Dorian Popa Constantin-Cosmin Todea

SPECIAL MATHEMATICS. PROBLEMS

[

UNIVERSITATEA
TEHNICA

DDDDDDD -NAPOCA

U.T. PRESS
Cluj-Napoca
2014

ISBN 978-973-662-988-4



Dorian Popa Constantin-Cosmin Todea

SPECIAL MATHEMATICS. PROBLEMS

up

UNIVERSITATEA
TEHNICA

DIN CLUJ-NAPOCA

U.T. PRESS
CLUJ-NAPOCA
2014
ISBN 978-973-662-988-4



Editura U.T.PRESS
Str.Observatorului nr. 34

C.P.42, O.P. 2, 400775 Cluj-Napoca
Tel.:0264-401.999 / Fax: 0264-430.408
e-mail: utpress@biblio.utcluj.ro

www.utcluj.ro/editura

Director: Prof. dr. Daniela Manea

Consilier editorial: ing. Calin D. Campean

Copyright(©)2014 Editura U.T.PRESS
Reproducerea integrala sau partiala a textului sau ilustratiilor din aceasta carte
este posibila numai cu acordul prealabil scris al editurii U.T.PRESS.

Multiplicarea executata la editura U.T.PRESS.

ISBN978-973-662-988-4



Contents

Preface 1
1 Differential equations effectively integrable 2
1.1 Differential equations with separable variables . . . . . . .. ... .. 2
1.2 Homogenous equations . . . . . . . . .. . ... .. 3
1.3 Linear equations of order one . . . . . . . . ... ... ... ..... 5
1.4 Bernoulli’'s equations . . . . . .. ..o 7
1.5 Riccati’'s equations . . . . . . . ... L 9
1.6 Exact differential equations. Integrant factor . . . . . . . . . . . . .. 10
1.7 Equations of Clairaut and Lagrange . . . . . . . . . . .. .. .. ... 13
1.8 Higher order differential equations . . . . . . . .. .. ... ... ... 15
1.9 Problems. . . . . ... 17
2 Linear differential equations of order higher than one 20
2.1 Linear differential equations with constant coefficients . . . . . . . .. 20
2.2 Euler’sequations . . . . . .. ... 23
2.3 Problems. . . . .. .. 24
3 Systems of differential equations and partial differential equations 26
3.1 Linear systems with constant coefficients . . . . . ... .. ... ... 26
3.2 Symmetric Systems . . . .. ... 31
3.3 Partial differential equations . . . . . . ... ..o 34
3.4 Problems. . . . ... 39
4 Complex Analysis 43
4.1 Complex numbers. Basic results . . . . .. ... ... ... ... 43
4.2 Complex functions of a complex variable . . . . . . ... ... . ... 46
4.3 Laplace’s transform. . . . . .. ... oL 52

4.4 Problems . . . . . . .. H8&



11

Bibliography

62



Preface

The aim of this book is to cover the analytical program for the course of Special Math-
ematics of different sections or faculties from Technical University of Cluj-Napoca. It
is however, mainly addressed for the students of Electrical Engineering Faculty, which
follow this course in the second semester of the first year. The book has four chapters
and each chapters ends with a section of proposed problems. The first three chapters
are dedicated to differential equations and in the fourth chapter we introduce the
reader into the basics of complex analysis. One of the main features of this book is,
in the opinion of the authors, the multitude of detailed solved problems which come
to help the students. We used as sources for selecting some proposed and solved

problems the following references: [1], [2], [3].

Cluj-Napoca, 2014
The Authors



Chapter 1

Differential equations effectively
integrable

In this chapter we present the most relevant types of differential equations of order
one and some basic and elementary techniques techniques to solve them. We end this
chapter with a section regarding some higher order differential equations.

1.1 Differential equations with separable variables

A differential equation of the form

y' = f(x)g(y) (1.1.1)

where f € C(I),g € C(J),I,J C R are intervals is called equation with separable
variables. For y € J; C J, Jy interval with ¢g(y) # 0 the equation 1.1.1 is equivalent
to

and the solution follows by integration

5= [ 1w

If yo € J and g(yo) = 0 then the equation (1.1.1) admits the singular solution y(z) =
Yo, for all x € I.

Example 1.1.1. Integrate xzy(1 + z%)y =1+ >

2



Proof. We have zy(1 + xz)fl—g =1+ 9?2, hence ffgz, = %. We integrate to obtain

1%:!52 - f x(ldfm?)‘ Equivalently f 1%?52 = f (% -7 fxg) dx, hence

1 1
511’1(1/2—1-1) =In|z| —iln(l—l—mZ)—i-C.

It follows that In(y? + 1) = Inz? — In(1 + 2?) + C?%. For C? = Ink,k > 1 we obtain

the solution

Example 1.1.2. Integrate v/ = (z +y + 1)%

Proof. Let  +y+1 =2, z=z(x). Theny =z —x — 1 and ¥/ = 2/ — 1 hence the

dz
1+22

dz
/1+Z2—/dx

arctanz =z + C

equation becomes 2’ = 1 + 22, that is dz. Integrating the previous relation it

follows that

or

so z = tan(z + C') hence the solution

y(x) =tan(x +C) —x — L.

1.2 Homogenous equations

A differential equation of the form

v =) (1.2.1)



where f € C(I), with I C R an interval and f(u) # u for any u € I, is called
homogenous equation.

Let z : I — R be the function defined by z(z) = @, x € I. Then y = zz and
y' = xz’ + z hence the equation becomes z2’ = f(z) — z, i.e.

dz dx

(EEE
which is an equation with separable variables.

Example 1.2.1. Integrate 223y = y(32%y + y?),x € (0, 00).

Proof. We have i = 3242 that is y/ = 344 2(4)3. The substitution £ = z, z = z(x)

2I'3 )
leads to
rZ +z= 3z+ 123
27 2T
Equivalently, to xz’ = %z + %,23. The new equation becomes Z(fizz N = %‘l’ and by
integration we get
1 z dx
2 - — dz = | —
/ (z 1+z2) x
hence
Inz?—In(l+2*) =Inz+InC,C > 0.
Finally by replacing z = £ in 1i22 = Cx, we get % = ng,m € (0,00). ]

Example 1.2.2. Prove that the differential equation

- <a1$+b1y+01)
Y as® + boy + 2

feC),ar by, cr € Rk € {1,2} becomes an homogenous equation if the system of
equations

a1 x+biy+cp =0

asx 4+ boy +co =0

admits a unique solution (xg, o).



=1+ 29
Proof. Consider the change of variables , and let u = wu(t) be the

Yy=u-+1Y
unknown function. Then

ar + by +c1 = ay(t + xo) +bi(u+yo) + 1 = art + by,

Ao + boy + c3 = aa(t + o) + ba(u + yo) + c2 = ast + bou

and 3/ = Z—g = ‘%. Therefor we obtain
du a1t + biu a; + b % U
() = () =9 (5)
dt as + bzu as + b2? t
which is an homogenous equation. O

1.3 Linear equations of order one

A differential equation of the form

Y+ flx)y = g(x) (1.3.1)

where f,g € C(I),I C R is an interval is called a linear differential equation of order
one.

Let F(z) = f;o f(t)dt, zo € I be an antiderivative of f. Multiplying the equation
(1.3.1) by €@ we get

y(z) = e '@ (/ g(t)eF(t)dt> ,C eR.

o

The function h : I — R is called the integrating factor of the above equation.
Example 1.3.1. Integrate v + 2y = e *,z € R.

Proof. We compute F(z) = ¢** z € R, so we multiply with e** and the equation

becomes y'(x)e** + 2e**y(x) = €* or (y(z)e**) = e , hence by integration we obtain

y(x) = e *(x+C),C €R.



O
Example 1.3.2. Let f : [0,00) — R be a continuous function such that there exists

lim f(x) =1,l € R and a > 0. Prove that any solution of the equation

T—00
y' +ay = f(z)
admits an horizontal asymptote at +oo.

Proof. Let y be a solution of the equation. Multiplying with e** the equation becomes

(y(x)e™) = f(x)e™, x € [0,00). Integrating on [0, z], z > 0 it follows

y(z)es = /Oxf(t)dt +C.CeR

hence
atdt +C
y(z) = Jo £ — N
e
Then
yeddt  C f(te™dt)
lim y(z) = lim <f0 + —) (fo ) =
T—00 T—00 ear ear x%oo aed”
lim —f@)eax = i
z—00  qes” a
Thus y = é is the horizontal asymptote of f at oo. O

Example 1.3.3. Find all continuous function y : R — R satisfying the following

integral equation

/Ox(x —s)y(s)ds = /Om y(s)ds +sinz, z € R.

Proof. Since y is a continuous function, the functions from the left and the right hand

are differentiable. First we put the equation in the form

x/ozy(s)ds—/owsy(s)ds:/Omy(s)ds—i-sinx



and by differentiation with respect to = we get

xy(x) + /Ow y(s)ds — zy(x) = y(z) + cosx (%)

A second differentiation leads to y(z) = y/(z) — sinz, a linear equation of order one,

which can be written in the form (y(z)e™*)" = e *sinz. By integration we get

sinx + cosx

y(x) = Ce 5

,x €R.

Take z = 0 in relation () to obtain y(0) = —1 so y(0) = C' — 1 = —1, hence C' = —1.

The solution is

e +sinx + cosx
ylz) = — 5 ,x € R.

1.4 Bernoulli’s equations
A differential equation of the form
y' + f(2)y = g(x)y", o € R\ {0, 1}

where f,g € C(I),I C R interval, is called Bernoulli’s equation. For a > 0 the
equation admits the solution y(x) = 0,z € I. On an interval I; C I where y(z) #
0,z € I, the substitution z(z) = y'~%(x),z € I leads to

7+ (1 -a)f(z)z=(1-a)g(z)

which is a linear equation.

Example 1.4.1. Integrate the equation zy?y = 2% + 13



Proof. We can divide with 32 to obtain the rigorous form of this Bernoulli equation,
or directly we make the substitution z = y* and notice that 2’ = 3y%y’. By replacing

these in the equation we obtain

x
2 =2+ 2,

3
next we multiply by % to obtain the linear equation 2’ —%z = 3x. We multiply it by 23
and we have (z7?z)' = 3272, hence z = 32% [ 2~ ?dx. Equivalently z = 32*(C' — 2™').

Finally we obtain y3 = C23 — 322 O
Example 1.4.2. Integrate the equation 3 + zy = zy?, x € R.
Proof. We use the substitution z(z) = y~!(z), then 2/(z) = —y~%(z)y'(x). We multi-
ply the given equation by y~2 and we obtain
y Y ay T =
From the above substitutions the linear equation in z is —2' + xz = z, that is
2 —xz=—ux.

22

12
—%-, we multiply this equation by e™2 to obtain

Since the antiderivative is F'(z) =

ey _z? _a?
e 27 —xe Tz =—xe 2
. 2 12 I2 :1;2 .
Equivalently we have (e~ 2 z)' = xe™ 7, thus e" 2z = [xe 2dz. Integrating we



1.5 Riccati’s equations

A differential equation of the form

y = f(@)y* + g(x)y + h(z)

where f,g,h € C(I),I C R interval, is called Riccati’s equation. Generally Riccati’s
equations cannot be effectively integrated. But if yq is a particular solution of it, then
the substitution y = yy + % gives the linear differential equation

Z = (2f(@)yo(x) + 9(x))z = f(z).

Example 1.5.1. Integrate the equation 3/ = y? — 1y — x%, if it admits the particular

T

solution yo(z) = —=.

Proof. The substitution y = —% + é leads to the equation

equivalent to

1 z' 1 2 1 1 1 1

e
2 22 22 gz 22 a2 xz a2

We obtain the linear equation in z:

22 xz 22

next we multiply by zz% to obtain —22’ = —3z+4x or 2/ — 2z = —1. We multiply this

xT

equation by 273 to obtain 2273 — 327 = —273, that is (z273)’ = —2 3. Integrating
we have 2 = —z® [ x73da, hence 2(z) = —2*(—Z~ + C), with the final solution
1 1
y=——-+ , CeR.

R i = 6)
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Example 1.5.2. Integrate (1 + 23)y’ — y* — 2%y — 22 = 0,2 > —1, if the equation
admits a particular solution of the form yo(z) = az",a € R,n € N.
Proof. Replacing yy in the equation we get
(a+ 2¥)naz™ ' — a®2®" — az"™*? — 22 =0

or

—a*2® + (na — a)a" " + na*x" ' — 22 = 0,2 > —1.

It follows n = 2 and —a?z* + ax* +2ax — 22 = 0 for all # > —1, hence a = 1. The

particular solution is yo(z) = 2%. The substitution is y = 2% + é and leads to

d1+2°) +320%°2=—1 or (2(1+2%) =-1.

So 2(1+ %) = —x + C hence z = _lfg:f Finally

,  l+a*  Ca*+1

= = R.
y x+—x+0 C—z’ ¢e

1.6 Exact differential equations. Integrant factor
Let D C R be a rectangle and P,Q € C'(D). A differential equation of the form
P(z,y)dr + Q(x,y)dy =0 (1.6.1)

where %—];(x,y) = aa—g(x,y) for all (z,y) € D is called an ezxact differential equation.

Under the previous conditions there exists a function F € C%(D) given by the relation

Fla) - | " Pt y)dt + / " Q0. ), (x0,0) € D,

o
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such that dF'(z,y) = P(z,y)dz + Q(z,y)dy, (x,y) € D. Since the exact differential
equation is equivalent to dF(x,y) = 0 the solutions are implicitly defined by

F(z,y)=C,C € R.

The function F' is called an antiderivative (primitive) of the differential form Pdx +
Qdy.

If an equation of the form 1.6.1 is not an exact equation then a function u € C'(D)
with the property that the equation

p(z,y)P(z,y)dz + p(z, y)Q(z, y)dy = 0 (1.6.2)

is an exact differential equation is called integrant factor. Denoting P;(z,y) =

wz,y)Px,y), Qi(z,y) = ulz,y)Q(z,y), (z,y) € D the equation 1.6.2 is an ex-
act equation if

apl(x7y) — a@l(x7y>
dy or '

The equation 1.6.3 is equivalent to the equation of integrant factor

o o (0P 8@)
9r _ plt _ .

ox oy a_y_%

(x,y) € D (1.6.3)

(1.6.4)

In practice, usually we are looking for integrant factors of the form p = u(x), p =

w1(y). If the equation
oP  0Q

o) = (5 - 52) uto

depends only on x. then there exists p = pu(x). If the equation
oP 0Q
P () = [ T
1 (y) (ay ax) p(y)
depends only on y, then there exists u = p(y).

Example 1.6.1. Integrate the equation e Vdx — (2y + ze ¥)dy = 0,2,y € R.

Proof. It is easy to check that 22 éz’y) — 8‘9(;79) = —e ¥ where

P(z,y) =e,Q(z,y) = -2y — ze V.
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We apply the integral formula for £’ to obtain

r Y £271Y

F(l%y) — / e Ydt + / (—2t — woe_t)dt = €_yt|I -2 |:—:| — X [—e_y}y =

*o 2 Y0

o Yo %o

e V(x—x0) — (¥ —up) Faole ¥ —e ) = we ™V —mpe ! — ¥ +yf + moe Y — e =
we ¥ —y? +y2 — xpe 0.

Since xg, 1o are constants the solution of the equation is ze™ — y? = C. O

Example 1.6.2. Find the integrant factor 1 = u(y), depending on y, for the equation
(2xy* — 3y*)dz + (7 — 3zy?)dy = 0

Proof. We have

oy x
Since p depends on y, p = p(y) we apply the above formula to obtain

—(2zy® = 3y° )i (y) = (doy — 9y* + 3y°) u(y)

We divide by y to obtain —y(2x — 3y)p/(y) = 2(2x — 3y)u(y). Next we divide by

2z — 3y to obtain an equation with separable variables —yi—‘; = 2p hence %“ = —2d—yy.
Integrating we have In | p |= —21In | y | +C, thus u(y) = Cy~2. O

Example 1.6.3. Find the integrating factor p = p(x + y?), depending on x + y?* for

the equation (3y* — x)dz + (2y° — 6zy)dy = 0.

Proof. We have %:;,y) = 6y, % = —6y. For shortness we denote by ¢ the

expression x + 32, hence t = t(z,y) = x + y>. We apply formula 1.6.3 to obtain

0 0 oP O
QU0 5 — Pil0) 5 = (a—y - a—f) ().
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Since 2t = 22 and 2 = 1 we obtain
ox oy

1 (0)[(2y° — 6zy)1 — (3y* — x)2y] = [6y — (—6y)]u(t),

equivalently p/(t)(2y> — 6xy — 6y> + 2xy) = 12yu(t). Divide by y and we get

W (t)(—4y* — 4x) = 12u(t). Divide also by —4 and we obtain the equation

(z 4+ )/ (t) = —3u(t)

that is t%% = —3u which is a separable variable equation, hence

d dt

e

1] t
We integrate and obtain In | p |= —=3In | ¢t | +In | C |, thus u(t) = Ct~>. We
conclude that an integrant factor can be chosen u(z,y) = (z + y*)73. O

1.7 Equations of Clairaut and Lagrange
A differential equation of the form

y=uxzy +9())

where g € C(I),I C R interval, is called Clairaut’s equation. We make the sub-
stitution y’ = p to obtain the equation y = zp + g(p). By differentiating we get
pdx = pdx + dxp + ¢'(p)dp hence [z + ¢'(p)|dp = 0. We obtain the singular solution
(given by parametric equations )

r=—g(p), y=-pd ) +90p)
and from dp = 0 we obtain the general solution (p = C')
y=Cx+g(C).
A differential equation of the form

y=af(y)+9))
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where f, g € C(I),I C R interval, with f(y') # v, is called Lagrange’s equation. The
same substitution ¢y’ = p leads us to y = = f(p) + g(p) hence, by differentiating we get
dy = dx f(p) + xf (p)dp + ¢'(p)dp. We obtain the linear equation

(p— f(p))dx = (xf'(p) — g'(p))dp,

with the unknown x = x(p), which has a general solution x = h(p,C'). WE obtain
the general parametric solution of the Lagrange’s equation

z=h(p,C), y=nhp,C)f(p)+gp)
Example 1.7.1. Integrate the equation y = xy’ + /1 + 3.
Proof. Let ¢y = p, so y = xp+ /1 + p?. Differentiate to obtain

2p
dy = dxp + xzdp + ———d
Y 14 14 /11 p
hence
p

Ve

First we have dp = 0 that is p = C and the general solution y = zC + 1+ C?.

pdx = pdx + xdp + dp

Secondly we obtain the singular solution

r=——2t yz——p + /14 p2

/1 + p2’ /1 + p2
Example 1.7.2. Integrate the equation y = (1 + ¢/) + /2.

Proof. Let y' = p then y = z(1 + p) + p* and we differentiate to obtain dy = dx(1 +

p) + xdp + 2pdp, hence pdr = dx + pdz + xdp + 2pdp that is

—dx = (x + 2p)dp
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which is a linear equation with the unknown x = x(p).We write this equation with

derivative —‘;—i = x4 2p, that is —2’ — x = 2p, hence 2’ + x = —2p. We multiply this
equation by e? to obtain ePz’ 4+ ePx = —2peP | that is (ePx) = —2peP. Equivalently we

get

r=—2e" /pepdp = —2¢e P(pe? —e? +C)=—-2p+2—2Ce".
We replace z in the first formula of y to obtain
y=(1+p)(—2p+2—2CeP) +p.
So, the parametric equations are

r=-2p+2-2Ce? y=(14+p)(=2p+2—2Ce?)+p>

1.8 Higher order differential equations

We present some classes of differential equations of order n, with n a positive integer
greater than one, which can be reduced to differential equations of order strictly less
than n.
1. Equations of the form F(x,y(’“)’y(kH),...,y(”)) = 0 with the unknown
y € C*(I),y = y(x),I C R interval. The substitution z = y* leads to the equation
of order n — k
Fx,z,7,..., 2"y =0.

Example 1.8.1. Integrate vy + 2y = e 2*, 2z € R.

Proof. The substitution z = g leads to the equation 2’ 4+ 2z = e~2*. Multiplying by

e?® we get (2¢2*) =150 2(z) = e 2*(x + C}) and

1 1
y(zr) = /e_gm(x + Ch)dx = —56_2I(ZE +C) + 5) +Cy,C1,Cy €R.
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]

2. Equations of the form F(y,v,y",...,y™) = 0. Let ' = p(y) where p
becomes the new unknown of the equation. We have

Y =p;
Yy =7p'(y)y =pp';

" 2.1

y" =p" ()W) + 0 W)y =" + ()%

so we get a differential equation of order (n — 1) with the unknown p.
Example 1.8.2. Integrate 2yy” = (¢/)* + 1.

Proof. The substitution y' = p,p = p(y) leads to 2ypp’ = p*+ 1 which can be written
as 2% — d;y. It follows [ 2% — [ i—y, hence In(p?> +1) =In | Cy | so p = +£/Cy — 1.

p2+1 p2+1

To obtain the solution we have to integrate the equation vy = 4++/Cy — 1, which is

equivalent to \/% = +dx. We get 4(Cy — 1) = C*(z + C1),C,C; € R. O
3. Equations of the form F(x, %, %’, ce %) = 0. Remark that these equa-
tions are homogenous with respect to y,v/, ..., y™. The substitution
/
z = y_’ z = z(x)
Y

leads to a differential equation of order n — 1. Indeed

yll "
=247 =243+
Yy Yy

Example 1.8.3. Integrate the equation z2yy” = (y — xy/)>.

Proof. Divide by 3?2 to obtain 2% = (1 — z£)2. Take the substitution £ = z, hence
Yy Yy Yy

y?" = 2’ + 2? and replace it to obtain the equation z2(2’' + 2%) = (1 — x2)?, that is

22+ 2?? = 1+ 2222 — 222,
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We have a linear equation 222’ + 2z2 = 1 which is equivalent to (2?z)" = 1, hence

2%z = x + C. Since z = % we obtain the separable variable equation

y _xz+C

Y x?
Equivalently we get % = (5 + 1)dz. Integrating we obtain In |y |[= —C2 +In | z |
+C1 hence the solution

Yy = ves Ch.

1.9 Problems

Problem 1.9.1. Integrate the following differential equations of order one:
(1) zydz + (z + 1)dy = 0;
(2) Vy?+ ldz = xydy;
(3) 22°yy' +y* = 2;
(4) (z —y)dz + (z +y)dy = 0;
(5) Y’ —y = wtan ;
6) z—y—1+y—z-2)y =0
(7) zy' — 2y = 224,
(8) o +ytans = 2L,

(9) ¥ + 2y = yPe™;
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(10) 2y’ — y* + (22 + 1)y = 2% + 2z, if admits the particular solution yy = z;
(11) v = y? — 2ye” + ** + ¢, if admits the particular solution yy = €%;
(12) 9/ +y? — 2ysinz + sin? z = cos z, if admits the particular solution yy = sin z;
(13) y =2y — Iny";
(14) y =y’ +y*
(15) y = 2xy' + siny/;
(16) y = 2zy' + Iny/;
Problem 1.9.2. Integrate the exact differential equations:
(1) (2 —ay?)zdr + (4y* — 62%)ydy = 0;

(2) Ydz + (y* 4+ Inz)dy = 0;

(3) 2 gy — 22y =
(4) ydz + xdy = 0;
Problem 1.9.3. Find the integrant factor u for the equations:
(1) (x +sinz + siny)dx + cosydy = 0 depending on =, u = p(z);

(2) (x —y)dx + (y + 2?)dy = 0 depending on 2% + 4%, = u(z? + y?);

Problem 1.9.4. Integrate the following equations of order higher than one:



19

2,/

5) vy —y?* = vy,
(6) z*yy" = (y — xy')%;
(7) ¥ + 2zyy” = 0;

(8) zyy" —xy”? = yy'.

Solutions: 1.9.1 (1). y=C(z+1)e % (2). In|z |=C+ /¥ +1; (3). > —2 =
Ce; (4). In(2® +y?) = C — 2arctan ¥; (5). Divide by = to obtain y' — ¥ = tan ¥
and then take the substitution £ = 2 to obtain a variable separable equation with
the final solution sin? = Cz; (6). Make the substitution z = y —x,2 = z(v)
and obtain the final solution (y — x + 2)*> + 2z = C; (7). y = C2? + 2% (8).
y = sinz + Ccosx; (9). y = 0 and y(e® + Ce?®) = 1; (10). Take the substitution
y = 2z + = which leads to the Bernoulli equation in 2,22’ — 2? + 2 = 0 and the final
solution y = C;H +x; (11). take the substitution y = z+e” and get the final solution
Yy = ﬁ +e%; (12). y = c+rx +sinz; (13). y = Cz —InC and y = 1 + Inx; (14).
y=Czx+ C?*and 22 + 4y = 0; (15). x = w, y = w‘%ﬂwsp; (16).

T = CPZP’ y = 2(0;23)_1’ +lnp; 1.9.2 (1). 22 — 3232 +y' = C; (2). dylnz + y* = C;
() x4 &+ =C;(4). ay=C;1.93 (1) p=e% (2). p= (2 +y°)7 1.9.4 (1).

The substitution is ¥ = z and the final solution

Cix—Cly=In|Ciz+1|+C —2;

(2). y = x—; + C’1§ +Cy; (3). ¥ =p, ¢y = pp’ and the final solution is y = C' and
v} = Ci(z + C)% (4). Ciy? — 1 = (Cix + Cy)?; (5). The equation in p = p(y) is
p — ip =y with the solution y = Cy and - = Cse®; (6). Divide by y? to obtain
the equation xz% =(1- x%) Use the substitution % = z to obtain the equation

2 = —22 4+ &, The final solution is y = me%C’g; (7). Divide by 3% (8). y = Coe®r*”,




Chapter 2

Linear differential equations of
order higher than one

2.1 Linear differential equations with constant co-

efficients

To integrate a homogenous linear differential equation with constant (real) coefficients
aoy(") + aly("_l) 4+ ...+ an_ly, +a,y =0
we attache the (polynomial) characteristic equation
aor"+ar" . ta,+a,=0

and we find all its roots rq,...,r, € C. A root r from this set may be a multiple real
root of order k with £ > 1 or it may be a multiple complex root and its conjugate
r=a-+1if, T=a—18, [ # 0 oforder k with £ > 1. The general solution of the

above differential equation is the sum of all terms (associated to the roots) of form
(CL + Cox 4 ...+ Cra™ )™
if » € R is a multiple root of order k£ and of form
Py 1(x)e™ cos Bz + Qp_1(x)e* sin fx

if a + f1 and o — Pi are roots of order k. Here P._1,Q,_1 are polynomials of degree

k — 1 with coefficients arbitrary constants.
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Example 2.1.1. Integrate the equation y©® — 2y®* — 16y + 32y = 0.

Solution. The characteristic equation is r°® — 2r* — 167 4+ 32 = 0 hence, by decom-

posing we have
ri(r —2) —16(r —2) =0

(r—2)(r —2)(r +2)(r* +4) = 0.

The roots are 1, = ro = 2 multiple of order 2; r3 = —2 simple of order one; r4 =
21,75 = —21 simple of order one. We apply the above regulae to obtain the general
solution

y = (C, + Cox)e** + Cye™** + Oy cos 2z + Cs sin 2.

To integrate a non-homogenous linear differential equation with constant (real)

coefficients
aoy(") + aly(nfl) 4+ ...+ an,ly/ +any = f(iL‘), f(l') 7& 0

where f(z) is sums and products of functions like: by+byz+. . .+b,x™, €**, cos Sz, sin Sz
we solve first the homogenous equation and find its general solution ¥, and then we
search for a particular solution y, with the method of nondeterminate coefficients. The
general solution will be

Y =1 + Yp-
If f(z) is of the form
e (P(x) cos fx + Q(x) sin fx)

we search a particular solution of the form
yp = 2°€** (R, () cos fx + T, () sin fx),

where s is equal to zero if a4+ (i is not a root of the characteristic equation and is the
order of multiplicity of the root o 4+ i otherwise. R,,,T,, are polynomials of degrees
greater or equal to the degrees of P and (). For finding the coefficients of R,,,T,, we

replace y, in the non-homogenous equation and we identify the same terms.

Example 2.1.2. Integrate the equation y"” — 63" + 9y’ = xe3® + 3% cos 2.

Solution. The characteristic equation is 7 — 6r2 + 97 = 0 and has r; =r, = 3 a
root of order 2 and r3 = 0 a simple root. So, the general solution of the homogenous
equation is

Yo = (C1 + Cyz)e®™ + Cs.
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The second member of the equation has two terms of different forms: for the first
xe3®, we have v = o + i = 3 and for the second €3 cos 2x, we have a + i = 3 + 2i.
These numbers are different hence we search two separate particular solutions of the
equations
y" — 6y + 9y = xe*, (1)
y" — 6y + 9y = e cos2z  (2).
The number v = 3 is a root of order 2 so a particular solution for (1) is of the form
Yp, = x*(azx + b)e*. We replace it in (1) to obtain a = 5,b = —. Moreover
a + fi = 3 4 2i is not a root for the characteristic equation hence we search for a
particular solution of the equation (2) of the form y,, = €**(ccos 2z + dsin2z). We
3

replace it in (2) to obtain ¢ = —2,d = — ;. The general solution is

1 1 3 1
Y= Yo T Yp, +Up, = (C'1+C'2x)e3w+03+x2(ﬁx—1—8)63’”4-631(—5—2 cos 21:—2—6 sin 21).

Example 2.1.3. Integrate the equation y” + 4y = sin x sin 2.

Proof. The characteristic equation is r* + 4 = 0 with the complex conjugate
roos of order one r; = 2i,ry = —2i. So, the solution of the homogenous equation is
Yo = C1 cos2x 4+ Cy sin 2.

For the non-homogenous part f(x) = sinx sin 2z we use the formula sinasinb =
2(cos(a — b) — cos(a + b)) to obtain f(z) = 3 cosz — 3 cos3z. The first term ; cosz
give the number v = 1 which is not a root of the characteristic equation and the
second term —% cos 3z gives a different number 6 = 3 which again is not a root of the
characteristic equation. Hence we will search for two separate particular solutions of
the equations

1
y' + 4y = 5 cos 2z, (1)
1
y'+ 4y = —5 cos3z  (2).

A particular solution is of the form y,, = acosz with y, = —asinz and y;, =
—acosx. We replace these terms in (1) to obtain

1
—acosx + 4acosx = 3 cos 2z,

thus 3a = § which gives a = §. The other particular solution for (2) is of the form
Yp, = bcos 3z and if we replace it we obtain b = %0. The general solution is

1 1
y = C’lcost+C'gsin2x+écosx—kﬁcos?)x.
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2.2 Euler’s equations

The equation of Euler is
apz"y"™ + ayx" YD 1 ban xy + any = f(x).

To solve this equation we reduce it to a linear equation with constant coefficients by
using the substitution x = e’ for z > 0 (or x = —e’ for x < 0). The new linear
equation has the attached characteristic equation of the form

agr(ir—1)(r—=2)...r—=mn+1)+...4+a,or(r—1)+a,_17r + a, = 0.

To write the linear equation we change each term z*y®) with a product of k factors
decreasing by unity; r(r — 1)...(r — k 4+ 1). Alternatively, in practice we prefer to
change in the given equation: x by e’; x3/(x) by v/(t); 2%y (z) by v (t) —v/'(t); 23y" ()
by y"(t) — 3y"(t) + 2y/(t) + 2 and so on.

3,

Example 2.2.1. Integrate the equation 23y” — 2%y" + 2zy’ — 2y = a3

Solution.. The characteristic equation is
r(r—1)(r—2)—r(r—1)4+2r—2=0

hence by decomposition we obtain (r — 1)(r? — 3r + 2) = 0 with the multiple root
ry = ro = 1 of order 2 and the simple root r3 = 2. The general solution of the

homogenous linear equation is
Yo = (C1 + Cot)e' + Cse.

To solve the given Euler’s equation we multiply all factors in the characteristic equa-
tion an we obtain 7® — 4r2 + 5r — 2 = 0. Now, immediately we obtain from this
the linear non-homogenous equation with constant coefficients (obtained with the
substitution x = e’ > 0):

y/// o 4y// + 5y/ _ 2y — 63t.

Since 3 is not a root of the characteristic equation we search for a particular solution

of the form y, = ae®. Replacing it we obtain

27ae3 — 36ae + 15ae — 2ae3t = &3
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hence 4ae® = ¢*. We obtain a = § and the general solution is

1 1
Y=Y+ Yp = (01 + CQt)et + Cg€2t + Ze?” = (Cl + CQ In .73) + 031'2 + Z.’Bg, z > 0.

For z < 0 the formula is similar, so the general solution will be

1
y = (Cy + Coln|z|) + Cs2® + Z:pg.

Example 2.2.2. Integrate the equation z%y” — zy' — 3y = 8z3.

Solution. The characteristic equation is 7(r —1) —r —3 = 0 that is r* = 2r —3 =0
which has two roots r; = 3 and ro = —1. The linear equation is

y// . 2y/ . 3'3/ _ 86315

with the homogenous solution g, = Cie3 + Coe™. Since f(t) = 83! and 3 is a root of
the characteristic equation we search for a particular solution of the form y, = Ate®".
We have y, = Ae3t(3t + 1) and Yy, = Ae3t(9t + 6). We replace these expressions to
obtain

AP (9t 4 6) — 24e* (3t 4 1) — 3Ae%t = 8e™.

It follows
A (9t +6 — 6t — 2 — 3t) = 8™,

hence 44 = & and A = 2. We obtain
Y=Y+ Yp= CLe3 4+ Coe™t + 2te® = 013" 4+ Che ™% 4 21nx - 3102,

The general solution is

C
y = Cz® + ?2 + 22 In |2|.

2.3 Problems

Problem 2.3.1. Integrate the following differential equations:

(1) ¥y +y —2y =0;
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(2) ¥ +4y' + 3y = 0;

(3) ¥ =2y =0;

(4) ¥ — 8y =0;

(5) ¥ = 6y +9y" = 0;

(6) ¥ +y' — 2y = 3zwe™;

(7) ' —y=2e" — 2

(8) y" — 3y + 2y = sinz;

9) ' =y +y —y=2"+=z
(10) y™ + ¢ = Tz — 3cosx.
Problem 2.3.2. Integrate the following Euler’s equations:

(1) z*y" — 4zy' + 6y = 0;

(2) 2%y — 2y +y = 8%

(3) 2%y —3zy' + 4y =1 + 2;

(4) z%y” — 2y =sinlnz;

(5) %" =2y

Solutions: 2.3.1 (1). y = C1e® + Che™2%; (2). y = Cre ™ + Coe™3%; (3). y = C1 +
Cae?™; (4). y = 01 + e7*(Cycos(xV/3) + Cysin(zv/3)); (5). y = C1 + Cox + Cs2® +
3 (C4+C52); (6). y = Cre®+Coe 2+ (L —2)e%; (7). y = Cre®+Coe™" +xe” + a2 +2;
(8). y = Cre"+Cre* + 1 sin w45 cos x; (9). y = Cre®+Cy cos x+Cy sin x—x? 43z —1.

2.3.2 (1). y = Ciz® + Cor®; (2). y = 2(Cy + Colnlx|) + Csln?|z|; (3). y =
Cix? + Cox’lnz + x4+ 55 (4). y = Cra? 4+ Cox™' + L coslnz — S sinlnz; (5). y =
C + Cyln |x| 4 Cza3.



Chapter 3

Systems of differential equations

and partial differential equations

3.1 Linear systems with constant coefficients

A linear system with constant coefficients is a system of the form

p
yé = a91Y1 + a22Y2 + ... A2nYn + fQ(x)

| Yn = @1 + ain2yz + - Al + fu(@)
where y; = y1(2),...yn = y,(z) are the unknown differentiable functions and a;; €
R, f; € CY(R),4,7 € {1,...,n}. To solve the above system the shortest method is the
elimination method which allow us to reduce the above system to a linear differential
equation of order n with constant coefficients. We will describe this method in the fol-
lowing two relevant examples. In practice when we have systems with three unknowns
we use the notations for the unknown functions: y = y(z), z = z(z),w = w(z),zr € R
orz=uzx(t),y=y(t),z=z(t),t € R.

26
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Example 3.1.1. Integrate the following system

y=y—z4+w
Z=y+z—w -
w =2y —z

Solution. We will transform by elimination, the above system into a linear differ-
ential equation of order 3 in y. We write the first equation y' —y = —z + w and we
differentiate to obtain

y// _ yl — _Z/ +wl (1)
We replace v/, 2’ and w’ from the first, the second and the third equation of the system
to obtain
y'—y—ztw)=—-(y+z—-w)+2y— =

All the terms with y are kept in the left part hence
y'—=2y=-3242w (2).

Again we differentiate and make the same replacements to obtain " —2y' = —3z'+2w’
hence y"”" — 2y + 2z — 2w = —3y — 3z + 3w + 4y — 2z. We have a third equation with
y in the left part

y" —3y=-Tz+5w (3).

We write the equivalent system formed by the equations (1),(2),(3) (viewed as a
system with 3 equations and two unknowns z,w) and we compute the rank of the
attached matrix

—zt+w=y —y
—3z+2w=y" -2y
—T7z + 5w =y" = 3y
The attached matrix is
-1 1
A= -3 2
-7 5
which has rank 2. For the above system to be compatible the extended attached

matrix must have rank two as well, hence its determinant of order 3 must be zero.
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We obtain the equation

-1 1 y-—y
-3 2 y' -2y =0
_7 5 y/// _ 3y

that is
—2y" + 6y — 15y + 15y — 7y" + 14y + 14y — 14y’ — 14y + 5y" — 10y + 3y” — 9y = 0.

We have 3" —2y” —y/ 42y = 0 with the characteristic equation r®—2r? —r+2 = 0 and
decomposing (r — 2)(r? — 1) = 0 we obtain the simple roots r; = 1,7y = 2,73 = —1.
The solution is y = C1e” + Cye** + C3e™®. For finding 2z we multiply equation (1) by
—2 and add equation (2) to get 2z —3z = —z = —2¢y'+2y+y” — 2y hence z = 2y’ —y”
We obtain

z = 2(C1e” + 205 — Cze™") — (Cre” + 4Ce** + Cae™™)

= (Che® — 3C3e™ 7.

Finally from equation (1) we have
w = y/ —y+z= Clem + 202€2$ — Cge_x — C’lex — 0262x — 036_96 + 0163; — 3036_96

= C’le‘” + C2€2m — 5C3€_m.

Example 3.1.2. Integrate the system

Yy =—z+4+w
2 =w
w = —y+w

Solution. The first equation remains
y=—z+w (1).

Differentiating we obtain y” = —z’ + w’ hence " = —w — y + w = —y. The second
equation is now
y'+y=0 (2).
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"

Differentiating this equation once more we get "”’+y’ = 0 and by replacing ¢ = —z+w

(which is the first equation of the system) we obtain

—z4+w=y
Equations (1), (2) and (3) give us the system ¢ 0 =y"” —2y , with the matrix

Z_w:y///

This matrix has rank 1 and the extended matrix is

-1 1 Y
A=1 0 0 y'+y
1 _ 1 y///

We want that this matrix A to have the same rank 1 thus we require that all minors
of order 2 to be 0. We obtain

—1 /
Y —0
0 y// + y
—1 !
y/// =0,
Ly
y'+y=0
which give us the resolvent equations o , with the characteristic equa-
y ' +y =0

B 4+r=0
has roots 719 = %7 and the second equation has roots r; o = £¢,73 = 0 we obtain
that

r’4+1=0
tions { . We search for the common solutions! Since the first equation

y=Cicosx + Cysinz.
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For finding w we use the third equation of the given system which tells us w'—w = —y
hence w' — w = —Cjcosx — Cysinz. This is a linear non-homogenous equation of
order one with the homogenous solution w, = Cs3e*. Since i is not a root for the
characteristic equation (r — 1 = 0) we search for a particular solution of the form
w, = Acosx + Bsinx. We replace it to obtain

—Asinx + Bcosx — Acosx — Bsinx = —Ccosx — Cysin x,

hence —A+ B = —(C} and —A — B = —(C3 . We add these equation to get —2A4 =
—C7 — C5 and we get A = %, B = % The solution w is now

Ci+ Cy Cy— O

W= W, + Wy = 036$+TCOSI'+ Tsinx.

For finding z we use the second equation of the given system 2z’ = w, that is

z = [(Cse® + SE€2 cosw + ©5% sin x)dz hence

Ci+Cy | _02—01

w = C3e” + — sinx cos .

Example 3.1.3. Integrate the system

¥=x+y+e
, x=ux(t),y=y(t),t € R.

y’:x+y—et

Solution. In the first equation we keep all terms in z on left side: 2’ — z = y + €’.

We differentiate and replace ' and ¥/’
2 — a2 =y + €,
P —x—y—e =x+y—e +e.
We get 2" — 2x = 2y + e'. Form the first equation we have
y=1a —rv—¢€ (1)
which we replace in the previous equation ,hence

2 — 2 =22 — 2x — 2t + €
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We obtain the linear non-homogenous equation of order 2

2 — 21 = —¢l.

The characteristic equation is r?> — 2r = 0 with the roots 7, = 0,75 = 2 hence
x, = O} + Cye*t. Since 1 is not a root of the characteristic equation we search for a
particular solution of the form z;, = Ae'. We obtain Ae’ — 2Ae' = —e' hence A =1
and the solution is

$:$0+$p201+0262t+6t.

For finding y we use (1) and we get

Yy = (Ol + 026% + et)/ - (Ol + C126275 + et) - €t = —01 + Cg@Qt — €t.

3.2 Symmetric Systems

A symmetric system of order n (where n is a non-negative integer) is a system of the

form
dyl o _ dyn _ dynJrl
fl(yla"'yn+1) fn(y17y2a"'7yn+1) fn—i—l(yl?"'ayn-i-l)’
where y1,...,y,+1 are the unknown functions. For solving such a system we search

for n independent prime integrals. A prime integral F' is a constant map on any
solution of the system, that is a map of the form

F:R"™™ SR, Fy,...,Yns1) = C.

In this book we concentrate on systems with 3 unknowns denoted

dx dy dz

fla,y,2)  g(x,y,2)  hlz,y,2)
For this system we must find 3 independent prime integrals. We will solve also systems
with 4 unknowns denoted

dx dy dz du

f(roy,z,u)  glz,y,z,u)  hz,y,z,u)  jlz,y,2,u)

For this kind of system we must find 3 independent prime integrals. To determine

prime integrals we have the following methods:
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-if two rapports depend only on 2 unknowns, the equality of these 2 rapports is a
differential equation which in general can be integrated;

-if from a prime integral we can express an unknown as a function of the rest of
the unknowns we can reach sometimes to the above situation;

-we apply integrable combinations of the form

Ay Ypr  Grdyp - Gnprdyn
fi frs1 Gfi+. o+ Gnrifor1)

where we choose convenable functions (usually constant functions) gy, ... ¢g,+1 such
that

g1dyr + ... Gng1dyn = dG

afi+ - Gniifapr = foG.

Next, we apply the above methods to this new system, and if necessary again the
above methods until we find n independent prime integrals. .

Example 3.2.1. Integrate the symmetric system

dx dy_%

22 —y2 oz —y

Solution. For the first prime integral we take the equality of the last two rapports

d—zy = % which become —ydy = zdz. We integrate [ —ydy = [ zdz to obtain —% =
% + (', hence the first prime integral

y2 + 22 = Cl.
Next we do some integrable combinations by amplifying the second rapport with

z, the third rapport with z and adding the obtained terms:

dx :d_yzﬁz zdy + ydz
22 — 2 > —y 22— 2

We separate the equality of the first and the last rapport and using the well-known
formula d(yz) = dyz + ydz we obtain
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hence dx = d(yz) which is integrable with the solution x — yz = Cs. The solution of

this system is
vi+ 22 =0
{ x—yz =0,
Example 3.2.2. Integrate the system

v =yly+2)
2 =z2(y+ z)
Solution. This is a symmetric system since if we use ¢y’ = %v 2= Z—; we have
dy dz

= =dx.
yly+2) 2y +2)

We apply the first method for the first two rapports
dy —  dz

yy+2)  2y+2)
Simplifying with y + 2 we get the integrable equation d—;’ = dz—z, which leads to

e
y_ z

with the prime integral

g - Cl.
z
Next we apply the second method by replacing y = zC; and obtaining the equation
d
G
22(Cy + 1)
Integrating [ % = [ dx we obtain the solution
1
——— =z —C
Z(Ol —+ 1) 2
hence the second prime integral (by replacing ¥ = C)) is
1
- —r_C
that is ]
T+ = 02.
y+z

These two prime integrals are independent.
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3.3 Partial differential equations

A homogenous partial differential equation of order one is an equation of the form

ou ou
— 4. F fa—=0
fl 81’1 f axn
where fi = fi(z1,...,%0),- -, fn = fo(x1,...,2,) are functions depending on n vari-
ables x1,...,1, and u € C*(R" R) is the unknown function. To solve this equation
we consider the symmetric system
dry _dx,
7 =
and we find n — 1 prime integrals Fi,..., F,_1. Now, for any function G on n — 1

variables the composed function
u = G(Fl, ey Fn—l)

is the general solution of the above partial differential equation.

A Cauchy problem for the equation

ou ou
fla—xl—l—...—l-fn%—o,

n

is the problem of finding that solution for this equation which for a fixed value of
some variable, for example x; = a € R,i € {1,...,n}, we can reduce it (the solution)

to a given function

y(zla sy L1y Ay T 15 - - - 7$n) = g(xla sy Tie1s L1y - - 7$n)-

We also say that we look for the integral surface which contains a given curve.

Example 3.3.1. Find the solution of the Cauchy’s problem for the following equation
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Solution. The symmetric system is d?m = d—;’ = g—z. We take the firs equality and
y| + In|Cy|. The first prime integral is

we integrate [ = [ d—yy to obtain In|z| = In
x
- = Cl.
Y

Next we amplify the first rapport with y, the second with x and we add to obtain
dv dy dz ydr+zdy

T Y Ty 2xy
We separate the last equality to get g—z = %z), hence we can integrate [ 2dz = [ d(zy)

to obtain xy — 2z = (5. The general solution is
u(z,y, z) = G(*,ay — 22).
Y

For the Cauchy problem we write the system formed by the prime integrals and the

initial conditions )

T O
y
xy — 22 = Cs
z2=0

\ w =+ 4

So, if we solve the system of the first 3 equations we get x = y(C; and zy = Cs.

We multiply these 2 relations to obtain 2%y = yC,Cs hence z?> = C;C5. Similarly

we obtain (by dividing the two relations) y* = %, hence if we replace in the last

equation of the above system we get u = C1Cy + g—j We use the prime integrals to
get the solution of Cauchy’s problem
xy — 22

x

s
u(,y, 2) = ~(ay — 22) +
y )

A quasi-linear partial differential equation of order one is an equation of the form

ou ou
f18_321+'”+f"0_xn_g
where f1 = fi(x1,...,zp,0), ..o, fro = fulz1, .. 20,u), 9 = g(x1,. .., 2,,u) are func-
tions depending on n + 1 variables zq,...,x,,u and u € CQ(R",R) is the unknown

function. To solve this equation we consider the symmetric system
dry _dx,  du
i g
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and we find n prime integrals Fi, ..., F},. Notice that in this case the prime integrals

are depending on n + 1 variables
Fy=Fi(zy,...,xp,u),. .., Fy = Fy(x1,..., 25, 0).
Now, for any function G' on n variables the relation
G(Fy,....,F,)=0

is the implicit solution of the above partial differential equation. As in the case of
homogenous equation we can solve similarly Cauchy’s problems.

Example 3.3.2. Find the general solution of the equation

o ou_
xuax yuay— xy

and the surface passing through the curve y = 2%, u = 3.

Solution. The symmetric system is

dr dy  du

Tu yu  —xy

The equality of the first rapports gives us the prime integral i—i = Z—Z, that is

Next we amplify the first rapport with y, the second with x and we add to obtain

dv dy  du  ydr+xdy
v yu —xy  2xyu
. ‘o du  _ ydrtady
The equality of the last rapports is e PR thus
du  d(xy)
—zy  2xyu

We integrate [2udu = — [ d(zy) to obtain

w+ay=Cy (2).
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The general solution is
G(E,UQ + zy) = 0.
Y

To solve the Cauchy problem, or equivalently to find the surface passing through the
given curve we take x as a parameter:

r=xy=c,u==x

and we replace these relations in the prime integrals (1) and (2) to obtain
1 6 .3
—:Cl, T +x :CQ.
x

We eliminate x in these equations to get

1 1

atogTe

Using again the prime integrals (1) and (2) we obtain the final solution
6 3
<y> + <Q> = u® + zy.
x x
Example 3.3.3. Find the solution of the following Cauchy problem

x%+(xu+ )%—u
ox y@y_

satisfying the initial conditions x + y = 2u, xu = 1.

Solution. The symmetric system is

dx dy du

T xu—l—y:u

The equality of the first and the third rapport %‘T = %“ gives by integration
x
- = Cl.
u

From this prime integral we express x as x = Cju and we replace it in the symmetric

system
Cidu dy du

Clu _01U2+y: u
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Next we have Z—Z = C”‘Tuy hence we have the equation
dy y
— =Clu+= (1)
du ! u (1)

We denote £ =t so dy = tdu + udt. It follows that

dy dt
=t — (2).
du +udu (2)

From (1) and (2) we have ¢ + u% = Ciu+t so u = Cyu. We get dt = Cdu, that is
t = Chu + Cy. Moreover since % =t and 7 = C we obtain the second prime integral

Y

- — X = 02.
u
The general solution is
zy
G(—,=—x)=0.
Loy

For the Cauchy problem we take, in the initial conditions, v as parameter, that is

r=—, y=2u——, u=1u.
U U

We replace these in the prime integrals for obtaining

1
2= B
2u—1 1
L — — = 4).
u u 02 ()

We eliminate u, by using u = \/%, obtained from (3) and replacing in (4)

Vo
\/Ci’lf— 01202.

ey

We have that 2 — C —/C7 = C5 and replacing the above prime integrals we find the

final solution

X x
2~ /==2_4
u Uu



3.4 Problems

Problem 3.4.1. Integrate the following linear system with constant coefficients

(1).

(

y=2y+z

2 =3y+4z
y=y—-2z
2=z — 4y
y=y—z+w
d=y+z—w ;
w =2y —=z
y=y—z—w
Z=y+z ;
w' =3y +w

Yy =3y—z+w
Z=y+z+w

w =4y — z + 4w

y=y—z+w
Z=y+z—w ;

w =2w—z

=y + 2t

y/:$+t2

39
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' =y —>5cost

Yy =2xr+y

7' = 3z + 2y + 4e’

Yy =x+2y

¥ =21 — 4y + 4e 2

y =2r — 2y

¥ =2x+y—2z—1t
(11)< y’:l—x ;

¥ =dx +y— e
(12) .

Yy =y—2x

\

Problem 3.4.2. Integrate the symmetric systems

(1). dr _ dy _ dz .

y+z z+z ~ y+a)

de __ dy __ dz.
(2). =2 =

(3). Z2d_xy2 = % = %?
dx _ dy _ dz
(4)' z(y+z)  z(z-y)  yly—2)°

Problem 3.4.3. Find the general solution for the following partial differential equa-

tions

(1). yge — :cg—z = (;

(2). ZE%_’_yg_Z'f’Zg_: = 0;
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(3). ygs +afr=a—y;

(4). 2058+ (y —2)§% — 2* = 0;

(5). a2 + yg—z + (2 4+ u) 2 = ay.

Problem 3.4.4. Find the general solution and the solution for the Cauchy problem

of the following equations
(1). w% — yg—z =0, wu(z,1)=2x;
(2). 2va gt —y5E =0, u(l,y) =y>
(3). % + g—z + 22—;‘ =0, u(l,y,z)=uyz;
(4). 22 + yg—z +aydt =0, u(z,y,0)=a>+y%

(5). 252 —2yGe =2 +y*, y=1 u=2a%

(6). x%qug—Z:u—xz—yz, y=—2,u=x— 1%

(7). u%+(u2—x2)g—z+x:0, y =12 u=2x;

(8). x%nL(:vu—i—y)g—Z:u, r+y=2u, zu=1.

Solutions: 3.4.1 (1). y = Cie® + 097, z = —C1e® + 3C2e°; (2). y = Cre ™ +
Coe®™) 2 = 2017 —20%e3%; (3). y = C1e® + Cae** + C3e™®, z = C1e” —3Cse™", w =
Cre® + Cye®® — 5C3¢77; (4).y = €%(2Cy sin 2z + 2C3 cos 2x), z = e*(Cy — Cy cos 2w +
Cssin2z), w = e”(—Cy — 3Cy cos 2z + 3C3 sin 22); (5).y = C1e” + Coe®* + C3e5®, 2z =
C1e%—2Ce** + (3¢, w = —C1e*—3C%e**+3C5¢%; (6). y = (C1+Chx)e*+Cse** | 2 =
(C1 =20+ Cyx)e®, w = (Cy — Cy+ Coz)e® + C3e*®; (7). x = Cret + Coe™t +tet — 2 —
2, y=Chet — Coe "+ (t — 1)e! — 2t; (8).x = Cre* + Coe™ + te! — 2sint — cost, y =
2C1e* — Coe™ ' +sint — 3cost; (9). z = Cret +2Cye™ + 3¢5, y = —Chel + Che' +
(10). x = Cy(cos2t — sin2t) + Cy(cos 2t + sin2t), y = C cos 2t + Cysin 2t + e,
(11). x = C1e' + Cycost + Cysint, y = —Cre' — Cysint — Czcost+ 1, 2 = Cycost +
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Cs smt E1(12). 2= C1e? + Coe® + (t+1)e?, y = —20,e* — Coedt — 2te. 3.4.2
(1). &= C’l, (x4y+2)(z—x)2 = Cy; (2). Y2 —22 = Oy, 22—2* = Cy; (3). y* +2° =
Ci, yz—a=Cy (4). y? +22=Ch, 2(y —2) = Cs. 3.4.3 (). (rv y) =G +y°);
(2). ulz,y,2) = G(L,2); (3). G(a® — 3,z —y+u) = 0; (4). G(a® — du, ) = 0

) x

(5). G(2,2y — 2u, =) = 0. 3.4.4 (1). u(z,y) = 2zy; (2). ulz,y) = y 2e2VE=2,
(3). (fE y,2) = (L =z +y)(2 =2z + 2); (4). ulz,y,2) = (zy — 22)(F + £); (5).
20%(y+1) =y  +4u—1; (6). * — 2y = 2> +y* +u; (7). 22+ u® = 5(zu — y); (8).

ru= (zu—y—x+2u)’



Chapter 4

Complex Analysis

4.1 Complex numbers. Basic results

Recall that the set of complex numbers is denoted C. A complex number z € C
has an algebraic form z = x + iy where x = Rez € R is the real part of z and
y = Imz € R is the imaginary part of z. The symbol 7 is the imaginary unity and
has the fundamental property that i2 = —1. The conjugate of a complex number z is
denoted z = x — 1y.

In some exercises is important to remember the following formulas

z2+z
R = = N
($¥4 X B )
2=z
I pu— pu—
mz Y %

We recall some basic properties of complex numbers in the next proposition. The

proof is proposed as a problem in the last section.
Proposition 4.1.1. Let z1, 20 € C. The next statements holds
a) 21 & 20 =71 £ Z3;

b) RZ1R2 = Z1%2;

43
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) (2)=2

We associate to z its geometrical image M (z,y) in the plane xOy. The module of
a complex number z is the non-negative real number |z| = /2% 4+ y? and represents
the distance form the origin O to M. A complex number has also a trigonometrical

form

z = |z|(cos @ + isinf)

where = argz is the angle between Ox and OM in a positive sense and is called the
principal argument of z. The set of all arguments is denoted

Argz = {argz + 2k7 | k € Z}.

To obtain the principal argument we apply argz = arctan £ + kr with k£ = 0 if M is
in the first quadrant, k = 1 if M is in the second or third quadrant and k& = 2 if M
is in the fourth quadrant. To recall the operations of complex numbers we solve the
following problem.

Problem 4.1.2. Compute the following expressions:

a) (2+1) —5(1+1i)+ 2+ 3

b) (=1 —47)(3 +1);

i1 .
¢) 5raps

Solution.
a) (2+4)—5(1+i)+243i=2+i—-5—-5i+24+3i =2—-5+24+i—5i+3i = —1—1;
b) (=1 —4i)3+1i)=-3—1—12i —4i> = =3 —4(—-1) —i —12i = 1 — 133;

¢) To compute fractions of complex numbers (to divide complex numbers) we
amplify the fraction with the conjugate of the denominator

i+1  (i+1)(5—2) 5i—2*+5—2 T+3i
5+2  (5+20)(5—2) 52 — 442 29
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For multiplication it is sometimes more convenient to use the trigonometrical form.
So let z; = |z|(cos By +isinb,), zo = |22](cosfy + isinby) and let n be a nonnegative
integer. Then

2129 = | 21| - |22|[cos(01 + 62) + isin(6y + 62)];

2" = |z|"[cos(nB) + isin(nh)).

The roots of order n are given using the trigonometrical form:

0 + 2k 0+ 2k
2z = /7| <cos¥ + isin u)

n

are the n distinct roots of z where £k =0,...,n — 1.
We identify sets of complex numbers with sets of points from the complex plane.
For example the circle with center zg and radius r» > 0 is

C(zo0;7) ={2 € C;| z — 2| =1}
The disc with center zy and radius r > 0 is
D(zp;r) ={2 € C; |z — z| < r},
and the circular crown with center zy and radiuses r, R is
C(zo0;r; R) ={2 € C;r < |z — 20| < R}.
Let (z,)n>0 be a sequence of complex numbers where z,, = z,, + iy,, or
Zn = pn(cos B, +isinb,), p, > 0,0, € [0,27),n > 0.

As in the real case we say that the sequence is convergent if there is z € C such that
lim z, = z. We have that
B lim z, =2z =x+1y
n—oo
if and only if lim,, .o z, = x, lim,,_,o ¥y, = y. Similarly we can prove that
lim z, = p(cos@ +isind), 6 € [0, 2m)

n—oo

if and only if lim |z,| = |z| = p and if p # 0, lim arg(z,) = argz = 0. Using this

last formula if we denote with e? the limit lim (1 + E) we obtain Euler’s formula
n—o0 n

e” ="t = e"(cosy + isiny).
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4.2 Complex functions of a complex variable

A complex function of a complex variable has the form

f:D—=C, f(z)=u(z,y)+iv(x,y)

where u = Ref,v = Imf and z = x +1iy, x,y € R, D C C. Let zg = 2o + iy be a
cluster point of D. The derivative of f at z; is defined by

o) — i 1) = Go)

220 Z—2p

if the previous limit exists. If f'(zg) is finite we say that f is differentiable at zy. A

function which is differentiable at every point of a domain D is called holomorphic
on D.

Theorem 4.2.1. If f is differentiable at zg then the following relations are satisfied
du _ v
(C—R) %(l’oayo) = ay(fb’t)’yo)

%Z(»’Uo,yo) = —%(95073/0)

(C-R) are called the Cauchy-Riemann equations. The converse is also true in
appropriate conditions.

Theorem 4.2.2. If u and v are function of class C* in a neighborhood of zy and the

conditions (C-R) are satisfied then f is differentiable at zy. Moreover

9 p
f(20) = 8_2(960"%) + Za—Z(%,yo)-

In then next lines we recall some properties of holomorphic functions. We denote
by H(D) the set of all functions f : D — C which are holomorphic on D. Let
feH(D), f=u+iv,u,v: D —R.

Proposition 4.2.3. If u or v are constant functions on D then f is a constant

function on D.
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Proposition 4.2.4. The real and the imaginary part of the holomorphic function f

are harmonic functions on D, i.e.

’u  O*u
Au=55T gz 0
0%v 0%

A —_ —— —
v 9 + B 0,

on D.

Proposition 4.2.5. If the real part of the holomorphic function f is known then f
1s determined up to a constant. The imaginary part v can be determined from

e Yo
vay) =~ [ Gt [ St vk keR

Yo

where (xg,yo) € D and D is a simple connected domain.

Some complex functions. We define the exponential, sinus and cosinus by the

folllowing power series

S Z 22 28
e’ = +ﬁ+§+§+...,

_, 22 4
Ccos z = —5—1—54—— )

23 2P
smz:z——g!—f—a— ,

for any z € C.
Euler’s relation is satisfied

e =cosz+isinz, zeC.
For z € C\ {0} the complex logarithm is defined by
Logz = In|z| + i(argz + 2k7), k € Z.

For k = 0 we get Inz = In|z| 4 iargz is called the principal branch of Logz. The

power function is defined by

2 =8 e C\{0},a€C.
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From Euler’s formula we get

eiz + e—iz ) eiz _ e—iz
COSZ:T, SIHZ:T, z € C.
]

The hyperbolic functions are
hre O T
2
The following relations hold
sin?z+cos’z=1; ch?’2—sh’2=1,z€C.
We continue this section with some important solved problems.
Problem 4.2.6. Find the real part and the imaginary part of the following numbers:

a) sin(2 —1i);

b) 4t

Solution.

pi(2=0) _ p=i(2—i) o142 _ p—1-2i

(9 — §) = _
sin(2 — 1) 5 5;
_e(cos2+isin2) —e Ycos2+isin2) (e—1)cos2+i(e+ 1)sin2
B 2i B 2
; 1 1Y & 2 2
(e — = 2 — = 2 1 1 —
= (e o) cos (et ;)sin _cr sin2 44  cos2.
-2 2e 2e

b) it = e8! where
Logi = {In|i| + i(argi + 2km) | k € Z}.
Since |i| = v/12 4 02 = 1 and argi = arctan & = arctan co = Z we obtain that
Logi = {i(g +2kn) | k € Z),

thus
Z-i — {ei(%+2kﬂ') ‘ ke Z}
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Problem 4.2.7. Find the holomorphic functions f : C — C, f(z) = u(z,y) +

iv(z,y), =,y € RIif:

a) u(z,y) =2? —y* —

b) v(e.y) = i, J(1) =0;

Solutions.
a) Solution 1. From the (C-R) equations we get 5% = g—z, % = —2¢ hence the
relations
v
A T (4.2.1)
dy
ov
— = 2y; 4.2.2

From (4.2.1) and (4.2.2) it follows
dv = 2ydz + (2z — 1)dy = P(z,y)dx + Q(z,y)dy,

thus
v(x,y) = /l‘ P(t,y)dt + /y Q0,t)dt + k = /w 2ydt + /y(—l)dt
0 0 0 0

=2xy—y+k, kekR

Now the expression of f is
f(2) =u(z,y) +iv(z,y) = 2* —y* — o +i(2vy —y) + ik
= (2° — y* + 2izy) — (z +1iy) + ik = 2> — 2 + ik.

Solution 2. Integrate the above relation (4.2.1) to obtain v(z,y) = (2z — 1)y +
¢(x). Now we apply (4.2.2) and it follows that 2y + ¢'(z) = 2y, thus ¢'(z) =
and ¢(z) = k, k € R. Tt follows analogously f(z) = 2% — z + ik, k € R.

b) We have

2 2 o2
Ou _Ov_ w4y —2y (4.2.3)
or Oy (2% 4 y2)?

@__c%_ 2xy

= =-_ =7 . 4.2.4
Dy or (22 +y?)? ( )
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From (4.2.4) we have that u(z,y) = [ (Igszl;fz)dy = —1 + ¢(y). Replacing in

(4.2.3) we get &% = % hence
2% + 4% — 212 22—
g e T =
(22 +4?) (22 +y?)
We obtain ¢'(y) = 0, that is ¢(y) =k, k € R. We get u(z,y) = — =17 + k.
x .y -z + 1y
S — = k
f(2) $2+y2+ +Zx2+y2 $2+y2+
T — 1y
= — . — + k
(z +iy)(z — iy)
1 —1
= — —+k=—+k.
T+ z

The condition f(1) = 0 leads to k =1, so

f(z)zl—%, 2ec\{o}.

Problem 4.2.8. Find all holomorphic functions f(z) = w(z,y) + iv(x,y),z = = +
iy, z,y € Rif u(z,y) = ¢(2? — %), 6 € C*(R).

Solution. The function u satisfies Laplace equation Au = 0, that is % + gi;; =0.
We obtain

=~y

T~ 20/(a? — g?) + 422 o — )
g—; (e — ) (~2)

giyg = —2¢'(x? — 1?) + 429" (2® — ).

Since Au = 0 it follows that for any (z,y) € R? we have 4(z* + y?)¢"(z* — y?) = 0
hence ¢ (z* — y?) = 0. Let 22 — y*> = t,t € R. The relation ¢”"(¢t) = 0 implies

gb(t) = Clt + 02, Cl, CQ - R,
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so u(z,y) = Cy(z* — y*) + Ca. (C-R) equations lead to

ov

o~ 20
ov

=2

8y 0127

The first relation leads to v(z,y) = [2Ciydr = 2Cixy + ¢(y). Replacing in the
second relation we obtain 2C + ¢/(y) = 2C2 hence ¢'(y) = 0 and ¢(y) = k,k € R
so v(z,y) = 2C zy + k. Finally

f(2) = Ci(z? — y*) + Cy + (20 12y + k)

= C1(2* — y* + 2izy) + Oy + ik
= C12° + Cy +ik.
Let A = Cy + ik, A € C then f(2) =Cz*+ \,C € R.

Problem 4.2.9. Find z € C such that sinz = %,

elZ _p—iz

Solution. The equation is equivalent to “~—— = %, that is € — e = —%. We
obtain the equation €** + 3¢ — 1. Let € = w. Then 3w? + 8w — 3 = 0 which is an

equation with A = 100 and w; =

yWo = —3.

In the first case we obtain %

1 1 1
iz = Logg =In |§\ + i(argg + 2km) = —In 3 + 2kmi.

In the second case we obtain ¥ = —3 with the solution
iz = Log(—3) =In| — 3| +i(arg(—3) + 2km) = In3 + (2k + 1)mi.
The solution is

z€{2kr+iln3lk € Z} U{(2k + 1) —iIn 3|k € Z}.
Problem 4.2.10. Prove the following relations:

a) Resin z = sin zchy;
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b) |sinz| = v/ch®y — cos? z.

Solution.

a)

eiz - e—iz ei(x—l—iy) o e—i(m—i—iy) eime—iy - e—ixey

sin z = : = _ = :
21 21 21
(cosz +isinz)e ¥ — (cosx — isinx)eY
21
cosxe Y +isinxe ¥ — coszeY 4 i sinxe?
21
cosz(e ¥ —e¥)+isinz(e ¥ +e¥) sinz(e?+eY)  cosz(eV —e V)
2 2 2

= sin zchy + ¢ cos xshy;

b) The above relation sin z = sin zchy + i cos xshy leads to

|sin z| = \/sin2 xch?y 4 cos? xsh?y.

It is well known that sin?z = 1 — cos®z, sh®y = ch®y — 1 hence

|sin z| = \/(1 — cos? z)ch?y + cos? z(ch?y — 1) = \/Ch2y — cos? x.

4.3 Laplace’s transform.

Laplace’s transform is defined for any function f : R — C by
LU0} = Fs) = [ e st
0

where s € D C C. By D we denote the set of complex numbers s for which the above
integral is convergent. If D # () we say that the function f has Laplace’s transform
on D.

A function f : R — C is called an original if the following statements are true
o f(t)=0,t<0;

e f has a finite number of first septets? discontinuity for any bounded interval;



53

e f has an exponential growing order, that is there are constants M,o > 0 such
that |f(t)] < Me", vVt >0

The set of all original functions is denoted by O. The constant o is called a

growing index and the smallest growing index o is denoted o, = o,(f).

Theorem 4.3.1. If f € O then F(s) exists and is holomorphic in the semiplane
Res > o,(f).

In the next example we show how to compute the Laplace’s transform using its
definition.

Example 4.3.2. For any a € C we have

00 (a—s)t7>® 1
L{eat} — / eate_Stdt: [6 1
0 0

a—S s—a’

for all s with Res > Rea.

However in practice we will use the properties of Laplace’s transform which we will
give in the next theorem and a basic list of Laplace’s transform for some elementary
functions.

Theorem 4.3.3. (1) (Linearity). For any o, € C and f,g € O we have
Liaf(t) + Bg(t)} = aL{f (1)} + SL{g(1)};
(2) If f € O and a > 0 then L{f(at)} = LF(2);
(3) If f €0 and a € CC then L{e® f(t)} = F(s — a) for Re s > Re a+ o,(f);
(1) If f €0 anda> 0 then L{f(t — a)} = e F(s) for Re s > oo (f);

(5) (The differentiation of the original). If f is continuous and f, ', f" € O then

for any s such that Re s > max{o,(f),o.(f")} we have

L{f'(t)} = sF(s) = f(0+0),
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and for any s such that Re s > max{o,(f),o.(f"),0.(f")} we have

L{f"(t)} = s*F(s) = sf(0+0) — f'(0+0);

(6) (The differentiation of the transform). If f € O is a continuous function then

for any s such that Re s > oo(f) we have
F/(s) = —L{tf (1)},

7) (The integration of the transform). If I O then for any s such that Re s >
t

f@®)
I {@} _ /:o F(s)ds:

oo(E2) we have
/000 @ _ /000 F(s)ds.

t
In particular
It is recommended that the next list which contains some fundamental Laplace’s

transforms of elementary functions to be memorized.

Table with Laplace’s transforms:
(1) L{e"} = = for a € C, Res > Re ;
More generally for n > 0 any integer, we have

n!
L{e"t"} = m;
In particular L{1} = 1 and L{at} = %;
(2) L{sin at} = 5t for a > 0;
(3) L{cos at} = i for a > 0;
(4) L{sh at} = % for a > 0;

a2

(5) L{ch at} = = for a > 0;

2—a2
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To see how to apply the above formulas we present some solved problems.

Problem 4.3.4. Compute the transform L{cos?t}.

1+cos 2t
2

Solution. The well-known trigonometrical formula cos?t = gives us

1 1/1 s
2,1 _ _
L{cos*t} = i(L{l} + L{cos 2t}) = 5 (g + m)
1 28244
2 s344s
For the second equality we used formula (1) and (3) from the above table.

cos 2t—cost dt

Problem 4.3.5. Determine the next improper integral fooo -

Solution. From Theorem 4.3.3,(7) we have that [J°@2=costqy — [ F(s)ds,
where F(s) = L{cos 2t — cos t}. Then
F(s) = L{cos 2t} — L{cos t} =

s s
s24+4 s241

The above integral is now

/ Cos cos g — / s s — / S s
0 t 0 S2+4 0 s2+1

1 52+4°°_1

1
-1 — (0 —In4)=In—.
2{n52+1]0 p(0—Ind) =lng

Laplace’s transform has also an inverse. To compute the inverse of Laplace’ s

transform we have the next theorem.

Theorem 4.3.6. (Mellin-Fourier.)
If f€ O and L{f(t)} = F(s), Res > a,(f) then

x+100
£t = LY F(s)) = —— / U F(s)ds, T > 0olf).

T
The properties from Theorem 4.3.3 can be translated to its inverse. If we know
the table for the direct transform then we can find easily the inverse. For example:

(). L™y} = 5
(12). LYzt =sin at;

(I3). LY =25} = cos at.

s2+a?
Using Laplace’s transform and its inverses we can easily solve Cauchy’s problems

for linear equations or linear system with constant coefficients
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Problem 4.3.7. Solve Cauchy’s problem for the differential equation

y' =4y = — y(0) =4'(0) = 0.

Solution. We denote by Y the Laplace’s transform

Liy(t)} = Y (s).

The differentiation formulas Theorem 4.3.3,(6) and the initial conditions of Cauchy’s
problem give us

L{y'(t)} = sY'(s) = y(0+ 0) = sY (s);
L{y"(t)} = sV (s) — sy(0 +0) — /(0 + 0) = s*Y (s).

We apply Laplace’s transform on the given differential equation to obtain the
equation in Y:

S2Y(s) — 4Y(5) — %L{ezt} + %L{e_%h

hence

1 1 1 1 s+2+s—2 s
(% = V(s s 92 s512) "2 24 24

It follows that Y (s) = m and we want to find A, B, C, D constants such that

s _As+B Cs+ D

YO = oG r22 o2  s1oe

We obtain s = (As + B)(s +2)* + (C's + D)(s — 2)?, which give us the system

(

A+C=0
4A+B-4C+D =0
4A+4B+4C —4D =1
4B+4D =0

\

The solutions are A =0,C =0,B

I
oo~
S
I
|
=
—+
=
o
0




57

We apply the inverse L™! to obtain

For the second equality we used (I1).

Problem 4.3.8. Integrate the system
2(t) =x(t) +2y(t), =(0)=1
y'(t) =2x(t) +y(t), y(0)=1
Solution. Consider the notations L{z(t)} = X (s), L{Y (t)} = Y (s) and apply L
on the equations to obtain
{ L{a' (1)} = L{z(t)} +2L{y(1)}
L{y'(t)} = 2L{z ()} + L{y ()}

hence

sX—-1=X+Y
sY +1=2X+Y

that is, the linear system

(s—1)X -2y =1
22X+ (s—1)Y =—-1

To solve this system we multiply the first equation by 2, the second equation by s —1
and we add to get
—4Y + (s = 1)V =2 — s+ 1,

hence
3—s 3—s 3—s —1

:—4—1—52—25—1—1:52—25—1—3:(s—3)(s—|—1) s+ 1

y(t) = —L1 {S i 1} S

Similarly we obtain X () = =5 and then

Y

Then
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4.4 Problems

Problem 4.4.1. Let z; = —2 + 114, 20 = 2 — i. Compute or find the algebraic form

r + 1y, r,y € R where is the case:
a) Imzy;
b) 2122
o

d) Rez?, (Rez ).

e) |zl;

) |2z122[;

g) |z1l[zal;
h) |21 + 22f;

i) |21| + |22|; Compare the result with the result of h) and explain geometrically.

Problem 4.4.2. Prove the relations from Proposition 4.1.1 by using that z; = 1 +

W, 22 = Tg + 1Y, T1,Y1,T2,Y2 € R.

Problem 4.4.3. Find the real part and the imaginary part of:

a) ch(2+1);



d) cos z, where z = z + iy € C;

e) 2%z, where z = x + iy € C.
Problem 4.4.4. Find the holomorphic functions

f:C—C, f(2)=ulz,y) +iv(z,y), z,yeR

if:

a) u(z,y) =2* —y* +xy, f(0)=0;

b) u(z,y) = e*(zcosy —ysiny), f(0) =0;

c¢) v(z,y) = arctan £, x > 0, f(1) = 0;

d) u(z,y) = 2% —y*+2x, f(i) =20 — 1;
Problem 4.4.5. Find z € C such that:

a) shz = %;
b) chz = ;

c) cosz = b;

d) sinz = 0.
Problem 4.4.6. Prove the following relations, for any z = x +iy € C,z,y € R:

a) Recosz = cosxchy;

b) |cosz| = v/ch?y — sin’ ;

c) cosz = cos zchy — isin xshy;

29
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d) sin z = sin zchy + i cos xshy;
e) |[Rez| < |z|;
f) [Imz| < |z];
g) (Parallelogram equality)
|21+ 2 + 21 — 2 = 2(|21* + [22]?),
where 21, 29 € C. Explain the name!
Problem 4.4.7. Find Laplace’s transforms L{f(¢)} for the next functions:
(1) f(t) = sin®¢;
(2) f(t) =sin’t;
(3) f(t) = cos’t;
(4) f(t) = e*sint;

(5) f(t) = tsin®¢;

Problem 4.4.8. Compute the integrals:

(1) fooo cos 2t;COS3tdt;

(2) [ <=,

(3) fooo sint-:ithdt;
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Problem 4.4.9. Integrate the following linear differential equations and systems of

linear differential with constant coefficients:
(1) 3" + 4y = cos2t, y(0) = 3/(0) = 0;
(2) ¥ +y =sint, y(0) =y'(0) = 0;
(3) y" — 4y = ch2t, y(0) =y'(0) = 0;

(4) y" — 9y = sh3t, y(0) = y'(0) = 0;

' =y + 2t

Solutions 4.4.1 a) 11; b) 7 + 244; ¢) —3 + 4i; d) —117,4; e) V/125; f) 25; g) 25;
h) 10; i) 64/5; This number is larger than the result from h), since it may be viewed
as the sum of two sides of a triangle which is always larger than the third side: the
triangle inequality. 4.4.3 a) o-[(e* + 1)cos1 +i(e? — 1)sinl]; b) e k € Z; c)
Inv2 +i(Z + 2km), k € Z; d) cosazchy — isinashy; e) 2% + zy® +i(y® + 2%y); 4.4.4
a) f(z) = 1—2%2% D) f(z) = ze% ¢) f(z) = Inz; d) f(z) = 2% + 2z; 4.4.5 a)
z € {(§ + 2km)ilk € Z} U{(3F + 2kn)ink € Z}; )z € {2km +iln(5 + v24)|k € Z};

d)z € {kr|k € Z}; 4.4.6 See 4.2.10; 4.4.7 (1) m; (2) m , use sin®t =
it _g—it 3 s(s247 24s(s245
(£57)" ) @tRay (4) s (5) atatloys, use Theorem 4.3.3,(6); (6)

In = use Theorem 4.3.3,(7); (7) In =%, use Theorem 4.3.3,(7). 4.4.8 (1) In2; (2)
In2; (3) — ln\/_ 3;4.4.9 (1) y(t) = Lsin2t; (2) y(t) = S(sint—tcost); (3) y(t) = Lsh2t;
(4) y(t) = 15(3tch3t —sh3t); (5) x(t) = Se' + se ' +te! — 2 — 2, y(t) = 2e' — %e‘t—l—
(t—l)et—Zt.
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