linear space R™ one can define a norm in several ways.

Indeed, for any x = (x1, 29, ..., x,) € R™ define its norm as

||| = /2 4+ 22 + - - - + 22. One can easily verify that the axioms in the definition
of norm are satisfied. This norm is called the Euclidian norm.

More generally, for any p € R, p > 1 we can define

||| = (|z1|P + |22]? + - - - + |2, |P)7, the so called p—norm on R™.

Another way to define a norm on R™ is ||z|| = max{|z1|, |z2|, .. .,|z,|}. This is the

so called mazximum norm.

Definition 5.5. Let X be a nonempty set. A function d : X x X — R satisfying
the following properties:

e (positivity) d(z,y) > 0,Vz,y € X and d(z,y) =0 < = =y;
o (symmetry) d(z,y) = d(y,z),Vz,y € X;

e (triangle inequality) d(x,y) < d(z,z) + d(z,y),Vz,y,z € X;
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is called a metric or distance on X. A set X with a metric defined on it is called a

metric space.

Example 5.6. Let X be an arbitrary set. One can define a distance on X by

0, ife=y
d(z,y) =

1, otherwise.

This metric is called the discrete metric on X. On R" the Chebyshev distance is

defined as

d(%y) = Inax |ZEZ - yz|7 T = (l‘l,l'g, s 7xn)7 y= (yl:y% s 7yn) € R™.

1<i<n
In this course we are mainly interested in the inner product spaces. But we should
point out that an inner product on V' defines a norm, by |[v|| = \/{v,v) for v € V,
and a norm on V defines a metric by d(v, w) = ||w — v||, for v,w € V.

On the other hand, from their generality point of view the metrics are the most
general ones (can be defined on any set), followed by norms (which assumes the
linearity of the space where is defined) and on the last position is the inner
product. It should be pointed that every inner product generates a norm, but not
every norm comes from an inner product, as is the case for the max norm defined
above.

For an inner product space (V, (-, -)) the following identity is true:

<Z ;05 Z ijj> = Z Z @i3j<vi7 wj>.
i=1 j=1

i=1 j=1

Definition 5.7. Two vectors u,v € V are said to be orthogonal (ulv) if (u,v) = 0.

In a real inner product space we can define the angle of two vectors as

m = arccos (o, w)
[l - [Jwl]
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We have

vlw & (v,w) =0< (v,w) = g

Theorem 5.8. (Parallelogram law) Let V' be an inner product space and

u,v € V. Then

lu+vl* + [lu = vl* = 2([[ul® + [v]]*).
Proof.
lu+ o>+ lu—2]* = (u+ov,u+v)+ {u—v,u—2v)uv)+ (v,u)+ (v,v)
= (u,u) + (+{u,u) — (u,v) — (v,u) + (v,v)
= 2([lul® + o))
U

Theorem 5.9. (Pythagorean Theorem) Let V' be an inner product space, and

u,v € V orthogonal vectors. Then
lu+ol* = [l + [[o]*
Proof.
lu+v]|* = (u+v,u+v)

= (u,u) + (u,v) + (v,u) + (v, v)

= lull® +Ilv]*
O

Now we are going to prove one of the most important inequalities in mathematics,
namely the Cauchy-Schwarz inequality. There are several methods of proof for

this, we will give one related to our aims.
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Consider u,v € V. We want to write u as a sum between a vector collinear to v
and a vector orthogonal to v. Let a € F and write u as u = av + (u — av).
Imposing now the condition that v is orthogonal to (u — aw), one obtains

0= <U - O[U,U) = <U, U> - OJHUH?,

so one has to choose o = Tﬁ} |7|’2> ,

u= o (-t

ol o]

and the decomposition is

Theorem 5.10. Cauchy-Schwarz Inequality Let V be an inner product space
and u,v € V. Then

[{w, 0] < Jfull - o]l

The equality holds iff one of u,v is a scalar multiple of the other (u and v are

collinear).

Proof. Let u,v € V. If v = 0 both sides of the inequality are 0 and the desired

result holds. Suppose that v # 0. Write u = 4%y + <u - Tﬁ} ﬁ;? v). Taking into

l[o]

(u,0)

v are orthogonal, by the Pythagorean

account that the vectors Tﬁ) |T2> v and u —

theorem we obtain

2 2
U, v U, v
lell® = ’<||vr|2> *H“‘M;
u, v)|? u,v) ||
KHUHZ’ *H“Juvr\;
[, 0) 2
S P

inequality equivalent with the one in the theorem.

We have equality iff u — Tr:} ﬁjg v = 0, that is iff u is a scalar multiple of v.
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5.2 Orthonormal Bases

Definition 5.11. Let (V, (-,-)) be an inner product space and let I be an arbitrary
index set. A family of vectors A ={e; € V|i € I} is called an orthogonal family, if
(€i,e;) =0 for everyi,j € I, 1% j. The family A is called orthonormal if it is

orthogonal and ||e;|| = 1 for everyi € 1.

One of the reason that one studies orthonormal families is that in such special

bases the computations are much more simple.

Proposition 5.12. If (e, e, ..., ey) is an orthonormal family of vectors in V,
then

|arer 4+ ases + + -+ + amen || = a1 + ol + - + ||

forall ay,a, ..., a € F.

Proof. Apply Pythagorean Theorem, that is

laner + ages + -+ - + amen||? = |aa P [len]]” + Jaal*|le2]] + - - + || ?|len ).

The conclusion follows taking into account that |le;|| =1, i =1,n. O
Corollary 5.13. Every orthonormal list of vectors is linearly independent.

Proof. Let (e, es,...,en) be an orthonormal list of vectors in V" and

ay,Qo, ..., € F with
061€1+06262+"'+Olm€m20.

It follows that |[are; + agea + -+ + amen||* = | |* + |ae]? + - - + |aum|? = 0, that

isa; =0,7=1m. O
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An orthonornal basis of an inner product vector space V' is a basis of V' which is
also an orthonormal list of V. It is clear that every orthonormal list of vectors of
length dim V' is an orthonormal basis (because it is linearly independent, being

orthonormal).

Theorem 5.14. Let (e, ey, ..., e,) be an orthonormal basis of an inner product

space V. If v = ajeq1 + anes + - -+ e, €V, then

o o, = (v,e;), foralli € {1,2,...,n} and

n
o o> =" [{v,e)l
=1

Proof. Since v = ajey + ases + - - - + ape,, by taking the inner product in both
sides with e; we have
(v,€;) = arfer, &) + azlez, €) + -+ - + ailes, €) + -+ + anlen, &) = .

The second assertion comes from applying the previous proposition. Indeed,

n
[0l = llaver + -+ anenl® = faa® + -+ Jaal* = Y (v, e)*
i=1

Up to now we have an image about the usefulness of orthonormal basis. The
advantage is that in an orthonormal basis the computations are easy, as in the
Euclidean two or three dimensional spaces. But how does one go to find them?
The next result gives an answer to the question. The following result is a well
known algorithm in linear algebra, called the Gram-Schmidt procedure. The
procedure is pointed here, giving a method for turning a linearly independent list

into an orthonormal one, with the same span as the original one.

Theorem 5.15. Gram-Schmidt If (vi,vs,...,vy) is a linearly independent set

of vectors in V', then there exists an orthonormal set of vectors (ey, . ..ey) in'V,
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such that
span(vy, vg, . .., vg) = span(ey, ey ..., €x)

for every k € {1,2,...,m}.

Proof. Let (vy,vq,...,v,) be a linearly independent set of vectors. The family of

orthonormal vectors (eq,es...,e,) will be constructed inductively. Start with

v1
G

e =7 Suppose now that j > 1 and an orthonormal family (eq, ez, ..., e;_1) has

been constructed such that

span(vy, vg, ..., v;_1) = span(er, €a, ..., €j_1)
Consider
_ vy~ eer — - — (U5, €-1)€1
€; =
[vj = (vj, e)er — -+ = (vj, €j-1)ej1 ]|
Since the list (v, vs, ..., vy,) is linearly independent, it follows that v; is not in
span(vy, vs, ..., vj_1), and thus is not in span(ey, ez, ..., e;_1). Hence e; is well

defined, and ||e;|| = 1. By direct computations it follows that for 1 < k < j one has

Uj — </U'7 61)61 — </Uj, e]'*1>€j71
(ej.er) = < ’ . Ex
j’ HU] - </Uj7 61)61 — </Uj, 63'71)6]',1“7
(vj, en) — (vj, ex)
||Uj - <Uj7€1>€1 - <Uj7€j—1>€j—1||
= O’

thus (eq, €2, . ..¢€x) is an orthonormal family. By the definition of e; one can see
that v; € span(ey, e, ..., e;), which gives (together with our hypothesis of
induction), that

span(vy, vs, ...,v;) C span(ey, ez, ..., €;)
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Both lists being linearly independent (the first one by hypothesis and the second
one by orthonormality), it follows that the generated subspaces above have the

same dimension j, so they are equal. O

Remark 5.16. If in the Gram-Schmidt process we do not normalize the vectors

we obtain an orthogonal basis instead of an orthonormal one.
Example 5.17. Orthonormalize the following list of vectors in R* :
{Ul = (07 17 17 0)7 Vg = (0747 O: 1)7 U3 = (17 _17 17 0)7 Vg = (17 37 O: 1)}

First we will orthogonalize by using the Gram-Schmidt procedure.

Let u; = v; = (0,1,1,0).

<’U2,’LL1> 4
= Uy — =(0,4,0,1) — =(0,1,1,0) = (0,2, -2,1).

U2 (% <U1,U1>UI (7 s Uy ) 2(7 ) 4 ) ( ) 4y ) )

e <vg,ul>u B <v3,u2)u _ 114

3 3 <u1’u1> 1 </U/2’/U/2> 2 ) 97 97 9 *

<U4,U1> <U4,U2> <U4,U3> 1 1 1 2

Ug = Vg — Uy — Uz — Uz =\ 777597 o597 7171 /-
<U1,U1> <U2,U2> <U3,U3> 11° 22 22 11

It can easily be verified that the list {u, ug, us, us} is orthogonal. Take now

w; = 4o 1 = 1,4. We obtain

ol

(3 1 1 4
W (m"wﬁ’ 3V wﬁ) ’
o (@ V2 V2 _z@)

117 227 227 11
Obviously the list {wy, wq, w3, w4} is orthonormal.

Now we can state the main results in this section.
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Corollary 5.18. Every finitely dimensional inner product space has an

orhtonormal basis.

Proof. Choose a basis of V', apply the Gram-Schmidt procedure to it and obtain
an orthonormal list of length equal to dim V. It follows that the list is a basis,
being linearly independent. U

The next proposition shows that any orthonormal list can be extended to an

orthonormal basis.

Proposition 5.19. Fvery orhtonormal family of vectors can be extended to an

orthonormal basis of V.

Proof. Suppose (e1,ea,...,€,) is an orthonormal family of vectors.. Being linearly
independent, it can be extended to a basis, (e, €z, ..., €m, Umt1, .., Us). Applying
now the Gram-Schmidt procedure to (ey, €g,. .., €m, Umi1, - - -, Uy), We obtain the
list (e1,€2,. .., €m, fmitls---, fn), (note that the Gram Schmidt procedure leaves
the first m entries unchanged, being already orthonormal). Hence we have an

extension to an orthonormal basis. ]

Corollary 5.20. Suppose that T € End(V'). If T has an upper triangular form
with respect to some basis of V', then T has an upper triangular form with respect

to some orthonormal basis of V.

Corollary 5.21. Suppose that V' is a complex vector space and T € End(V).

Then T has an upper triangular form with respect to some orthonormal basis of V.

5.3 Orthogonal complement

Let U C V be a subset of an inner product space V. The orthogonal complement

of U, denoted by U~ is the set of all vectors in V which are orthogonal to every
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vector in U i.e.:

Ut ={veV|vu) =0, Yuec U}

It can easily be verified that U~ is a subspace of V', V1t = {0} and {0} =V as
well that Uy C U, = U2l - Ull.

Theorem 5.22. If U is a subspace of V', then
V=UaU"

Proof. Suppose that U is a subspace of V. We will show that

V=U+U"
Let {e1,...,en} be an orthonormal basis of U and v € V. We have
v = (<U, €1>€1 Tt <U, em>em> + (U - <U, 61>€1 - <U7 €m>€m)

Denote the first vector by v and the second by w. Clearly v € U. For each
j€4{1,2,...,m} one has

<w7€j> = <Uvej>_<vvej>

=0
Thus w is orthogonal to every vector in the basis of U, that is w € U™+,

consequently

V=U+U".

We will show now that U N U+ = {0}. Suppose that v € U NUL. Then v is
orthogonal to every vector in U, hence (v,v) = 0, that is v = 0. The relations

V =U+ Ut and UNU* = {0} imply the conclusion of the theorem. O

Proposition 5.23. If Uy, U, are subspaces of V' then
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a) Ur = (Up)*.
b) (U + Up)t = Ut NUS-.
C) (U1 ﬁ[]g)L = (]1L "—UéL

Proof. a) We show first that U; C (Ui)*. Let u; € U;. Then for all v € Ui one
has v_Lu;. In other words (uy,v) = 0 for all v € U;. Hence u; € (Ui)*.

Assume now that (Uit)* € U;. Hence, there exists uy € (Ui)* \ U;. Since

V = U, ® Ui we obtain that there exists u; € U; such that uy —u; € U ().

On the other hand, according to the first part of proof u; € (UiH)* and (Ui)* is a
linear subspace, hence uy — u; € (Ui-)*+. Hence, for all v € Uj- we have

(ug —up) Lo (xx).

() and (**) implies that (ug — u1)L(ug — uy) that is (ug — uy, us — uy) = 0, which
leads to u; = us contradiction.

b) For v € (U + Us)* one has (v, u; + uy) = 0 for all uy + uy € Uy + Us. By taking
uy = 0 we obtain that v € Ui- and by taking u; = 0 we obtain that v € Us;-. Hence
(UL + Up)* C UL N UL

Conversely, let v € U NUs-. Then (v,u;) = 0 for all u; € Uy and (v, uy) = 0 for all
uy € Us. Hence (v, u; +ug) = 0 for all u; € Uy and uy € Uy, that is v € (U + Uy)*.
¢) According to a) (U NU)Y)*t = Uy N Us.

According to b) and a) (U + Ush)* = (Ut N (UH)L = U, N Us.

Hence, ((U; N Uy)Y)* = (U + U3H)*+ which leads to (U; N Uy)*t = Ui + Us. O

Example 5.24. Let U = {(z1, 9, 73, 24) € RY|2; — 29 + 23 — 74 = 0}. Knowing
that U is a subspace of R*, compute dim U and U+.
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It is easy to see that

U = {(xl,xQ,xg,m)€R4|x1—x2+x3—x4:0}
= {(33'1,1'2,]73,.1'1 —$2+$3) ’33'1,172,33'3 ER}
= {21(1,0,0,1) + 22 (0,1,0,—1) + 25 (0,0, 1,1) |1, 75, 23 € R}

= span{(1,0,0,1),(0,1,0,—1),(0,0,1,1)}.

The three vectors (1,0,0,1),(0,1,0,—1),(0,0,1,1) are linearly independent (the
rank of the matrix they form is 3), so they form a basis of U and dim U = 3.
The dimension formula

dim U + dim U+ = dim R*
tells us that dim U+ = 1, so U* is generated by a single vector. A vector that
generates UL is (1,—1,1,—1), the vector formed by the coefficients that appear in
the linear equation that defines U. This is true because the right hand side of the
equation is exactly the scalar product between ut = (1,—1,1,—1) and a vector

v=(x1,T9,23,24) € U.

5.4 Linear manifolds

Let V' be a vector space over the field F.

Definition 5.25. A set L =vy+ V, = {vg +v|v € VL.} , where vy € V is a vector
and Vi, C V is a subspace of V' is called a linear manifold (or linear variety). The

subspace Vi, is called the director subspace of the linear variety.

Remark 5.26. One can easily verify the following.

e A linear manifold is a translated subspace, that is L = f(V7) where

f:V =V, fv)=1v+v.
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o if yg € Vi, then L = V7.

e vy € L because vg =vg+ 0 € vy + Vp.
e for v, v9 € L we have vy — vy € V.

e for every vy € L we have L = v, + V.

® Ll = LQ, where L1 =y + VL1 and LQ = U(/) + VL2 iff VL1 = VL2 and

vo — v, €V, .
Definition 5.27. We would like to emphasize that:

1. The dimension of a linear manifold is the dimension of its director subspace.
2. Two linear manifolds Ly and Ly are called orthogonal if Vi, LVy,.

3. Two linear manifolds Ly and Ly are called parallel if Vi, C Vi, or Vi, C Vi,.

Let L = vy + Vi, be a linear manifold in a finitely dimensional vector space V. For
dim L = k <n = dimV one can choose in the director subspace V}, a basis of finite

dimension {vy,...,v;}. We have

L={v=vy+ aiv; + -+ agvi|a; € F,i =1k}

We can consider an arbitrary basis (fixed) in V| let’s say F = {ey,...,e,} and if

we use the column vectors for the coordinates in this basis, i.e.

vg = (T1,...,2,) ", Vo = (9, ... 20T, Vjig = (T1j, - - - ,Tnj) 5 j = 1, k, one has

the parametric equations of the linear manifold
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;

I = .T(l) + o111+ Tk
Ty = .CE% +o1Tp + 0+ pTnk
\
The rank of the matrix (z;;);,_15 is k because the vectors vy, ..., v; are linearly
j=Lk

independent.

It is worthwhile to mention that:
1. a linear manifold of dimension one is called line.
2. a linear manifold of dimension two is called plane.
3. a linear manifold of dimension k is called k plane.

4. a linear manifold of dimension n — 1 in an n dimensional vector space is

called hyperplane.

Theorem 5.28. Let us consider V' an n-dimensional vector space over the field F.

Then any subspace of V' is the kernel of a surjective linear map.

Proof. Suppose V7, is a subspace of V' of dimension k. Choose a basis {ey, ..., ey}
in V7, and complete it to a basis {ey, ..., ek, exr1,...,e,} of V. Consider

U = span{egi1,...,¢e,}. Let T : V — U given by
T(e1) =0,...T(ex) = 0,T(ex+1) = €tt1,---,L(€n) = €p.

Obviously, T'(arer + - - -+ apen) = anT(er) +- - -+ T (en) = Qpy1€p41+ -+ anep
defines a linear map. It is also clear that ker 7' = V7, as well that T is surjective,

ie. imT =U. ]
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Remark 5.29. In fact the map constructed in the previous theorem is nothing

but the projection on U parallel to the space span{ey,...,ex}.

Theorem 5.30. Let V,U two linear spaces over the same field F. If T : V — U 1s
a surjective linear map, then for every ug € U, the set L = {v € V|T(v) = up} is a

linear manifold.

Proof. T being surjective, there exists vy € V' with T'(vg) = ug. We will show that
{v—19lv € L} =kerT.

Let v € L. We have T'(v —vg) = T'(v) — T'(vg) =0, so {v —volv € L} CkerT.

Let vy € ker T, i.e. T(vy) = 0. Write v; = (v1 + vg) — vo. T(v1 + v9) = ug, SO

(v1 +wvo) € L. Hence, vy € {v—wp|v € L} or, in other words ker T C {v —wvg|v € L}.

Consequently L = vg + ker T, which shows that L is a linear manifold. O

The previous theorems give rise to the next:

Theorem 5.31. Let V' a linear space of dimension n. Then, for every linear
manifold L C'V of dimension dim L = k < n, there exists an n — k-dimensional

vector space U, a surjective linear map T : V — U and a vector u € U such that
L={veV|T(v)=u}.

Proof. Indeed, consider L = vy + V7, where the dimension of the director subspace
Vi, = k. Choose a basis {ej,...,e,} in V; and complete it to a basis

{e1,... ek, ext1,...,en} of V. Consider U = span{eg41,...,e,}. Obviously

dim U = n — k. According to a previous theorem the linear map

T:V U T(areg + -+ agep + apr1€pi1 + -+ @p€p) = Qpr1€ki1 + -+ - + ey
is surjective and ker T' = V.. Let T'(vy) = u. Then, according to the proof of the
previous theorem L = {v € V|T'(v) = u}. O
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Remark 5.32. If we choose in V' and U two bases and we write the linear map by

matrix notation Mrv = u we have the implicit equations of the linear manifold L,

(
a1101 + Q1202 + - - -+ A1V, = Uy
\aplvl + Apovo + -+ -+ AppVp = Uy
where p =n — k = dim U = rank (a;;) ;—15.
j=1ln

A hyperplane has only one equation
av1 + -+ apv, = Ug
The director subspace can be seen as
Vi ={v=uvie1 + -+ vuen|f(v) = 0} = ker f,

where f is the linear map (linear functional) f: V — R with

f(el) =ar,..., f(en) = Up,.
If we think of the hyperplane as a linear manifold in the Euclidean space R", the

equation can be written as
(v,a) = ug, where a = aje; + -+ aye,, ug € R.

The vector a is called the normal vector to the hyperplane.

Generally in a FEuclidean space the equations of a linear manifold are

(

<U7U1> - U1

\ <U7 Up> = Up
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where the vectors vy, ... v, are linearly independent. The director subspace is given
by
.
(v,v1)= 0
(v,v,) = 0
\
so, the vectors vy, ..., v, are orthogonal to the director subspace V7.

5.5 The Gram determinant. Distances.

In this section we will explain how we can measure the distance between some

"linear sets”, which are linear manifolds.

Let (V,(-,-)) be an inner product space and consider the vectors v; € V', i =1, k.

The determinant

(vi,v1) (v1,v9) ... (v1,vE)
Clor. . 0y) = (vg,v1) (va,v9) ... (vg,vk)
(Vg,v1) (U, v2) ... (Ug, V)

is called the Gram determinant of the vectors vy ... vp.

Proposition 5.33. In an inner product space the vectors vy, ..., v, are linearly

independent iff G(vy,...,vx) # 0.

Proof. Let us consider the homogenous system
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This system can be written as

(

(v1,v) =0

where v = x1v1 + ... 2LV,

(Ug,v) =0

\

The following statements are equivalent.
The vectors vy, ..., v, are linearly dependent. <= There exist x1,...,z; € F, not

all zero such that v = 0. <= The homogenous system has a nontrivial solution.

= detG = 0. 0
Proposition 5.34. If {e1,...,e,} are linearly independent vectors and

{f1,-.., [n} are vectors obtained by Gram Schmidt orthogonalization process, one
has:

Gler,...yen) = G(fr,oo fa) = LAIP - (1l

Proof. In G(f1,..., fn) replace f, by e, —ayf1 — -+ — ay_1fn—1 and we obtain

G(fl, ceey fn) = G(fl, ey fn_l,en).

By an inductive process the relation in the theorem follows. Obviously

G(fi,--s fu) = f1ll? - - - || f2]|* because in the determinant we have only on the

diagonal <f17f1>7“‘7<fn7fn>‘ 0

Remark 5.35. Observe that:

B G(el,...ekz)
o [Ifxll = \/G(el,...,ek—l)

o fr=er—ai1fi —...ar_1fr_1 = er — v one obtains e, = fi + vy,

vy, € spanfey, ..., ep_1} and fi, € spanfey, ..., ex_1}, so fi is the orthogonal

complement of e;, with respect to the space generated by {ey...,ex_1}.
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The distance between a vector and a subspace
Let U be a subspace of the inner product space V. The distance between a vector

v and the subspace U is
d(v,U) = inf d(v,w) = inf [jv —wl|
Remark 5.36. The linear structure implies a very simple but useful fact:
d(v,U) =d(v+w,w+U)

for every v,w € V and U C V, that is the linear structure implies that the

distance is invariant by translations.
We are interested in the special case when U is a subspace.

Proposition 5.37. The distance between a vector v € V and a subspace U 1is

given by
G(ey, ..., ex,0)
d(v,U) = |[vt] = ey
(0,0) = o \/ -~
where v =v; + v+, vy €U, vt € Ut and ey, ..., ey is a basis in U.
Proof. First we prove that ||[vt|| = |[v —vi]| < ||[v —ul|, Yu € U. We have

Wt < o —ull &

AN

(v, vt (vt + v —u, vt v —u) &

(h vty < (ot ot 4 (v — w0 — u).

The second part of the equality, i.e. |[vt] = ,/%, follows from the previous

remark. O

Definition 5.38. Ifeq,..., e are vectors in V' the volume of the k- parallelepiped

constructed on the vectors ey, ..., e is defined by Vi(ey, ..., ex) = /G(e1, ..., ex).
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We have the following inductive relation

vkz-l—l(el? ceey Gl ek-i-l) = vk(ela SR ek)d(ek-i-h Span{eh ceey ek})

The distance between a vector and a linear manifold
Let L = vy + VL be a linear manifold, and let v be a vector in a finitely
dimensional inner product space V. The distance induced by the norm is invariant

by translations, that is, for all v{,vy € V one has
d(Ul,Ug) = d(U1 + Vo, U1 + Uo) ~ ||U1 - UQH = ||U1 + vy — (Ug + Uo)H
That means that we have

d(v, L) = inf d(v,w) = inf d(v,vo+ vp)

weL DAY

= inf d(v— vg,vr)

v, €VY
= d(U — Vo, VL)
Finally,
G(er,...,e,,v—0
1) o= i) = Lt <
where ey, ..., e is a basis in V.

Example 5.39. Consider the linear manifolds

L={(z,y,2,t) ERY )z +y+t=2,0—2y+2z+t=3}

K={(v,y,z,t) eRYx+y+z—t=1,2+y+2z+t=3} Find the director
subspaces Vp, Vi and a basis in V, N V. Find the distance of v = (1,0, 2,2) from

L, respectively K, and show that the distance between L and K is 0.

Since L = vy + Vi, and K = ug + Vi it follows that V;, = L — vg and Vg = K — ug

for some vy € L, ug € K. By taking z = y = 0 in the equations that describe L we
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obtain t = 2, z = 1, hence vy = (0,0, 1,2) € L. Analogously uy = (0,0,2,1) € K.

Hence the director subspaces are
VL :{(.T,y,z—l,t—Q) €R4’$+y+t:27x—2y+2+t:3}:

ﬂ%yﬂi)ERﬂx+y+t:Qx—2y+z+t:0L

respectively
Vi ={(z,y,2—2,t—1)eRo+y+z—t=1v+y+z+t=3}=

{(z,y,2,t) ERYx+y+2—t=0,2+y+2z+t=0}
: r+y+t=0 '
By solving the homogenous systems , respectively
rT—2y+z2+t=0
r+y+z—t=0

we obtain that
r+y+z+t=0

Vi, =span{e; = (—1,1,3,0),e5 = (—1,0,0,1)},
respectively
Vi = span{ez = (—1,1,0,0),e, = (—1,0,1,0)}.

Since det[eq|es|es|es] = 3 # 0 the vectors eq, g, €3, €4 are linearly independent,

hence V;, N Vi = {0}. The distance of v from L is

G(er, e, v — 0 19
d(va) = d(U—Uo,VL) :\/ (5(621 62) O> = 57

)=o) [FE - [

meanwhile
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rT+y+t=2

) ) ) rT—=2y+z+t=3 )
It is obvious that K N L # (), since the system is consistent,

r+y+z—t=1

r4y+z+t=23
having solution (1,0, 1, 1), hence we must have

d(L,K) = 0.
Let us consider now the hyperplane H of equation
(v—1v9,m) =0
The director subspace is Vi = (v,n) = 0 and the distance
d(v, H) = d(v — vo, V).

One can decompose v — vy = an + vy, where vy is the orthogonal projection of
v — vg on Vi and an is the normal component of v — vy with respect to V. It
means that

d(v, H) = ||lan]|

Let us compute a little now, taking into account the previous observations about

the tangential and normal part:

(v =, n) = (an + vy, n)
= a(n,n) + (vyg,n)
=aln||*+0
So, we obtained

[{v = o, m)|

= laflInll = llan]]
7]l
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that is

In the case that we have an orthonormal basis at hand, the equation of the
hyperplane H is
a1xy+ -+ apr, +b=0,

so the relation is now

ayvr - 4 agog 4 B

d(v, H)
ai +---+aj

The distance between two linear manifolds

For A and B sets in a metric space, the distance between them is defined as
d(A, B) = inf{d(a,b)la € A, b€ B}.
For two linear manifolds L; = v; + Vi and Ly = vy + V5 it easily follows:

d(Ly, Ly) = d(vy + Vi, 00+ Vo) = d(vy — 2, Vi — V) (5.1)
=d(vy —ve, V1 + Vo). (5.2)

This gives us the next proposition.

Proposition 5.40. The distance between the linear manifolds Ly = vy + V and
Lo = vy 4+ V5 s equal to the distance between the vector vy — vo and the sum space

Vi+ Vs

If we choose a basis in V; + V5, let’s say ey, ..., ex, then this formula follows:
G(eq, ... e, v — vg)
d(Ly, Ly) = )
( a 2) \/ G(ela"'7€k)

Some analytic geometry
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In this section we are going to apply distance problems in Euclidean spaces.
Consider the vector space R™ with the canonical inner product, that is: for

T=(T1,..,%n), Y= (Y1,--.,Yn) € R the inner product is given by

=1

Consider Dy , Dy two lines (one dimensional linear manifolds), M a point (zero
dimensional linear manifold, we assimilate with the vector Zy; = 0M), P a two
dimensional linear manifold (a plane), and H an n — 1 dimensional linear manifold

(hyperplane). The equations of these linear manifolds are:

Dy : T=7 + sdi,
Dy : T =T + tds,
M EZEM,

PIEZEP‘FOZEl—f-ﬁ@Q,
respectively
H : (z,n)+b=0,

where s,t, «, 3,0 € R. Recall that two linear manifolds are parallel if the director
space of one of them is included in the director space of the other.

Now we can write down several formulas for distances between linear manifolds.



The Gram determinant. Distances. 126

R
d(M,P) = \/ G@MG(;?;SMQ)%
0.0y =[S by,
d(Dy, D2) = \/%@)’E” it D | D
1,
d(M,H) = ‘@M'v':ﬁﬂl
d(Dy, P) = \/ G(EIG_(;P%?I%S@) if DiJfP

Example 5.41. Find the distance between the hyperplane
H={(z,y,z,t) ER*:x+y+z+t=1} and the line
D={(z,y,z2,t) ER* 1o +y+z+t=3,0—y—3z—t=—-1,20—2y+3z+t=1}.

Since vy = (0,0,0,1) € H its director subspace is Vg = {(x,y, z,t) € R*:
r+y+z+t=0}=spam{e; = (1,0,0,—1),e5 = (0,1,0,—1),e3 = (0,0,1,—1)}.
Since ug = (1,1,0,1) € D its director subspace is

Vp={(z,y,z,t) eER :x+y+2+t=00—y—32—1t=0,22—2y+ 32+t =
0} =spam{e, = (1,1,1,-3)}.

We have ey = e; + e5 + e3 hence V), C Vi that is D and H are parallel. Obviously

one can compute their distance by the formula

d(D,H) _ \/G(€1,€2,€3,UO—U0)'

G(€17 €2, 63)

But, observe that the distance between these manifolds is actually the distance

between a point M € D and H, hence is more simple to compute from the formula
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d(M,H) = %’ with T = ug. Indeed the equation of H isx +y+ 2+t =1,

thus @ = (1,1,1,1) and b = —1, hence

((1,1,0,1),(1,1,1,1)) = 1] _ 2
1(1,1,1 )H 2

d(D,H) = =1.

5.6 Problems

Problem 5.6.1. Prove that for the nonzero vectors z,y € R2, it holds

(x,y) = [z |llyll cos 6,
where 6 is the angle between x and y.
Problem 5.6.2. Find the angle between the vectors (—2,4,3) and (1, -2, 3).

Problem 5.6.3. Find the two unit vectors which are orthogonal to both of the
vectors (—2,3,—1) and (1,1, 1).

Problem 5.6.4. Let u,v € V, V an inner product space. Show that
|lul| < ||lu+ av]|, Ya € F < (u,v) = 0.
Problem 5.6.5. Prove that
(Z a;b;)? Z ia; Z b2

for all a;, 0, e R, ;i=1,n.

Problem 5.6.6. Let S be the subspace of the inner product space R3[X], the
space of polynomials of degree at most 3, generated by the polynomials 1 — 2% and
2 —z + 2%, where (f, g) fo x)dz. Find a basis for the orthogonal

complement of S.
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Problem 5.6.7. Let u,v € V, V an inner product space. If
[ul| =3, flu+vl][=4, |lu—v] =6,
find ||v]|.

Problem 5.6.8. Prove or infirm the following statement: There exists an inner

product on R? such that the norm induced by this scalar product satisfies
[(@1, 2)[| = |21] + |22l
for all (x1,2,) € R%

Problem 5.6.9. Show that the planes P : z — 3y + 4z = 12 and
P, : 2x — 6y + 8z = 6 are parallel and then find the distance between them.
Problem 5.6.10. Let V' be an inner product space. Then it holds:

2 il 12
oy = U=l

Problem 5.6.11. If V is a complex vector space with an inner product on it,

show that

= B =P il P =il

Problem 5.6.12. Prove that the following set

{ 1 sinz sinnx cosx CcoSNT }

is orthonormal in C[—m, 7|, endowed with the scalar product

(f.9) = /_7r f(z)g(z)dz.
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Problem 5.6.13. Show that the set of all vectors in R™ which are orthogonal to a

given vector v € R" is a subspace of R". What will its dimension be?

Problem 5.6.14. If S is a subspace of a finite dimensional real inner product

space V, prove that S+ ~ V/S.

Problem 5.6.15. Let V' be an inner product space and let {vy,...,v,,} a list of
linearly independent vectors from V. How many orthonormal families {e1,...,€e,})

can be constructed by using the Gram-Schmidt procedure, such that

span{vy,...,v;} =span{ey,...,e;}, V i =1,m.

Problem 5.6.16. Orthonormalize the following list of vectors in R*

{(1,11,0,1), (1,-2,1,1),(1,1,1,0),(1,1,1,1)}.

Problem 5.6.17. Let V be an inner product space and let U C V subspace. Show
that
dim Ut = dimV — dim U.

Problem 5.6.18. Let {ey,...,e,} be an orthonormal list in the inner product
space V. Show that

[oll* = [{v, e))]* + - -+ [{v, em) |
if and only if v € span{ey, ..., en}.
Problem 5.6.19. Let V be a finite-dimensional real inner product space with a
basis {ey,...,e,}. Show that for any u,w € V' it holds
(u,w) = [u]"G(ey, ..., e,)|w] where [u] is the coordinate vector (represented as a

column matrix) of u with respect to the given basis and G(ey, ..., e,) is the matrix

having the same entries as the Gram determinant of {ey, ..., e,}..

Problem 5.6.20. Find the distance between the following linear manifolds.



Problems 130

a) L={(v,y,z,t) eERYx+y+t=10—-2y+2=—-1},K ={(z,y,2,t) €
R4\y—|—22—t:1,x+y+z+t:2,x—y—2z:—4}.

b) L={(z,y,2,t) eERYxr+y+t=2,20—2y+2=3} K ={(2,y,2,t) €
Riy+z—t=120—y+z2+t=3}

c) L={(z,y,2,t) eERY oz +2+t=12+y+2=2},K={(z,y,2,t) €
RYy+t=3x+t=4}.

d) L={(z,y,2,t) eRYx+2+t=lo+y+z2=20—y+t=2} K=
{(z,y,2,t) E R 2 +y + 22+t =4}

Problem 5.6.21. Let V' be an inner product space, let U C V' be an arbitrary
subset and let Uy, Uy C V be subspaces. Show that U' is a subspace of V, and
V+ = 0,respectively 0+ = V. Further the following implication holds:

U CUy,= Ui D U;.



Operators on inner product spaces.

6.1 Linear functionals and adjoints

A linear functional on a vector space V over the field FF is a linear map f: V — F.

Example 6.1. f:F* — F given by f(v1,v2,v3) = 3v; + 4vy — 5vg is a linear

functional on F3.

Assume now that V' is an inner product space. For fixed v € V, the map

f:V — F given by f(u) = (u,v) is a linear functional. The next fundamental
theorem shows that in case when V' is a Hilbert space, then every linear continuous
functional on V' is of this form.

Recall that an inner product space is a Hilbert space if is complete, that is, every

Cauchy sequence is convergent, i.e.,
Ve > 03dn. € Nsit. Vn,m >n, = ||z, — x|y <€
implies that (x,) is convergent.

Theorem 6.2. Suppose f is a linear continuous functional on the Hilbert space V.

131
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Then there is a unique vector v € V' such that

f(u) = (u,v) .

Proof. We will present the proof only in the finite dimensional case. We show first
that there is a vector v € V' such that f(u) = (u,v). Let {e1,...,e,} be an

orthonormal basis of V. One has

flu) = f(uer)er +--- + (u en)en) = (u,ex) fer) + .. (u, en) fen)

= (u, fler)er + -+ flen)en)

for every u € V. It follows that the vector

v=f(er)er + -+ flen)en

satisfies f(u) = (u,v) for every u € V.
It remains to prove the uniqueness of v. Suppose that there are vy, v, € V' such

that
flu) = (u,v1) = (u,va),

for every u € V. It follows that

0= (u,vy) — (u,v2) = (u,v1 —v2) VY ueV

Taking u = vy — vy it follows that v; = vy, so v is unique. OJ

Remark 6.3. Note that every linear functional on a finite dimensional Hilbert
space is continuous. Even more, on every finite dimensional inner product space,
the inner product defines a norm (metric) such that with the topology induced by

this metric the inner product space is complete.
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Let us consider another vector space W over F, and an inner product on it, such
that (W, (-,-)) is a Hilbert space.
Let T' € L(V,W) be a continuous operator in the topologies induced by the norms

lv]lv = v/{v,v)y, respectively ||w|w = /{(w,w)w, (as a continuous function in

analysis). Now, we define the adjoint of 7', as follows.
Fix w € W and consider the linear functional on V' which maps v in (T'(v), w)w. It

follows that there exists a unique vector T*(w) € V such that
(0, T*(w))y = (T(v),w)w YveV.
The operator 7% : W — V constructed above is called the adjoint of 7.

Example 6.4. Let T : R® — R? given by T(z,vy, 2z) = (y + 3z, 2).
Its adjoint operator is T* : R? — R3. Fix (u,v) € R% Tt follows

((x,y,z),T*(u,v)) = <T(x,y,z),(u,v)>
= <(y+327 2:L‘),(U,U)>
= yu+ 3zu + 2zv

= <(.I', Y, Z): (2'0, u, 3’LL)>
for all (z,y,z) € R3. This shows that
T*(u,v) = (2v,u, 3u).

Note that in the example above T* is not only a map from R? to R?, but also a
linear map.

We shall prove this in general. Let T € L(V,W), so we want to prove that

T € LW, V).

Let wy,w; € W. By definition one has:
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(T(w),wy +wy) = (T(),w)+ (Tv,ws)
= (0, T"(w1)) + (v, T"(w2))

= (0, T"(wr) + T"(w2)),

which shows that 7™ (w;) + T*(w2) plays the role of T*(wy + ws).

By the uniqueness proved before, we have that
T*(wl) + T*(wg) = T*(w1 + wg)
It remains to check the homogeneity of T*. For a € F one has

(T'(v),aw) = a(T(v),w)
= a(v, T"(w))
= (v,aT™(w)) .

This shows that aT*(w) plays the role of T*(aw), and again by the uniqueness of
the adjoint we have that
al™(w) =T (aw) .

Thus 7™ is a linear map, as claimed.

One can easily verify the following properties:
a) additivity (S+7)* =S*+T* for all S,T € L(V, ).
b) conjugate homogeneity (a7')* =aT™* for all a € F and T' € L(V,W).
c¢) adjoint of adjoint (7*)* =T for all T' € L(V,W).

d) identity I* = I,if I = Iy, V = W.
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e) products (ST)* =T*S* for all T € L(V,W) and S € L(W,U).

For the sake of completeness we prove the above statements. Let v € V' and
we W.

a) Let S,T € L(U,W). Then, ((S+T)(v),w) = (v, (S + T)*(w)). On the other
hand

(S+T)(v), w) = (S(), w) +(T(v), w) = (v, 5*(w)) +{v, T*(w)) = (v, (S"+T7)(w)).
Hence, (S +T)* = S* + T*.

b) Let a € F and T € L(U,W). We have ((aT)(v),w) = (v, (aT)*(w)). But
((aT)(v),w) = a(T(v),w) = a{v, T*(w) = (v,al*(w)).

Hence, (aT)* = aT*(w).

¢) Let T'e L(U,W). Then

(w,T(v)) = (T(v), w) = (v, T*(w)) = (T"(w), v) = (w, (T7)"(v)).

Hence, (T*)* =T.

d) Let V. =W. We have (v, I(w)) = (v,w) = (I(v),w) = (v, [*(w)).

Hence [ = I*.

e) Let T'e L(V,W) and S € L(W,U). Then for all u € U and v € V it holds:
(T75%(u),v) = (5™ (u), (T)")"(v) = (5" (u), T(v)) = (u, (57)"T(v)) = (u, ST (v)) =
(ST (v), u) = (v, (ST)*(u)) = ((ST)"(u),v).

Hence, T*S* = (ST)*.

Proposition 6.5. Suppose that T € L(V,W) is continuous. Then
1. ker T* = (imT)*.
2. imT* = (ker T')*.
8. ker T = (im T*)*.

4. imT = (ker T*)*.
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Proof. 1. Let w € W. Then

wekerT* & T*(w)=0
& (0T (w))=0 YoveV
s (T(w),w)=0 YveV

& we (imT)*t

that is ker T* = (im 7). If we take the orthogonal complement in both sides we

get 4. Replacing 7" by 7™ in 1 and 4 gives 3 and 2. O

The conjugate transpose of a type (m,n)- matrix is an (n, m) matrix obtained by
interchanging the rows and columns and taking the complex conjugate of each
entry. The adjoint of a matrix (which is a linear transform between two finite
dimensional spaces in the appropriate bases) is the conjugate transpose of that

matrix as the next result shows.

Proposition 6.6. Suppose that T € L(V,W). If{e1,..., e}, and {f1,..., fm} are
orthonormal bases for V and W respectively, and we denote by My and My the

matrices of T and T™* in these bases, then My« is the conjugate transpose of Mr.

Proof. The 1th column of My is obtained by writing T'(ey) as linear combination
of f;’s, the scalars used became the k1 column of Mry. Being the basis with f;’s

orthonormal, it follows that

T(er) = (T(ex), fi) fr + -+ (T(ex), fin) fn-

So on the position (k, j) of My we have (T'(ex), f;). Replacing T" with 7™ and
interchanging the roles played by e’s and f’s, we see that the entry on the position
(7,k) of My« the entry is (T*(fx), e;), which equals to (fi, T (e;)), which equals to

(T'(e;), fr). In others words, My~ equals to the complex conjugate of M. O



Normal operators 137

6.2 Normal operators

An operator on a Hilbert space is called normal if it commutes with its adjoint,
that is
T =TT .

Remark 6.7. We will call a complex square matriz normal if it commutes with its

conjugate transpose, that is A € M, (C) is normal iff
AA* = AA.

Here A* = A is the conjugate transpose of A.
It can be easily be observed that the matriz of a normal operator is a normal

matriz.

Example 6.8. On [F? consider the operator which in the canonical basis has the

matrix

This is a normal operator.

Indeed let T : F? — F? be the operator whose matrix is A. Then

T(xz,y) = (2x — 3y, 3z + 2y), thus (T'(z,y), (u,v)) = (22 — 3y)u + (3 + 2y)v =
(2v = 3u)y + (3v + 2u)x = ((x,y), (3v + 2u, 2v — 3u)). Hence, the adjoint of T is
T*(u,v) = (2u + 3v, —3u + 2v). It can easily be computed that

TT*(u,v) =T*T(u,v) = (13u, 13v), hence TT* = T*T.

Proposition 6.9. An operator T' € L(V') is normal operator iff

[T = NT*()| for allv e V.
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Proof. Let T € L(V).

T is normal ™T —-TT*=0

(I*T —=TT*)(v),v) =0forall veV
(T*T(v),v)y ={(TT*(v),v) forallveV

1111

|7 (0)||* = ||T*(v)||* for all v € V.
]
Theorem 6.10. Let T be a normal operator on V' and Ay be an eigenvalue of T'.
1. The proper subspace E(Xo) is T* invariant.

2. If vy is an eigenvector of T' corresponding to the eigenvalue Xy, then vy is an

eigenvector of T* corresponding to the eigenvalue \g.

3. Let v,w be two eigenvectors corresponding to distinct eigenvalues A, 3. Then

v,w are orthogonal.

Proof. Let v € E(X\g). We have to prove that T*(v) € E()o).

Since T'(v) = Agv, we have
T(T"(v)) = (TT*)(v) = (T"T)(v) = T*(T(v)) = T"(Aov) = AT"(v).

which show that T%(v) € E(\).
For the second statement in the theorem we have that T'(vg) = Agvg. Let

w € E(\). Then

(T (vo), w) = (vo, T'(w))



Normal operators 139

This means that
<T*(’U0) — X(ﬂ)o,ﬂ]) = 0 y

for all w € E(\g). The first term in the inner product lives in F()\g) by the
previous statement. Take w = T™*(vy) — Agvo and it follows that T™*(vy) = Ao, i.e.,
the second assertion of the theorem holds true.

Now, we deal with the last statement. One has T'(v) = Av and T'(f) = fw. By the

previous point T*(w) = Bw, so
(T'(v), w) = (v, T"(w)

(def. of adjoint), which implies A\(v, w) = B(v,w). Since X # (3, it follows that
(v, w) = 0. O

Proposition 6.11. If U is a T invariant subspace of V then UL is a T* invariant

subspace of V.
Proof. We have
weUr,veV=wecU', TWw) e U= (v,T*(w)) = (T(v),w).
That is T*(w) € U*. O
A unitary space is an inner product space over C.

Theorem 6.12. Suppose that V is a finite dimensional unitary space, and
T € L(V) is an operator. Then T is normal iff there exists an orthonormal basis B

of V' relative to which the matriz of T is diagonal.

Proof. First suppose that T" has a diagonal matrix. The matrix of 7% is the
complex transpose, so it is again diagonal. Any two diagonal matrices commutes,

that means that 7" is normal.
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To prove the other direction suppose that 1" is normal. Then, there is a basis

{e1,...,e,} of V with respect to which the matrix of 7" is upper triangular, that is
a1 12 ... Qup
A— 0 a2 9 a2.n
0 0 ... apn

We will show that the matrix A is actually a diagonal one.

We have
I7(en)]] = y/lasa?

and

17" ()l = lawal2 + -+ laral
Because T' is normal the norms are equal, so aj 2 = -+ =a;, = 0.

IT(e2)l = \/lasal? + [azaf? = y/lazal?

and

17" (e2)]) = /lazal? + -+ lazal?
Because T' is normal the norms are equal, so a3 = --- = as, = 0.
By continuing the procedure we obtain that for every k € {1,...,n — 1} we have
Qg 41 = -+ = G = 0, hence A is diagonal.

Theorem 6.13. (Complex spectral theorem) Suppose that V is a unitary

space. Then T has an orthonormal basis consisting of eigenvectors iff T' is normal.

Proof. Induction on n = dim V. The statement is obvious for n = 1. Suppose that

this is true for all dimensions less than n. Let T' € L(V'). Then T has at least one



Isometries 141

eigenvalue \. If dim E()\) = n it is enough to construct an orthonormal basis of

E()). For dim E(\) < n, choose E*()\), and we have 0 < dim E+()\) < n.

Now E()) is T* invariant, so E+(\) is T invariant. By the induction hypothesis,
E+()\) has an orthonormal basis consisting of eigenvectors of T'. Add this to the
orthonormal basis of E()A). The result is an orthonormal basis of V' consisting of

eigenvectors. O

6.3 Isometries

An operator T' € L(V) is called an isometry if
1T ()|l = ||v] , for all v € V.

Example 6.14. Let I be the identity map of V' (V' complex vector space), and
A € C with |[A| = 1. The map Al is an isometry, since

M @)]| = l[Avll = [Alllvll = vl

If T is an isometry it easily follows that T is injective.

Indeed, assume the contrary, that is, there exists u,v € V, u # v such that
T(u) = T(v). Hence, 0 = ||T'(u) — T'(v)|| = ||T'(w — v)|| = ||u — v||, contradiction
with u # v.

Theorem 6.15. Suppose T' € L(V'). The following are equivalent:

1. T 1is an isometry.
2. (T'(u), T(v)) = (u,v) for every u,v € V.
3. T*T = 1.

4. {T(e1),...,T(em)} is an orthonormal list for every orthonormal list

{61, .. .,em}.
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10.

There ezists an orthonormal basis {e1,...,e,} of V such that

(T{e1),...,T(en)} is an orthonormal basis.

T is an isometry.

(T*(u), T*(v)) = (u,v) for allu,v € V.

Tr* =1

{T*(e1),...,T*(em)} is an orthonormal list for every orthonormal list
(1, €m) -

There ezists an orthonormal basis {e1,...,e,} of V such that
{T*(e1),...,T*(en)} is an orthonormal basis.

Proof. Suppose that 1 holds. Let u,v € V. Then

lu = v]* = 1T (u = v)|*
= (T(w) = T(v),T(u) = T(v))
= [T@I* +IT@)]* - 2(T(w), T(v))

= ull® +llvlI* = 2T (w), T'(v)).

On the other hand |lu — v||* = |Jul]® + ||[v]]* — 2(u, v).

Suppose now that 2 holds. Then

(T = I)(u),v) = (T'(u), T(v)) = {u,v) =0 .

for every u,v € V. Take v = (T*T — I)(u) and it follows that 7*T — I =0, i.e. 3.

Suppose 3 holds. Let (e ...e,,) be an orthonormal list of vectors in V. Then

(T(e;), T'(ex)) = (T"T(e;), ex) = (e, ex),

i.e. 4 holds. Obviously 4 implies 5.
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Suppose 5 holds. Let {ey,...,e,} be an orthonormal basis of V' such that
{T'(e1),...,T(en)} is orthonormal basis. For v € V'

IT@I* = IT({v,erer + -+ (v, en)en) |
= [{v,en)T(er) + -+ + (v,ea) T (en) |
= |(v,e)" + -+ [(v,e)[”

= oll*.

Taking square roots we see that 7' is an isometry. We have now

1= 2=—3=—4=— 5= 1. Replacing T" by T™ we see that 6 through 10 are
equivalent. We need only to prove the equivalence of one assertion in the first
group with one in the second group.

3 < 8 which is easy to see since T7T* = [ =

TT*(u) =u,Yu € V = (TT*)(T(u)) = T(u), Yu € V, or equivalently

T(T*T)(u)) = T(u),Yu € V, T is injective, hence T*T = 1.

Conversely, T"T' = I = T*T'(u) = u, Vu € V = (T"T)(T*(u)) = T*(u), Vu € V, or
equivalently T*((TT*)(u)) = T*(u),Vu € V, T* is injective, hence TT* = I. O

Remark 6.16. Recall that a real square matrix A is called orthogonal iff

AAT = ATA = I. A complex square matrix B is called unitary if BB* = B*B = I,
where B* is the conjugate transpose of B, that is B* = B'. 1Tt can easily be
observed that the matrix of an isometry on a real (complex) finite dimensional

inner product space is an orthogonal (unitary) matrix.

The last theorem shows that every isometry is a normal operator. So, the
characterizations of normal operators can be used to give a complete description of

1sometries.

Theorem 6.17. Suppose that V is a complex inner product space and T € L(V).
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Then T s an isometry iff there is an orthonormal basis of T consisting of

eigenvectors of T which correspond to eigenvalues having modulus 1.

Proof. Suppose that there is an othonormal basis {ey,...,e,} consisting of
eigenvectors whose corresponding eigenvalues {1, ..., A, } have absolute value 1.
It follows that for every v € V
Tw) = (v,e)T(er) + -+ (v,en)T(en)
= M(v,er)e; + -+ AN(v, en)e,.
Thus [|T(v)[|* = [{v,e1)]* + - - + [{v, €q) > = [|v]|* that is
1T ()] = lv]].
Now we are going to prove the other direction. Suppose 7' is an isometry. By the
complex spectral theorem there is an orthonormal basis of V' consisting of

eigenvectors {ei,...,e,}.. Let e;, j € {1,...,n} be such a vector, associated to an

eigenvalue \;. It follows that

[Ailllesll = 1Azesll = 1T(es)ll = lesll,
hence |\;| =1, for all j € {1,...,n}. O

Finally we state the following important theorem concerning on the form of the

matrix of an isometry.

Theorem 6.18. Suppose that V' is a real inner product space and T' € L(V'). Then
T is an isometry iff there exist an orthonormal basis of V' with respect to which T
has a block diagonal matriz where each block on the diagonal matriz is a (1,1)

matriz containing 1 or —1, or a (2,2) matriz of the form

cosf) —sind

sinf@ cosd



Self adjoint operators 145

with 6 € (0, ).

Proof. The eigenvalues of T" have modulus 1, hence are the form 1, —1 or
cos £ sin@. On the other hand, the matrix of 7" is similar to a diagonal matrix

whose diagonal entries are the eigenvalues. O

6.4 Self adjoint operators

An operator T' € L(V) is called self-adjoint if "= T™* that is (T'(v), w) = (v, T(w))

for all v,w € V.

Remark 6.19. Obviously a self adjoint operator T € L(V) is normal since in this

case holds

Tr* =TT =T"T.

Example 6.20. Let T be an operator on F? whose matrix with respect to the

standard basis is

Then T is self-adjoint iff b = 3.

Indeed, for (x,y) € F? one has T(x,y) = (2x + by, 3z + 5y), hence for (u,v) € F? it
holds

(T'(x,y), (u,v)) = 2z + by)u+ (3z + dby)v = ((z,y), (2u + 3v, bu + 5v)).

Thus T*(z,y) = (2z + 3y, bx + 5y).
In conclusion T is self adjoint, i.e. T'=T" if b = 3.
It can easily be verified that the sum of two self adjoint operators and the product

of an self adjoint operator by a real scalar is an self-adjoint operator.
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Indeed, let S, T € L(V) be two self adjoint operators. Then

(S+T)* =8"+T*=S+T, hence S+ T is self adjoint. On the other hand for
their product we have (ST)* = T*S* =T'S. Hence T'S is self adjoint iff ST = T'S.
Let now a € R. Then (aT')* = aT™ = a7, hence aT is self adjoint.

Remark 6.21. When F = C the adjoint on L(V') plays a similar role to complex
conjugation on C. A complex number is real iff z = Z. Thus for a self adjoint
operator 1" the sum T + T is analogous to a real number. The analogy is reflected
in some important properties of a self-adjoint operator, beginning with its

eigenvalues.

Remark 6.22. Recall that a complex square matrix A is called hermitian iff
A = A*, where A* is the conjugate transpose of A, that is A* = A IfAisa
square matrix with real entries, then A is called symmetric iff A = AT. It can
easily be observed that matrix of a self adjoint operator on a complex (real) inner

product space is hermitian (symmetric).
Proposition 6.23. The following statements hold.

o Fuvery eigenvalue of a self-adjoint operator is real.

e Let v,w eigenvectors corresponding to distinct eigenvalues. Then (v, w) = 0.

Proof. Suppose that T is a self-adjoint operator on V. Let A be an eigenvalue of T',

and v be an eigenvector, that is 7'(v) = Av. Then

Alol* =
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Thus A\ = A, i.e., \ is real. O
The next assertion cames from the fact that a self-adjoint operator is normal.

Theorem 6.24. Let T € L(V'), where V is an inner product space. The following

statements are equivalent.
1. T 1is self-adjoint.

2. There exists an orthonormal basis of V' relative to which the matriz of T is

diagonal with real entries.

Proof. Assume that T is self adjoint. Since 7" is normal there exists exists an
orthonormal basis of V' relative to which the matrix of My of the operator is upper
triangular. But the matrix of 7% in this basis is My = M7, and from T = T™ one
has My = M7, hence My is diagonal, and also the diagonal are formed by real
entries.

Conversely, let M a diagonal matrix of 1", with real entries in some orthonormal

basis. Then My = M., hence My = My« or equivalently T' = T*. O

6.5 Problems

Problem 6.5.1. Suppose that A is a complex matrix with real eigenvalues which

can be diagonalized by a unitary matrix. Prove that A must be hermitian.

Problem 6.5.2. Prove or give a counter example: the product of two self adjoint

operators on a finite dimensional inner product space is self adjoint.

Problem 6.5.3. Show that an upper triangular matrix is normal if and only if it

is diagonal.
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Problem 6.5.4. Suppose p € L(V) is such that p*> = p. Prove that p is an

orthogonal projection if and only if p is self adjoint.

Problem 6.5.5. Show that if V' is a real inner product space, then the set of self
adjoint operators on V' is a subspace of L(V'). Show that if V is a complex inner

product space, then the set of self-adjoint operators on V' is not a subspace of

L(V).

Problem 6.5.6. Show that if dim V' > 2 then the set of normal operators on V is

not a subspace of L(V).

Problem 6.5.7. Let A be a normal matrix. Prove that A is unitary if and only if

all its eigenvalues A\ satisfy |A| = 1.

Problem 6.5.8. Let X € M, (C) be any complex matrix and put A = I,, — 2X X*.
Prove that A is both hermitian and unitary. Deduce that A = A~L,

Problem 6.5.9. Suppose V is a complex inner product space and T' € L(V) is a
normal operator such that 7% = T®. Prove that T is self adjoint and 7% = T.

Problem 6.5.10. Let A be a normal matrix. Show that A is hermitian if and

only if all its eigenvalues are real.
Problem 6.5.11. Prove that if '€ L(V') is normal, then
im7 =imT™.

and
ker TF = ker T’
im7TF =imT

for every positive integer k.
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Problem 6.5.12. A complex matrix A is called skew-hermitian if A* = —A. Prove

the following statements.
a) A skew-hermitian matrix is normal.

b) The eigenvalues of a skew-hermitian matrix are purely imaginary, that is,

have the real part 0.
¢) A normal matrix is skew-hermitian if all its eigenvalues are purely imaginary.

Problem 6.5.13. Suppose V is a complex inner product space. An operator
S € L(V) is called a square root of T € L(V) if S = T. We denote S = v/T. Prove

that every normal operator on V' has a square root.

Problem 6.5.14. Prove or disprove: e identity operator on F? has infinitely many

self adjoint square roots.

Problem 6.5.15. Let T,S € L(V) be isometries and R € L(V') a positive
operator, (that is (R(v),v) > 0 for all v € V), such that T'= SR. Prove that

R=vT"T.

Problem 6.5.16. Let Ry[X] be the inner product space of polynomials with

degree at most 2, with the scalar product
1
(p,q) = / p(t)q(t)dt.
0
Let T € L(Ry[X]), T(az? + bx + ¢) = bu.
a) Show that the matrix of T with respect to the given basis is hermitian.

b) Show that T is not self-adjoint.

(Note that there is no contradiction between these statements because the basis in

the first statement is not orthonormal.)
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Problem 6.5.17. Prove that a normal operator on a complex inner-product space

is self-adjoint if and only if all its eigenvalues are real.



Elements of geometry

7.1 Quadratic forms

Consider the n-dimensional space R™ and denote by = = (z1,...,z,) the
coordinates of a vector x € R™ with respect to the canonical basis

E ={ey,...,e,}. A quadratic form is a map @ : R” - R
Q(z) = ana® + ... appt> + 26190175 + -+ + 20,75 + ... 20p-1 1y Tp_1Ty,

where the coefficients a;; are all real.
Thus, quadratic forms are homogenous polynomials of degree two in a number of
variables.

Using matrix multiplication, we can write () in a compact form as
Q(r) = X AX,

where

151



Quadratic forms 152

x ap; Q2 ... Qip

T2 a2 Q22 ... Qgp
X = and A=

Tn A1p A2y ... QApn

The symmetric matrix A (notice that a;; = a;;) is be called the matrix of the
quadratic form. Being symmetric (and real), A it is the matrix of a self-adjoint
operator with respect to the basis . This operator, that we call T', is
diagonalizable and there exists a basis B = {by, ..., b,} formed by eigenvectors
with respect to which 7" has a diagonal matrix consisting of eigenvalues (also
denoted by T')

T = diag{\i...., \n}

Let C be the transition matrix from F to B and

the coordinates of the initial vector written in B. We have that
X =0X'
Knowing that T'= C~'AC, and that C~! = C'" we can compute that
Q(r) = XTAX
= (X)) A(CX")
= X'TCTACX'

— X/TTX/

12
no

= M2 4+ Az
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and we say that we have reduced () to its canonical form
Q(z) = Mt 4+ - + A2

This is called the geometric method.

The quadratic form is called
e positive definite if Q(x) > 0 for every z € R™ \ {0}
e negative definite if Q(z) < 0 for every z € R™\ {0}.

We can characterize the positive definiteness of a quadratic form in terms of the

diagonal minors of its matrix

a1; G2
Dlz&ll,DQZ ,...,Dn:detA.

a12 Qa2

We have the following criteria:

e () is positive definite iff D; > 0 for every i = 1,n

e () is negative definite iff (—1)*D; > 0 for every i = 1, n.

7.2 Quadrics

The general equation of a quadric is

anr® + a22y2 + asz2® + 2a127y + 201312 + 2a93y2

2a14w + 2a24y + 2a342 + agq = 0.

From a geometric point of view, quadrics, which are also called quadric surfaces,

are two-dimensional surfaces defined as the locus of zeros of a second degree



Quadrics 154

polynomial in x,y and z. Maybe the most prominent example of a quadric is the
sphere (the spherical surface).

The type is determined by the quadratic form that contains all terms of degree two

Q = anx® + a22y2 + agsz? + 2a107y + 2a1372 + 2093y 2.

We distinguish, based on the sign of the eigenvalues of the matrix of (), between:
ellipsoids, elliptic or hyperbolic paraboloids, hyperboloids with one or two sheets,
cones and cylinders.

We study how to reduce the general equations of a quadric to a canonical form.
We reduce () to a canonical form using the geometric method.

Consider the matrix A associated to (). Being symmetric, A has real eigenvalues
A1, A2, Ag. If they are distinct, the corresponding eigenvectors are orthogonal (if
not we apply the Gram-Schmidt algorithm). Thus, we obtain three orthogonal
unit vectors {by, by, b3}, a basis in R3.

Let R be the transition matrix from {i, j, k} to the new basis {b1, by, b3}. We recall

from previous chapters that R has the three vectors by, by, b3 as its columns
R - [blybg‘bg] .
Now, we compute det R and check whether

det R = 1.

If necessary, i.e., if .det R = —1, we must change one of the vectors by its opposite
(for example take R = [—by|bo|bs]). This assures that the matrix R defines a
rotation, the new basis being obtained from the original one by this rotation. Let

(z,y,z) and (2',y', 2') be the coordinates of the same point in the original basis
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and in the new one, we have

X X
y | =R ¢
z 2

We know that with respect to the new coordinates

Q= Mz + My + M2

and thus, the equation of the quadric reduces to the simpler form

M+ My? + M2 4 20142 + 20! 04y + 20347 + agg = 0.

To obtain the canonical form of the quadric we still have to perform another
transformation, namely a translation. To complete this step we investigate three
cases: (A) when A has three nonzero eigenvalues, (B) when one eigenvalue is zero
and (C) when two eigenvalues are equal to zero.

(A) For \; # 0 we obtain

M@ —20)? + Xy — y0)? + A3(2/ — 20)* +a4s =0

Consider the translation defined by

2 = a2 — o,
"o /

Yy = Y — Yo,
2= 2 — 2.

In the new coordinates the equation of the quadric reduces to the canonical form

)\13://2 4 )\2:’-//2 4 )\32//2 + a/44 — O
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The cases (B) and (C) can be treated similarly.

We end this section by showing plots of the different quadric surfaces, starting

with the degenrate cases, namely the cone and the cylinder.
z z

r

Figure 7.1: Cone ﬁ—z + g—z — i—z =0 Figure 7.2: Cylinder ﬁ—z + g—z =1

The nondegenerate quadic surfaces are shown on the next page.
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Figure 7.3: Ellipsoid i—z + z—j + i—z =1 Figure 7.4: Sphere 22 + 3% + 22 =1

Figure 7.5: Elliptic paraboloid Figure 7.6: Hyperboic paraboloid

2

z2 |y _ y> _
a_2+b_2—z—0 a—g—b—g—Z—O



Conics

158

Figure 7.7: Hyperboloid of one sheet
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7.3 Conics
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Figure 7.8: Hyperboloid of two sheets

2 2 2
x y A
cte-—a=-1

Studied since the time of ancient greek geometers, conic sections (or just conics)

are obtained, as their name shows, by intersecting a cone with a sectioning plane.

They have played a crucial role in the development of modern science, especially in

astronomy. Also, we point out the fact that the circle is a conic section, a special

case of ellipse.

The general equation of a conic is

a1 ®? + 2a127Y + a92y® + 20137 + 2a93y + azz = 0.
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The following two determinants obtained from the coefficients of the conic play a

crucial role in the classification of conics

@11 Az a3
@11 a2

A=|ap ayp ax and D,

Q12 A22
@13 A23 a3s3

Notice that the second determinant corresponds to the quadratic form defined by

the first three terms.
Conical sections can be classified as follows:

Degenerate conics, for which A = 0. These include:two intersecting lines (when

Dy < 0), two parallel lines or one line (when Dy = 0) and one point (when Dy > 0).

Nondegenerate conics, for which A = 0. Depending on D, we distinguish
between the

2 2
Ellipse (Dy > 0) whose canonical equation is — + Z_Q =1,
a

Parabola (Dy = 0) whose canonical equation is y? — 2ax = 0,

2 2
Hyperbola (Dy < 0) whose canonical equation is x_2 _Y
a

b2

A graphical representation of each of these curves is given below.
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Figure 7.10: Hyperbola z—; — z—j =1
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Figure 7.11: Parabola y? — 2pz = 0

The reduction of a conic section to its canonical form is very similar with the
procedure that we have presented in the last section when dealing with quadrics.
Again, we must perform a rotation and a translation. We show how the reduction

can be performed by means of an example.
Example 7.1. Find the canonical form of 522 + 4xy + 8y* — 32z — 56y + 80 = 0.

The matrix of the quadratic form of this conic is

5 2
2 8
and its eigenvalues are the roots of A> — 13\ +36 = 0. So A\; = 9 and A\, = 4, while
1 1

two normed eigenvectors are vy = —= (1,2) and vy = = (=2, 1) respectively. The

rotation matrix is thus

A 2

R = V5 V5 ’
2 L
NG

and we can check that det R = 1.

Now, the relation between the old and the new coordinates is given by

T €T

=R
) )



Problems 162

that is
r = % (@' —2y)
y = %(Qx/ij/).
By substituting these expressions in the initial equation we get
92”2 + 4y — %‘/5 8‘; +80 = 0.

To see the translation that we need to perform we rewrite the above equation as

follows

9 —2£ <85£> + 4 y’2+2§y/+ (?)

(3 () v

Finally, we obtain
2 2
8v5 5
9 <3:'—T\/_> +4<y'+g> —30=0.

Thus, the translation 2" = 2’ — M =1y + ‘/_ reduces the conic to the canonical
form
3 "2 2 "2
—y“ =1
0" 1Y

7.4 Problems

Problem 7.4.1. Find the canonical form of the following quadric surfaces:
a) 2y? + 4wy — 8rz — 6x + 8y + 8 =0,

b) 322 + y* + 2% — 2z — 42 — 4 =0,

c) xz =y,

d) 2® + y? +52% —6zy + 222 —2yz —4x + 8y — 122 + 14 =0
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Problem 7.4.2. Find the canonical form of the following conics:
a) % — 6zy + 9y* + 20 = 0,

b) 3y? — dxy — 2y + 4z — 3 =0,

c) 5x% + 6zy + 2y* + 2y — 1 = 0,

d) zy = 1.

Problem 7.4.3. Given the ellipsoid

2y
o) R e
()4—|—3+z 0,

find the value of the parameter p for which the straight line
rT=z2+p
y=2z+2
is tangent to (E).
Problem 7.4.4. Find the equation of the plane that is tangent to the sphere
P4y 42 =1
at the point M (%, 3, ?)

Problem 7.4.5. Find the equations of the planes that contain the line

and are tangent to the sphere
(x—1)7+y2+22=1.

Problem 7.4.6. Consider the hyperboloid of one sheet

.]72 y2 22

I AT
69 4

Determine the straight lines that belong to this surface and pass through the point
P(4,3,-2).
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Problem 7.4.7. Find the equation of the circle whose center is located in C (1, 2)

and whose radius is R = 2.
Problem 7.4.8. Determine the center and the radius of the circle of equation
2 2 _
Ty +2r—4y—4=0.

Problem 7.4.9. Write the equation of the circle that passes through the points
A(1,1),B(1,5),C(4,1).
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